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Foreword 


One of the oldest and liveliest branches of mathematics, Number The- 
ory, is noted for its theoretical depth and applications to other fields, in- 
cluding representation theory, physics, and cryptography. The forefront of 
Number Theory is replete with sophisticated and famous open problems; 
at its foundation, however, are basic, elementary ideas that can stimulate 
and challenge beginning students. This textbook takes a problem-solving 
approach to Number Theory, situating each theoretical concept within 
the framework of some examples or some problems for readers to solve. 
Starting with the essentials, the text covers divisibility, powers of inte- 
gers, floor function and fractional part, digits of numbers, basic methods 
of proof (extremal arguments, pigeonhole principle, induction, infinite de- 
scent, inclusion-exclusion), arithmetic function, important divisibility the- 
orems and Diophantine equations. Emphasis is also placed on the pre- 
sentation of some special problems involving quadratic residues, Fermat, 
Mersenne, and perfect numbers, as well as famous sequences of integers 
such as Fibonacci, Lucas, and other important ones defined by recursive 
relations. By thoroughly discussing interesting examples and applications 
and by introducing and illustrating every key idea, by relevant problems of 
various levels of difficulty, the book motivates, engages and challenges the 
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reader. The exposition proceeds incrementally, intuitively and rigorously 
uncovers deeper properties. 

A special feature of the book is an outstanding selection of genuine 
Olympiad and other important mathematical contest problems solved us- 
ing the methods already presented. The book brings about the unique and 
vast experience of the authors. It captures the spirit of an important math- 
ematical literature and distills the essence of a rich problem-solving culture. 

”Number Theory: Structures, Examples and Problems” will appeal to 
senior high school and undergraduate students, their instructors, as well as 
to all who would like to expand their mathematical horizons. It is a source 
of fascinating problems for readers at all levels and widely opens the gate 


to further explorations in mathematics. 
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Notation 


the set of integers 

the set of integers modulo n 

the set of positive integers 

the set of nonnegative integers 

the set of rational numbers 

the set of positive rational numbers 
the set of nonnegative rational numbers 
the set of n-tuples of rational numbers 
the set of real numbers 

the set of positive real numbers 

the set of nonnegative real numbers 
the set of n-tuples of real numbers 

the set of complex numbers 

the number of elements in the set A 

A is a proper subset of B 

A is a subset of B 

A without B (set difference) 

the intersection of sets A and B 

the union of sets A and B 

the element a belongs to the set A 
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n\|m n divides m 

gcd(m, n) the greatest common divisor of m,n 
lem(m, n) the least common multiple of m,n 
m(n) the number of primes < n 

T(n) number of divisors of n 

a(n) sum of positive divisors of n 
a=b(modm) aand BD are congruent modulo m 
) Euler’s totient function 

ord, (a) order of a modulo m 

LL Mobius function 

GEGK-1 ~~ 40 (p) base 6 representation 

S(n) the sum of digits of n 

(fi, fo,---;fm) factorial base expansion 

|x| floor of x 

[ax] celling of x 

{x} fractional part of x 

Cp Legendre’s function 

p*\|n p® fully divides n 

Tis Fermat’s number 

Mn Mersenne’s number 

(2) Legendre’s symbol 

F,, Fibonacci’s number 

Ln Lucas’ number 

Pr Pell’s number 


& binomial coefficient 


Part I 


STRUCTURES, 
EXAMPLES, 
AND PROBLEMS 


1 
Divisibility 


1.1 Divisibility 

For integers a and b, a £ 0, we say that a divides b if b = ac for some 
integer c. We denote this by a|b. We also say that b is divisible by a or that 
bis a multiple of a. 

Because 0 = a- 0, it follows that a|0 for all integers a, a 4 0. 

Straight from the definition we can derive the following properties: 
If alb, 6 £0, then |a| < |b); 
If alb and alc, then alab + Gc for any integers a and ); 


If alb and alb +c, then alc; 


a 


a (reflexivity); 

If alb and b|c, then alc (transitivity); 

If alb and bla, then |a| = |d]. 

The following result is called the Division Algorithm and it plays an 


Pe Ol Eo 


important role: 
Theorem. For any positive integers a and b there exists a unique pair 
(q,7) of nonnegative integers such that 


b=aq+r, r<a. 


Proof. If a > b, then g=0 andr=6b<a. 
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Ifa=b, then g=1landr=0<a. 

If a < b, then there exist positive integers n such that na > b. Let q be 
the least positive integer for which (¢+1)a > b. Then ga < b. Let r = b—aq. 
It follows that b=aq+rand0<r<a. 

For the uniqueness, assume that b = aq’ +r’, where q’ and r’ are also 
nonnegative integers satisfying 0 < r’ < a. Then aqg+r = aq’ +7’, implying 
a(q—q') =r’ —r, and so alr’ —r. Hence |r’ —r| > a or |r’ —r| = 0. Because 


O0<r,1r <a yields |r’ —r| < a, we are left with |r’ — r| = 0, implying 


r’ =r and, consequently, q’ = q. 


In the theorem above, when a is divided by }, q is called the quotient 
and r the remainder. 

Remark. The Division Algorithm can be extended for integers as fol- 
lows: For any integers a and b, a # 0, there exists a unique pair (q,7) of 
integers such that 

b=aqtr, O<r<|al. 
Example. Prove that for all positive integers n, the fraction 


2in+4 
14n+ 3 


is irreducible. 
(18* IMO) 


Indeed, from the equality 


2(21n + 4) — 3(14n + 3) = 1 


it follows that 21n + 4 and 14n + 3 have no common divisor except for 1, 
hence the conclusion. 

Problem 1.1.1. Prove that for all integers n: 

a) n° — 5n? +4n is divisible by 120; 

b) n2+3n+5 is not divisible by 121. 

Solution. a) n° — 5n3 + 4n = n(n? — 1)(n? — 4) 


=n(n—1)(n+1)(n— 2)(n + 2), 


the product of five consecutive integers: n — 2, n—1,n,n+1,n+2. 
If n € {—2, -1,0,1,2} we get n° — 5n? + 4n =0 and the property holds. 
If n > 3 we can write 


nb — oni +4n=51(" 2?) =120("F*), 
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and the conclusion follows. 


If n < —3, write n = —m, where m > 3, and obtain 
2 
Ps bine -120("F ), 


and we are done. 
b) Observe that 


n? + 3n+5 = (n+ 7)(n— 4) + 33, 


so that 11|n?+3n+5 if and only if 11](n+7)(n—4). Thus, if 11 ¢ (n+7)(n—4) 
then 11 (and hence 121) does not divide n? + 3n+ 5. So, assume 11 divides 
(n+ 7)(n — 4). Then 11|n+ 7 or 11|n — 4; but then 11 must divide both 
of n+ 7 and n—4, since (n+ 7) — (n — 4) = 11. Thus, 121|(n + 7)(n — 4). 
However, 121 { 33. So 121 fn? +3n+5 = (n+7)(n—4) +33. Hence, in all 
cases, 121 fn? +3n+5. 

Problem 1.1.2. Let p > 2 be an odd number and let n be a positive 
integer. Prove that p divides 1°" + 2?" +--.+(p—1)P”. 

Solution. Define k = p” and note that k is odd. Then 


d® + (p—d)* = pid*-' — d*-*(p—d) + +--+ (p—a)*"] 


-1 
Summing up the equalities from d= 1 tod = - implies that p divides 
1k + 2% +.-.+(p—1)*, as claimed. 


Problem 1.1.3. Prove that 
3 he gee 


is a product of two integers, each of which is larger than 10?°°. 


1 
Solution. The given number is of the form m* + rie where m = 34° 
and 
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Wirt otk a 
where n is even so = is an integer, and from the inequalities: 


2 4 1 , ( ny" rm n? a n? 
m—mn+=n* =(m-—= —_—>— 
2 2 4 4 

a he s 210008 (24)2002 S 192002. 


Problem 1.1.4. Find all positive integers n such that for all odd integers 
a, if a? <n thenaln. 

Solution. Let a be the greatest odd integer such that a? < n, hence 
n <(a+2)?. Ifa> 7, then a — 4,a—2,a are odd integers which divide n. 
Note that any two of these numbers are relatively prime, so (a — 4)(a—2)a 
divides n. It follows that (a — 4)(a — 2)a < (a+ 2)? so a3 — 6a? + 8a < 
a? + 4a + 4. Then a? — 7a? + 4a — 4 < 0 or a?(a— 7) + 4(a — 1) < 0. This 
is false, because a > 7, hence a = 1,3 or 5. 

If a= 1, then 17 <n < 37, sone {1,2,..., 8}. 

If a = 3, then 32 <n <5? and 1-3|n, so n€ {9, 12, 15, 18, 21, 24}. 

If a = 5, then 5? < n < 7? and 1-3-5|n so n € {30,45}. Therefore 
n € {1,2,3,4,5,6,7,8, 9, 12, 15, 18, 21, 24, 30, 45}. 

Problem 1.1.5. Find the elements of the set 


3 2 
s= {rez = exh. 


2xa+1 
ers) 2 
Solution. Since elas a € Z, then 
2x+1 
3 _ 1 2 
BEA E TE a Pimps tie Oy 
2x4+1 22+1 


It follows that 27 + 1 divides 27, so 


Qn +1 € {+1,+3, £9, +27} and x € {—14, —5, —2,—1,0, 1, 4, 13}, 


3 _ 2 8x3 — 24 16 
since 2x + 1 is odd, eae EZ s Sea he) € Z, so all these 
22+1 22+1 

are solutions. 

Problem 1.1.6. Find all positive integers n for which the number ob- 
tained by erasing the last digit is a divisor of n. 

Solution. Let b be the last digit of the number n and let a be the number 
obtained from n by erasing the last digit b. Then n = 10a + b. Since a is 


a divisor of n, we infer that a divides b. Any number n that ends in 0 is 
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therefore a solution. If b 0, then a is a digit and n is one of the numbers 
11, 12,..., 19, 22, 24, 26, 28, 33, 36, 39, 44, 48, 55, 56, 77, 88 or 99. 

Problem 1.1.7. Find the greatest positive integer x such that 23°+* 
divides 2000!. 


Solution. The number 23 is prime and divides every 23"¢ number. In 


all, there are Ea = 86 numbers from 1 to 2000 that are divisible by 


23. Among those 86 numbers, three of them, namely 23, 2 - 23 and 3 - 23? 
are divisible by 23°. Hence 23°°|2000! and 2 = 89 — 6 = 83. 

Problem 1.1.8. Find the positive integers n with exactly 12 divisors 
Ll=d, < dp <--+- < dig =n such that the divisor with index d4 (that is, 
dag = 1) is (dy +dp+ d4)dg. 


(1989 Russian Mathematical Olympiad) 


Solution. Of course, there is 1 <7 < 12 such that d; = dj+d2+d4. Since 
d; > d4, we have i > 5. Also, observe that djdj3_; = m for all j and since 
didg = da,-1 <n, we must have 7 < 5, thus i = 5 and d; + dzg+d4 = ds. 
Also, da,—1 = dsdg = n = dig, thus dy = 13 and ds = 14+ dy. Of course, 
dz is the smallest prime divisor of n and since dy = 13, we can only have 
dz € {2,3,5,7,11}. Also, since n has 12 divisors, it has at most 3 prime 
divisors. If dj = 2 then ds = 16 and then 4 and 8 are divisors of n, smaller 


than d, = 13, impossible. A similar argument shows that d, = 3 and 
ds = 17. Since n has 12 divisors and is a multiple of 3-13-17, the only 
possibilities are 9-13-17, 3- 1697 or 3-13-289. One can easily check that 
only 9-13-17 = 1989 is a solution. 

Problem 1.1.9. Let n be a positive integer. Show that any number 
greater than n*/16 can be written in at most one way as the product of 


two of its divisors having difference not exceeding n. 
(1998 St. Petersburg City Mathematical Olympiad) 


First Solution. Suppose, on the contrary, that there exista >c>d>b 
with a— b <n and ab=cd > n*/16. Put p=a+b,q=a—b,r=c+d, 
s =c—d. Now 


p? — q@? = 4ab = 4cd = r? — 8? > n'*/4. 


Thus p? — r?2 = q? — s? < q? < n?. But r? > n4/4 (sor > n?/2) andp>r, 
6) 
p =r? > (n?/241)? — (n?/2)? > n? +1, 
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a contradiction. 
Second solution. Again, suppose that ab = cd > n*/16, with a > c,d 
and n > a— b. If we let p = gcd(a,c), we can find positive integers p, q, r,s 


such that a = pq, b = rs, c = pr, d= qs. Thena>c => q>vr and 
a>d => p>s, so that 


n> pq-Ts 
>(s+1)(r+1)—rs 
=r+s+l1 
> 2vb+1. 


Ne Ae fy? 
Thus b < (“+) < n?/4, anda < (“) +n= (3 iB 


2-1 
Therefore ab < (==) <n*/16, a contradiction. 


Proposed problems 


Problem 1.1.10. Show that for any natural number n, between n? and 
(n+1)? one can find three distinct natural numbers a, b,c such that a? +b? 
is divisible by c. 


(1998 St. Petersburg City Mathematical Olympiad) 


Problem 1.1.11. Find all odd positive integers n greater than 1 such 
that for any relatively prime divisors a and 6 of n, the number a+ b—1 is 


also a divisor of n. 


(2001 Russian Mathematical Olympiad) 


Problem 1.1.12. Find all positive integers n such that 3"~1 + 5"~1 
divides 3” + 5”. 


(1996 St. Petersburg City Mathematical Olympiad) 
Problem 1.1.13. Find all positive integers n such that the set 
{n,n+1,n+2,n+3,n4+4,n+4+ 5} 


can be split into two disjoint subsets such that the products of elements in 
these subsets are the same. 


(12 IMO) 
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Problem 1.1.14. The positive integers d,,d2,...,d,, divide 1995. Prove 
that there exist dj; and d; among them, such that the numerator of the 
reduced fraction d;/d; is at least n. 


(1995 Israeli Mathematical Olympiad) 


Problem 1.1.15. Determine all pairs (a, b) of positive integers such that 
ab? ++b+7 divides a2b+a+b. 


(39 IMO) 


Problem 1.1.16. Find all integers a,b,c with 1 < a < b < c such that 
(a — 1)(b— 1)(c— 1) is a divisor of abc — 1. 


(33"¢ IMO) 
Problem 1.1.17. Find all pairs of positive integers (a, y) for which 
cana 
ty 
is an integer which divides 1995. 
(1995 Bulgarian Mathematical Olympiad) 


Problem 1.1.18. Find all positive integers (x,n) such that 2” + 2" +1 
is a divisor of e?*1 4 274141, 


(1998 Romanian IMO Team Selection Test) 


Problem 1.1.19. Find the smallest positive integer K such that every 
K-element subset of {1,2,...,50} contains two distinct elements a,b such 
that a+ b divides ab. 


(1996 Chinese Mathematical Olympiad) 


1.2. Prime numbers 


The integer p > 1 is called a prime if there is no integer d > 1 such that 
d|p. Any integer n > 1 has at least a prime divisor. If n is a prime, then 
that prime divisor is n itself. If n is not a prime, then let a > 1 be its 
least divisor. Then n = ab, where 1 < a < b. If a were not a prime, then 
a = a1aq with 1 < ay < ag < a and aj|n, contradicting the minimality of 


a. 
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An integer n > 1 that is not a prime is called composite. If n is a com- 
posite integer, then it has a prime divisor p not exceeding \/n. Indeed, as 
above, n = ab, where 1 < a < band a is the least divisor of n. Then n > a?, 
hence a < \/n. 

The following result is known for more than 2000 years: 

Theorem 1.2.1. (Euclid!) There are infinitely many primes. 

Proof. Assume by way of contradiction that there are only a finite num- 
ber of primes: py < py < ++: < Pm. Consider the number P = pipo...pn+l1. 

If P is a prime, then P > pm», contradicting the maximality of p,,. Hence 
P is composite and, consequently, it has a prime divisor p > 1 which is one 
of the primes pi, p2,.--,Pm, Say px. It follows that px|pi...pr..-Dm + 1. 


This, together with pz|p1...pr---Pm, implies pz|1, a contradiction. 

Remark. The largest known prime is 22795257 — 1, It was discovered in 
2006 and it has 9808358 digits. 

The fundamental result in arithmetics pertains to the factorization of 
integers: 

Theorem 1.2.2. (The prime factorization theorem) Any integer n > 1 
has a unique representation as a product of primes. 

Proof. The existence of such a representation can be obtained as follows: 
Let p; be a prime divisor (factor) of n. If py =n, then n = p, is the prime 
factorization of n. If p; <n, then n = pjr;, where r; > 1. If ry is a prime, 
then n = pyp2 where po = 11, is the desired factorization of n. If r, is 
composite, then r; = pore, where pg is a prime, r2 > 1 and so n = pi pore. 
If ro is a prime, then n = p,p2p3 where rz = p3 and we are done. If rg is 
composite, then we continue this algorithm, obtaining a sequence of integers 
ry > >---> 1. After a finite number of steps, we reach rz_ 1 = 1, that 
iS N = Pip2...Dk- 

For the uniqueness, let us assume that there is at least a positive integer 
n such that 


n= pip2..-Pk = 41q2---Gh 


where p1,P2,---;Pk;41,92;---;Qh are primes. It is clear that k > 2 and 
h > 2. Let n be the minimal such integer. We claim that p; 4 q; for 
any 7 = 1,2,...,k, 7 = 1,2,...,h. If, for example, py = qn = p, then 


1 Buclid of Alexandria (about 325BC - about 365BC) is the most prominent math- 
ematician of antiquity best known for his treatise on mathematics ”The Elements”. 
The long lasting nature of ”The Elements” must make Euclid the leading mathematics 


teacher of all time. 
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n’ = n/p = pi---Pr-1 = Qi---Qn-1 and 1 < n’ < n, contradicting the 


minimality of n. Assume without loss of generality that p; is the least 
prime factor of n in the above representations. By applying the Division 
Algorithm it follows that 


a =Ppici +r 


q2 = pice + 12 


dh = PiCh + Th, 


where 1 <r; <pi,i=1,...,h. 
We have 


m= 4192 ---9h = (pici + 71) (pie2 + 72)... (pich + Th). 


Expanding the last product we obtain n = Ap; + rir2...rTp. Setting 
n’ = 117r2...Tr we have n = pip2...pe = Ap; +n’. It follows that p,|n’ 
and n’ = p18 182...8;, where 81, S2,..., 8; are primes. 

On the other hand, using the factorization of r1,r2,...,rn into primes, 
all their factors are less than r; < p,. From n’ = rire...rp, it follows that 
n’' has a factorization into primes of the form n’ = tit2...t;, where ts < pi, 


s = 1,2,...,7. This factorization is different from n’ = p15 s2...5;. But 


n' <n, contradicting the minimality of n. 


From the above theorem it follows that any integer n > 1 can be written 

uniquely in the form 
WEP LHP, 

where pj,...,Px are distinct primes and aj,...,a,% are positive integers. 
This representation is called the canonical factorization of n. 

An immediate application of the prime factorization theorem is an alter- 
native way of proving that there are infinitely many primes. 

As in the previous proof, assume that there are only finitely many primes: 
pi < po <+++< Dm. Let 


wa[[(itos-+54..)=7] = 


i=l Di P; i=1 1— — 
Di 


On the other hand, by expanding and by using the canonical factorization 


of positive integers, we obtain 


spe 
N=1+25+5+4... 
igh ash 
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yielding II Ee rion as a contradiction. We have used the well-known fact 
2, Pi — 
i=l 
that the harmonic series 
Lae SI 
l+=4+s+... 
an 5 + 3 + 


diverges and the expansion formula 


1 


S=l+e4e7?+... (or |z|<1) 
l-«x 


which can also be interpreted as the summation formula for the infinite 
geometric progression 1, x, x?,... 
From the formula 
7 Po 
at 


using the inequality 1+¢ < e’, t € R, we can easily derive 


1 
a, =O. 
=e 
Even though there are no definitive ways to find primes, the density of 
primes (that is, the average appearances of primes among integers) has 
been determined for about 100 years. This was a remarkable result in the 
mathematical field of Analytic Number Theory showing that 


i Oe, 
logn 


where 7(n) denotes the number of primes < n. The relation above is known 
as the Prime Number Theorem. It was proved by Hadamard? and de la 
Vallée Poussin? in 1896. An elementary, but difficult proof, was given by 
Erdés* and Selberg?. 


2 Jacques Salomon Hadamard (1865-1963), French mathematician whose most impor- 
tant result is the Prime Number Theorem which he proved in 1896. 
3Charles Jean Gustave Nicolas de la Vallée Poussin (1866-1962), Belgian mathe- 


matician who proved the Prime Number Theorem independently of Hadamard in 1896. 
4Paul Erdés (1913-1996), one of the greatest mathematician of the 20¢” century. 
Erd6és posed and solved problems in number theory and other areas and founded the 
field of discrete mathematics. 
5 Atle Selberg (1917- ), Norwegian mathematician known for his work in analytic 


number theory, and in the theory of automorphic forms. 
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The most important open problems in Number Theory involve primes. 
The recent book of David Wells [Prime Numbers: The Most Mysterious 
Figures in Maths, John Wiley and Sons, 2005] contains just few of them. 
We mention here only three such open problems: 

1) Consider the sequence (An )n>1, An = \/Pn+1—./Pn; where p,, denotes 
the n‘” prime. Andrica’s Conjecture states that the following inequality 
holds 

An <1, 


for any positive integer n. Results connected to this conjecture are given 
in D. Andrica [On a Conjecture in Prime Number Theory, Proc. Algebra 
Symposium, ” Babes-Bolyai” University of Cluj, 2005, pp.1-8]. The search 
given by H.J. Smith has gown past n = 26-10", so it is highly likely the 
conjecture is true. 

2) If p is prime such that p+2 is also a prime, then p and p+ 2 are called 
twin primes. It is not known if there are infinitely many twin primes. The 
largest such pair is 100314512544015- 217199 + 1 and it was found in 2006. 

3) The following property is conjectured by Michael Th. Rassias, an IMO 


Silver Medail in 2003 in Tokyo: For any prime p greater than two there are 
two distinct primes p;, p2 such that 
pitp2+1 
as Pi : 

This is equivalent to the following statement: For any prime p greater 
than two there are two primes p1 < po such that (p—1)p1, pe are consecutive 
integers [Octogon Mathematical Magazine, Vol.13, No.1.B, 2005, page 885). 

For a prime p we say that p” fully divides n and write p*||n if k is the 
greatest positive integers such that p*|n. 

Problem 1.2.1. Prove that for any integer n > 1 the number n°+n*+1 
is not a prime. 


Solution. We have 
vP+nt+lan+nttn—n3—n?-ntn?4+n41 
=n3(n?+n41)—n(n?+n41)4+ (rn? +741) 
= (rn? +n +1)(n3 —n+1), 


the product of two integers greater than 1. Hence n> +n4+1 is not a prime. 
Problem 1.2.2. Find all primes a,b,c such that 


ab+ be+ac > abc. 
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Solution. Assume that a < b<c. Ifa > 3 then ab+bc+ac < 3bc < abc, 

a contradiction. Since a is prime, it is left that a = 2. 
Lye le. A 
The inequality becomes 2b + 2c + bc > 2bc, hence — + = > =. 
c 


b° 2 
If b> 5, then c > 5 and 


I. FT tA 
=<-+-< 


ie 
2>b c¢ 5 5. 


5” 
false. 

Therefore b < 5, that is 

1° b=2 and c is any prime; 

2° b=3 and cis 3 or 5. 

Problem 1.2.3. Find all the positive integers a,b for which a* + 4b* is 
a prime. 

Solution. Observe that 


a* + 4b* = a4 + 4* + 4020? — 4076? 
= (a? + 267)? — 4a7b? 
= (a + 2b? + 2ab) (a? + 2b? — 2ab) 
= [(0 +5)? + P7I[(a— bP? +07) 


As (a +b)? +b? > 1, then a* + 46+ can be a prime number only if 
(a — b)? +b? = 1. This implies a = b = 1, which is the only solution of the 
problem. 

Problem 1.2.4. Let p,q be two distinct primes. Prove that there are 
positive integers a,b so that the arithmetic mean of all the divisors of the 


number n = p* + q? is also an integer. 
(2002 Romanian Mathematical Olympiad) 


Solution. The sum of all divisors of n is given by the formula 


(Gtptp pete ae tag tite); 
as it can be easily seen by expanding the brackets. The number 7 has 


(a+ 1)(b+ 1) positive divisors and their arithmetic mean is 


(leh pp for te) (gg eg”) 
(a+1)(6+1) ; 


If p and q are both odd numbers, we can take a = p and b = q, and it is 


M= 


easy to see that m is an integer. 


1.2. PRIME NUMBERS 27 


If p = 2 and q odd, choose again b = q and consider a+ 1 =1+q+4q?4 
--»4+q?-!, Then m=1+242?+---+2%, and it is an integer. 
For p odd and q = 2, sett a= pandb=pt+p*?+p>+---+p?-!. The 


solution is complete. 
Problem 1.2.5. Let p,q,r be primes and let n be a positive integer such 


that 
2 


ila a! ica 
Prove that n = 1. 
(2004 Romanian Mathematical Olympiad) 


Solution. Clearly one of the primes p,q or r is equal to 2. If r = 2 then 
p’ +q" =4, false, so assume that p > q = 2. 
Consider the case when n > 1 is odd; we have 


(p + 2)(p”—1 i Qpr-2 4 Q2yr-3 Sorrtee s pn-1y ge 


Notice that 


prt 2p”? ry or sant = Orla (p= 9) (pr 0 yA, . 2) >1 


and p+2 > 1 hence both factors are equal to r. This rewrites as p” + 2” = 
(p+ 2)? =p? + 4p + 4, which is false for n > 3. 

Consider the case when n > 1 is even and let n = 2m. It follows that 
p™ = a? — b?, 2™ = 2ab and r = a? + b?, for some integers a,b with 
(a,b) = 1. Therefore, a and b are powers of 2, so b = 1 and a = 2™ 1. 
This implies p”™ = 4”—-! — 1 < 4™, so p must be equal to 3. The equality 
3” —4™-1_ | fails for m = 1 and also for m > 2, as 4! > 38" +1, by 
induction. 

Consequently n = 1. Take for example p = 23, q= 2 and r=5. 


Problem 1.2.6. Let a,b,c be non zero integers, a # c, such that 


a a+b? 


ec +62" 


Prove that a? + b? + c? cannot be a prime. 


(1999 Romanian Mathematical Olympiad) 
: _ @ a+b. ; 
Solution. The equality — = aap ® equivalent to (a—c)(b*—ac) = 0. 
cc. C+ 
Since a # c, it follows that b? = ac and therefore: 


e+e 4+e=et+actC =a? 4+2ac+C— Pv 
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=(a+c)?—-B = (a+e—b)\(a+c+bd). 


Now, clearly, a? + b? +c? > 3, so, if a? +b? +c? is a prime number, then 
only four cases are possible: 


(1l)at+ce-—b=landat+c—b=@+8?+¢ 


) 

(2)at+tc+b=landat+ct+b=a? +? +0’; 
(3)a+ce-—b=—-landat+ct+b=-—(a? +b? +c’), and finally: 
(4)a+c+b=—-landat+c—b=—(a? +b? +c’). 


In the first two cases we are lead to: a? + b? +c? — 2(a+c) +1 =0, or 
(a—1)?+(c—1)? +67 =1, hencea=c=1. 
In other cases we obtain: (a + 1)? + (c+ 1)? +b? = 1, hencea=c=-1. 


But a = c is a contradiction. 
Problem 1.2.7. Show that each natural number can be written as the 


difference of two natural numbers having the same number of prime factors. 
(1999 Russian Mathematical Olympiad) 


Solution. If n is even, then we can write it as (2n) — (n). If n is odd, 
let d be the smallest odd prime that does not divide n. Then write n = 
(dn) — ((d — 1)n). The number dn contains exactly one more prime factor 
than n. As for (d — 1)n, it is divisible by 2 because d — 1 is even. Its odd 
factors are less than d so they all divide n. Therefore (d—1)n also contains 
exactly one more prime factor than n, and dn and (d— 1)n have the same 
number of prime factors. 

Problem 1.2.8. Let p be a prime number. Find all k € Z such that 


\/k? — pk is a positive integer. 
(1997 Spanish Mathematical Olympiad) 


Solution. The values are k = (p+ 1)?/4 for p odd (and none for p = 2). 

We first consider p = 2, in which case we need k? — 2k = (k—1)?—1 to 
be a positive square, which is impossible, as the only consecutive squares 
are 0 and 1. 

Now assume p is odd. We first rule out the case where k is divisible by 
p: if k = np, then k? — pk = p?n(n — 1), and n and n — 1 are consecutive 
numbers, so they cannot both be squares. 

We thus assume & and p are coprime, in which case k and k — p are 
coprime. Thus k? — pk is a square if and only if k and k — p are squares, 
say k = m? and k— p=n?. Then p = m? — n? = (m+n)(m-—n), which 
implies m+n =p,m—n=1 and k= (p+1)?/4. 
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Problem 1.2.9. Let p> 5 be a prime number and 
X ={p—n’?|n €N,n? < p}. 


Prove that X contains two distinct elements x,y such that x £1 and x 
divides y. 
(1996 Balkan Mathematical Olympiad) 


Solution. Take m such that m? < p < (m+ 1)? and write p=k+m?, 
with 1 < k < 2m. Since p— (m—k)? = k(2m—k +1) we have p — m?|p — 
(m — k)?. Of course, k # m since p is a prime number. Also, m — k < _m 
and —m+k#™m since p is not composite. The only case which remains is 


k = 1. Since m is even, p — (m — 1)? divides p — 1 we are done again. 


Proposed problems 


Problem 1.2.10. For each integer n such that n = p,p2p3pa4, where 
P1, P2, 3, pa are distinct primes, let 


dj =1<dg<dg<-::-<dig=n 


be the sixteen positive integers which divide n. Prove that if n < 1995, 
then dg iz dg x 22. 


(1995 Irish Mathematical Olympiad) 


Problem 1.2.11. Prove that there are infinitely many positive integers 
a such that the sequence (Zn)n>1, 2n =n +a, does not contain any prime 


number. 
(1 qth IMO) 


Problem 1.2.12. Let p,q,r be distinct prime numbers and let A be the 
set 


A={ptq’r°: 0< a,b,c < 5}. 


Find the smallest integer n such that any n-element subset of A contains 
two distinct elements x, y such that « divides y. 


(1997 Romanian Mathematical Olympiad) 
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Problem 1.2.13. Prove Bonse’s inequality: 


PIP2-++»Pn > De es 


for n > 4, where py; = 2, po = 3,... is the increasing sequence of prime 
numbers. 

Problem 1.2.14. Show that there exists a set A of positive integers 
with the following property: for any infinite set S of primes, there exist two 
positive integers m € A and n ¢ A each of which is a product of k distinct 
elements of S for some k > 2. 


(35*" IMO) 


Problem 1.2.15. Let n be an integer number, n > 2. Show that if 


k? +k +n is a prime number for any integer number k, 0 < k < ,/ = then 


k? +k +n is a prime number for any k, 0<k<n—2. 
(28 IMO) 


Problem 1.2.16. A sequence qi, q2,... of primes satisfies the following 
condition: for n > 3, dn is the greatest prime divisor of gy—1 + dn—2 + 2000. 
Prove that the sequence is bounded. 


(2000 Polish Mathematical Olympiad) 
Problem 1.2.17. Let a > b > c > d be positive integers and suppose 
ac+ bd = (b+d+a-—c)(b+d—-—a+ec). 
Prove that ab+ cd is not prime. 


(42”¢ IMO) 


1.3 The greatest common divisor and the least 
common multiple 


For a positive integer k we denote by D;, the set of all its positive divisors. 
It is clear that Dx is a finite set. For positive integers m,n the maximal 
element in the set Dm, Dry is called the greatest common divisor of m and 
n and is denoted by gcd(m,n). 

In case when Dm Dy = {1}, we have gcd(m,n) = 1 and we say that m 


and n are relatively prime. 
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The following properties can be directly derived from the definition 
above. 

1) If d= gcd(m,n), m = dm’, n = dn’, then gcd(m’,n’) = 1. 

2) If d= gcd(m,n), m= d'm", n= d'n", gcd(m",n”) = 1, then d’ = d. 

3) If d’ is a common divisor of m and n, then d’ divides gcd(m,n). 

A) A iS pe ae,” and a = pp a;, 8; > 0, a + 2 > 1, 
i=1,...,k, then 


gcd(m,n) = prey 2 printer Be) 

5) If m = nq +r, then gcd(m,n) = gcd(n,r). 

Let us prove the last property. Denote d = gcd(m,n) and d’ = gcd(n,r). 
Because d|m and d|n it follows that dlr. Hence d|d’. Conversely, from d’|n 
and d'|r it follows that d’|m, so d'|d. Thus d=’. 

An useful algorithm for finding the greatest common divisor of two posi- 
tive integers is the Euclidean Algorithm. It consists of repeated application 
of the Division Algorithm: 


m=natn, l<rn<n 


n=Tigztr2, l<re<r 


TR-2 =Tr-19k + Tk, LS re <rp-1 
Tk-1 =TROk+1 +7R4+1, Trt = 9. 


This chain of equalities is finite because n > rT, > Tg >--: > Tp. 
The last nonzero remainder, rz, is the greatest common divisor of m and 
n. Indeed, by applying successively property 5) above we obtain 


gcd(m, n) = gcd(n, 11) = gced(r1, r2) = +++ = ged(rp_-1, TR) = 1k. 


Proposition 1.3.1. For positive integers m and n, there exist integers 
a and b such that am + bn = gcd(m, n). 
Proof. From the Euclidean Algorithm it follows that 


ri =mM—7ng1, T2=—mMgq2 + n(1 + ai¢2),... 


In general, r; = ma; +nf;,1=1,...,k. Because rig. = ri-1 — Tigi41, it 
follows that 

Oj41 = AW-1 — G41 % 

Bisa = Bi-1 — G41 Bi, 
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i=2,...,k—1. Finally, we obtain gcd(m,n) = rg, = apm t+ Ben. 


We can define the greatest common divisor of several positive integers 


M1,™Mg,...,ms by considering 
dy = gcd(m1, m2), dz = gcd(d1,m3),...,ds—1 = gcd(ds_2, Ms). 


The integer d = d,_, is called the greatest common divisor of m1,..., M5 
and denoted by gcd(m1,...,ms). The following properties can be easily 
verified: 

i) gcd(gcd(m, n), p) = gcd(m, gcd(n, p)); proving that gcd(m, n, p) is well- 
defined. 

ii) If dlm;,i =1,...,8, then d|gcd(m1,..., ms). 

al) Wty py a2 py tS Ayn on 9 then 


ged(m1,...,Ms) = paunleitysaean) A pmin(on a rk) | 

For a positive integer k we denote by My, the set of all multiples of k. 
Opposed to the set D;, defined earlier in this section, M, is an infinite set. 

For positive integers s and t the minimal element of the set M, 1 M; is 
called the least common multiple of s and t and is denoted by Icm(s, t). 

The following properties are easily obtained from the definition above: 

1’) If m = lem(s,t), m = ss’ = tt’, then gcd(s’,t’) = 1. 

2’) If m’ is a common multiple of s and t and m’ = ss’ = tt’, gcd(s’, t') = 
1, then m’ = m. 

3’) If m’ is a common multiple of s and t, then m|m’. 

A) TE SS pF? nc and ES me ae aj,,5 > 0O,a +8 > 1liz= 
1,...,k, then 

Icm(s,t) = pees) ae aaa 

The following property establishes an important connection between gcd 
and lcm: 

Proposition 1.3.2. For any positive integers m,n the following relation 
holds: 


mn = gcd(m,n) -lem(m, n). 


Proof. Let m= p['..p,";, 0 = ey ep a8; > 0,a,+ 6; > 1, 


i=1,...,k. From properties 4) and 4’) we have 


ged(m,n) - lem(m,n) = oe eee) e spe Er eRe) 
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It is also not difficult to see that if m|s and n|s, then lem(m,n)|s. 
Problem 1.3.1. Prove that for any odd integers n, a), a2,...,@Qn, the 


greatest common divisor of numbers a1, de2,.. 
ay+a2g agt+ a3 


common divisor of 
Solution. Let 


9 


.,Gn, 1s equal to the greatest 
an T a1 


2 


a mt 


a = gcd(aj,d2,...,@n) and b= gcd ws EO’. a 
2 2 2 
Then ax = axa, for some integers az, k = 1,2,...,n. It follows that 
ak — _ Qk eet a, (1) 


where G@n41 = a, and Qn+41 = a1. Since ax are odd numbers, a,x are also 


Ak + Ak+1 
odd, so a 


From relation (1) it follows that a divides 


On the other hand, 5 


Ak + Gp41 = 0 


Ak + Ak+1 


are integers. 


Oe eH, for all so a divides b. 


= 6,b, for some integers @,. Then 


(mod 2b) 


for all k € {1,2,...,n}. Summing up from k = 1 to k = n yields 


2(a, +a2 +--+ ay) =0 


hence 


a, +a2+-::+a,=0 


Summing up for k = 1,3,. 


a, +a. + 


and furthermore 


a, +ag+ 


(mod 2b), 


(mod 6). 
..,m— 2 implies 


+++ +@n-1 =0 (mod 26) 


-+++@n-1=0 (mod dD). (4) 


Subtracting (4) from (3) implies a,, = 0 (mod b), then using relation (2) 


we obtain a, = 0 (mod b) for all k. Hence b|a and the proof is complete. 


Problem 1.3.2. Prove that for all nonnegative integers a,b,c,d such 


that a and b are relatively prime, the system 


ax —yz—-—c=0 
ba — yt+d=0 
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has at least a solution in nonnegative integers. 

Solution. We start with a useful lemma. 

Lemma. /f a and b are relatively prime positive integers, then there are 
positive integers u and v such that 


au— bv = 1. 


Proof. Consider the numbers 
1-2, 2-a,...,(b-—1)-a (1) 


When divided by b the remainders of these numbers are distinct. Indeed, 
otherwise we have ky # ke € {1,2,...,b—1} such that 


kka=pibt+r, koa=pobt+r 


for some integers p1, p2. Hence 


(ky — kg)a = (pi — po)b=0 (mod 0). 


Since a and b are relatively prime it follows that |k; — k2] = 0 (mod 6b), 
which is false because 1 < |ky — ka| < b. 

On the other hand, none of the numbers listed in (1) is divisible by 0. 
Indeed, if so, then there is & € {1,2,...,n — 1} such that 


k-a=p-b for some integer p. 


Let d be the greatest common divisor of k and p. Hence k = kid, p = pid, 
for some integers p1,k, with gcd(pi,ki1) = 1. Then kia = pb and since 
gcd(a, b) = 1, we have k, = b, p, =a. This is false, because ky < b. 

It follows that one of the numbers from (1) has the remainder 1 when 
divided by b so there is u € {1,2,...,b—1} such that au = bv + 1 and the 
lemma is proved. 


We prove now that the system 
ax —yz—-—c=0 
ba — yt +d=0 


with a,b,c,d nonnegative integers and gcd(a, b) = 1 has at least a solution 
in nonnegative integers. 
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Because gcd(a, b) = 1 using the lemma, there are positive integers u and 
v such that au — bv = 1. Hence 


z=cu+dv, y=ad+be, z=v, t=u, 


is a solution to the system. 

Problem 1.3.3. Find all the pairs of integers (m,n) so that the numbers 
A=n?+2mn4+3m?+2, B= 2n?+3mn+m?4+2, C = 3n?+mn+2m?+1 
have a common divisor greater than 1. 

Solution. A common divisor of A,B and C is also a divisor for D = 
2A-—B, E=3A-—C,F =5E-7D,G=5D-E, H =18A-2F - 3B, 
I =nG—mF and 126 = 18nI -5H + 11F = 2-3?-7. Since 2 and 3 
do not divide A,B and C, then d = 7. It follows that (m,n) is equal to 
(7a + 2,7b+ 3) or (7¢+ 5, 7d +4). 

Problem 1.3.4. Let n be an even positive integer and let a,b be positive 


coprime integers. Find a and b if a+b divides a” + 6”. 
(2003 Romanian Mathematical Olympiad) 


Solution. As n is even, we have 
qa? — ph" = (a? _ ip hae 4 a"—*h2 shes oo be?) 


Since a + b is a divisor of a? — b?, it follows that a+ b is a divisor of 
a” —b”. In turn, a+b divides 2a” = (a” +b”) + (a” — b”), and 2b" = (a”+ 
b”) —(a”—b"). But a and b are coprime numbers, and so gcd(2a”, 2b”) = 2. 
Therefore a+ 6 is a divisor of 2, hence a = b= 1. 

Problem 1.3.5. M is the set of all values of the greatest common divisor 
d of the numbers A = 2n+3m+4+13, B=3n+5m+1, C=6n+8m-1, 
where m and n are positive integers. Prove that M is the set of all divisors 
of an integer k. 

Solution. If d is a common divisor of the numbers A, B and C, then d 
divides F = 3A—C=m-+40, F = 2B—C=2m+4+3and G = 2E-—F=77. 
We prove that k = 77 satisfies the conditions. 

Let d’ be the greatest common divisor of the numbers £ and F.. Then 
d’ = 7u for m = 7p+ 2. Moreover, u = 1 if p 4 1lv+5 and u = 11 if 
p = 11v+5. On the other hand, d’ = 11v for m = 11q+ 4. Furthermore, 
v=1forq#47z4+3andv =7 for q=7z+3. 

The number d’ is common divisor of the numbers A, B,C if and only if 
d' divides A. 
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For m = 7p + 2, 7 divides A = 2n + 21p+4 19 if and only if n = 7p’ +1. 
For m = 7(1lv+5), A = 2(n+59) +3: 77v is divisible by 77 if and only 
ifn = 77t + 18. 


Problem 1.3.6. Find the greatest common divisor of the numbers 
An = 23" 4 36742 4. 5On+2 
when n = 0,1,..., 1999. 
(2001 Junior Balkan Mathematical Olympiad) 
Solution. We have 
Ap =14+9+25=35=5-7. 


Using congruence mod 5, it follows that 


Ay, = 2°" + 29074 = 29% 4.9804) = 9904 (1)8"tT (mod 5). 
For n = 1, A; =9 #40 (mod 5), hence 5 is not a common divisor. 
On the other hand, 

Ay = 8" +9-9°" 4 25 - 25°” 
= Pepe al 
=1+2-8"+4.- 64” 
=142-1"44.1" 
=0 (mod 7), 


therefore 7 divides A,,, for all integers n > 0. 

Consequently, the greatest common divisor of the numbers Ag, Aj,..., 
Ajgg9 is equal to 7. 

Problem 1.3.7. Let m > 2 be an integer. A positive integer n is called 
m-good if for every positive integer a, relatively prime ton, one has nja™ — 


Ty 


Show that any m-good number is at most 4m(2™ — 1). 
(2004 Romanian IMO Team Selection Test) 


Solution. If m is odd then n|(n — 1)™ — 1 implies n|2, hence n < 2. 

Take now m = 2°q, t > 1, q odd, If n = 2%(2u + 1) is m-good, then 
(2u + 1)|(2vu — 1)™ — 1, hence (2v + 1)|2”™ — 1. Also, if a = 8u + 5 then 
(a,n) = 1, so 


2" (a2) —1 = (a? — 1)(a? +1)(a24 +1)...(a 4 +1). 
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But a? = 5 (mod 8) implies that the exponent of the factor 2 in the last 
product is t+2, therefore u < t+2, whence n < 4-2*(2v+1) < 4m(2™—1). 

Remark. The estimation is optimal only for m = 2, m = 4. 

Problem 1.3.8. Find all triples of positive integers (a,b,c) such that 
a? + 6? + c3 is divisible by ab, b?c, and c?a. 


(2001 Bulgarian Mathematical Olympiad) 


Solution. Answer: triples of the form (k,k,k) or (k,2k,3k) or their 
permutations. 

Let g be the positive greatest common divisor of a and b. Then g? divides 
ab, so g® divides a® + b? +c?, and g divides c. Thus, the gcd of any two of 
a,b,c is the gcd of all three. 

Let (l,m,n) = (a/g,6/g,c/g). Then (l,m,n) is a triple satisfying the 
conditions of the problem, and J, m,n are pairwise relatively prime. Because 
I?,m? and n? all divide I? + m? +n, we have 


Pm?n?|(2 +m? +n). 


We will prove that (/,m, 7) is either (1,1,1) or a permutation of (1,2,3). 
Assume without loss of generality that 1 >m >n. We have 


3 > PB +m3 +n? > Pm? n?, 
and, therefore, | > m?n?/3. Because |?|(m? +3), we also have 
2m3 > m+n? >? > m'n*/9. 


If n > 2, then m < 2- 9/24 < 2 <n, which contradicts the assumption 
that m > n. Therefore, n must be 1. It is not difficult to see that (1,1,1) is 
the unique solution with m = 1. 


If m > 2, then | > m because | and m are relatively prime, so 
2s? him? lS me, 


and | > m?/2, so 


m+1>P > m‘*/4, 


and m < 4. It is not difficult to check that the only solution here is (3,2,1). 
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Proposed problems 
Problem 1.3.9. The sequence aj, a@2,... of natural numbers satisfies 
gced(a;,a;) = ged(i, 7) for alli 4 J. 
Prove that a; = 7 for all 7. 
(1995 Russian Mathematical Olympiad) 


Problem 1.3.10. The natural numbers a and b are such that 
a+l1 b41 
+ 
b a 


is an integer. Show that the greatest common divisor of a and 6 is not 


greater than /a-+ b. 


(1996 Spanish Mathematical Olympiad) 


Problem 1.3.11. The positive integers m,n,m,n are written on a black- 
board. A generalized Euclidean algorithm is applied to this quadruple as 
follows: if the numbers z, y, u,v appear on the board and x > y, then x—y, 
y, u+4v, v are written instead; otherwise x, y — x, u, v + u are written 
instead. The algorithm stops when the numbers in the first pair become 
equal (they will equal the greatest common divisor of m and n). Prove that 
the arithmetic mean of the numbers in the second pair at that moment 


equals the least common multiple of m and n. 
(1996 St. Petersburg City Mathematical Olympiad) 


Problem 1.3.12. How many pairs (x, y) of positive integers with x < y 
satisfy gcd(x, y) = 5! and lem(a, y) = 50!? 


(1997 Canadian Mathematical Olympiad) 


Problem 1.3.13. Several positive integers are written on a blackboard. 
One can erase any two distinct integers and write their greatest common 
divisor and least common multiple instead. Prove that eventually the num- 


bers will stop changing. 
(1996 St. Petersburg City Mathematical Olympiad) 


Problem 1.3.14. (a) For which positive integers n do there exist positive 
integers x,y such that 


Iem(a,y) =n!, gced(x, y) = 1998? 
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(b) For which n is the number of such pairs x,y with « < y less than 
1998? 


(1998 Hungarian Mathematical Olympiad) 


Problem 1.3.15. Determine all positive integers k for which there exists 
a function f : N — Z such that 

(a) f(1997) = 1998; 

(b) for all a,b EN, f(ab) = f(a) + f(b) + kf (gced(a, b)). 


(1997 Taiwanese Mathematical Olympiad) 
Problem 1.3.16. Find all triples (x, y,n) of positive integers such that 
ged(z,n+1)=land 2”? +1=y""!. 
(1998 Indian Mathematical Olympiad) 
Problem 1.3.17. Find all triples (m,n,1) of positive integers such that 
m+n=ged(m,n)?, m+l=ged(m,l)?, n+l = ged(n,l)?. 


(1997 Russian Mathematical Olympiad) 


1.4 Odd and even 


The set Z of integers can be partitioned into two subsets, the set of odd 


integers and the set of even integers: {+1,+3,+5,...} and {0,+2,+4,...}, 


respectively. Although the concepts of odd and even integers appear 
straightforward, they come handly in various number theory problems. 
Here are some basic ideas: 

1) an odd number is of the form 2k + 1, for some integer k; 
) an even number is of the form 2m, for some integer m; 
) the sum of two odd numbers is an even number; 
) the sum of two even numbers is an even number; 
5) the sum of an odd and even number is an odd number; 
) the product of two odd numbers is an odd number; 

) a product of integers is even if and only if at least one of its factors is 

even. 

Problem 1.4.1. Let m and n be integers greater than 1. Prove that m” 


is the sum of m odd consecutive integers. 
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Solution. The equality 


m” = (2k+1)+ (2k +3)+---+ (2k +2m-—1) 


is equivalent to 


m(m"—? — 1) 


2 
because m and m”~? — 1 have different parities. 


or m” = 2km+m?. It follows that k = which is an integer, 
Problem 1.4.2. Let n be a positive integer. Find the sum of all even 
numbers between n? —n+1 andn?+n+1. 
Solution. We have n?—n+1 = n(n—1)+land n?+n41 =n(n+1)4+1, 
both odd numbers. It follows that the least even number to be considered 
is n? —n +2 and the greatest is n? +n. The desired sum is 


(n? —n+2)+ (nr? —n+4)4+---4+(n? +n-2)+(n? +n) 


= (n? —n)+24+(n? —n) +44+---+ (n? —n) + 2n-—24 (n? —n)+2n 
=n(n?—n)+204+24+---tn) =n? -—n?4r’tn=n +n. 


Problem 1.4.3. Let n be a positive integer and let €1,€2,...,En € 
{—1,1} such that e162 + €2€3 +--+: +€né1 = 0. Prove that n is divisible by 
4. 

(Kvant) 

Solution. The sum €1¢2 + €9€34+---+é€né 1 has n terms equal to 1 or —1, 
so n is even, say n = 2k. It is clear that k of the terms €1€2, €2€3,...,€n€1 
are 1 and k are —1. On the other hand, the product of the terms in the 
sum is 

(€1€2)(€2€3) ... (Ené1) = efeg...€7 = 1, 
hence (+1)*(—1)* = 1. That is k is even and the conclusion follows. 
For any integer n = 4m there exist €1,€2,...,&, such that 


E€1€2 + €2€3 +++: +enée1 = 0, 


for example 


€1 = €4 = €5 = €g = +++ = E4m—3 = E4m = TH, 


£9 = €3 = €6 = €7 = +++ = E4m_-2 = E4m_-1 = — 1. 
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Problem 1.4.4. A table with m rows and n columns has all entries —1 
or 1 such that for each row and each column the product of entries is —1. 
Prove that m and n have the same parity. 

Solution. We compute the product P of the m-n entries in two ways, 


by rows and by columns, respectively: 


P = (-1)(-1)...(-1) =(-)™ =(-)" =(-DCD...0). 
_—_—_—"’ _—_—_— 


m times ntimes 


The conclusion now follows. 
We will show such a table for m = 3 and n= 5. 


—1 1 1 -1 -1 
1 1 -l 1 1 
1 -1 1 1 1 


Remark. If m and n have the same parity, then the number of tables 


with the above property is 20°-D(—-)_, 


Proposed problems 


Problem 1.4.5. We are given three integers a,b,c such that a,b,c, a+ 
b-—c,a+c—b,b+c—aand a+b+c are seven distinct primes. Let d be the 
difference between the largest and smallest of these seven primes. Suppose 
that 800 € {a+ b,b+c,c+a}. Determine the maximum possible value of 
d. 

Problem 1.4.6. Determine the number of functions f : {1,2,...,n} > 
{1995, 1996} which satisfy the condition that f(1) + f(2) +---+ (1996) 
is odd. 


(1996 Greek Mathematical Olympiad) 


Problem 1.4.7. Is it possible to place 1995 different natural numbers 
along a circle so that for any two these numbers, the ratio of the greatest 


to the least is a prime? 
(1995 Russian Mathematical Olympiad) 


Problem 1.4.8. Let a, b,c, d be odd integers such thatO <a<b<c<d 
and ad = be. Prove that if a+d = 2* and b+c = 2™ for some integers k 
and m, then a= 1. 


(25*" IMO) 
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1.5 Modular arithmetics 


Let a,b,n be integers, with n 4 0. We say that a and b are congruent 


IF ad 


modulo n if nja—b. We denote this by a = b (mod n). The relation on 
the set Z of integers is called the congruence relation. If m does not divide 
a — b, then we say that integers a and b are not congruent modulo n and 
we write a  b (mod n). The following properties can be directly derived: 

1) a=a (mod n) (reflexivity); 

2) If a=b (mod n) and b=c (mod n), then a =c (mod n) (transitiv- 
ity); 

3) If a= b (mod n), then b= a (mod n); 

4) Ifa =b (mod n) and c=d (mod n), then a+c=6+d (mod n) and 
a—c=b-—d (mod n); 

5) If a= b (mod n), then for any integer k, ka = kb (mod n); 

6) If a=b (mod n) and c=d (mod n), then ac = bd (mod n); 

7) If a; = Bb (mod n), i = 1,...,k, then a,...a, = 6,...bg (mod n). 
In particular, if a = b (mod n), then for any positive integer k, a* = b* 
(mod n). 

8) We have a = b(modm,), i = 1,...,k if and only if a = b 


(mod Iem(m1,...™mx)). 


In particular, if mj ,...,m, are pairwise relatively prime, then a = b 
(mod m;),7=1,...,k if and only if a= b (mod m1,..., mx). 

Let us prove the last property. From a = b (mod m,), i = 1,...,4, 
it follows that m;|a — b, 1 = 1,...,k. Hence a — b is a common mul- 
tiple of m1,...,mz, and so lem(my,...,mxz)|a — b. That is a = b 
(mod lem(m1,...,™m)). Conversely, from a = 6b (mod lem(m,...,% )), 
and the fact that each m; divides lem(m1,...,m,) we obtain a = 


(mod m;),7=1,...,k. 
Theorem 1.5.1. Let a,b,n be integers, n £0, such that a = nq, +11, 
b=ngtre,0< 11,72 < |n|. Then a =b (mod n) tf and only if r1 = ra. 
Proof. Because a — b = n(qi — q2) + (71 — r2), it follows that nla — b 
if and only if n|ry — re. Taking into account that |ry — r2| < |n|, we have 


n|ry — rg if and only if r; = re. 

Problem 1.5.1. For all the positive integers k < 1999, let Si(k) be the 
sum of all the remainders of the numbers 1,2,...,k when divided by 4, 
and let So(k) be the sum of all the remainders of the numbers k + 1,k + 
2,...,2000 when divided by 8. Prove that there is an unique positive integer 
m < 1999 so that Si(m) = So(m). 
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(1999 Romanian Mathematical Olympiad) 


Solution. Let A; = {1,2,3,...,k} and By = {k+1,k+2,...,2000}. 
From the division of integers we have 


k=4q +1, with ri € {0,1, 2,3}. (1) 


If s1(k) is the sum of the remainders at the division by 4 of the last ry 
elements of Ax, then 


S1(k) = 6q1 + 81(k), with 0< 81(k) <6 (2) 


(if r; = 0, then set s1(k) = 0). 
Using again the division of integers there exist integers g2,r2 such that 


2000 — k = 3q2 + r2, with rz € {0,1, 2}. (3) 


If s9(k) is the sum of the remainders at the division by 3 of the last r2 
elements of B,, then 


S'9(k) = 3q2 + s2(k), with 0 < 82(k) <3 (4) 


(again we set s2(k) = 0, if ro = 0). 

As Si(k) = S2(k), 52(k) — s1(k) = 3(2q1 — @2), so 3|2q1 — g2| = |S2(k) — 
si(k)| <6, and |2q1 — q2| < 2. In other words, |2q1 — q2| € {0,1, 2}. 

If 24, = qe, then (1) and (3) imply 2000 — (r1 + r2) = 10q1, hence 
10|(r1 + r2). Then ry = rg = 0 and q = 200. From (1) it follows that 
k = 800, and from (2) and (4) we have $1(800) = $2(800) = 1200. 

Furthermore Si(k) < Si(k +1), and S2(k) > So(k+ 1) for all k € 
{1,2,..., 1998}. Since $1(799) = S(800) and $2(799) = S2(800) +2 < 
51 (800), we deduce that 51(k) < So(k) for all k € {1,2,...,799}. Since 
$1 (801) = $;(800) + 1 > S2(800) > 5S2(801), we derive that S1(k) > S2(k) 
for all k € {801, 802,...,1999}. Consequently, Si (m) = S2(m) if and only 
if m = 800. 

Problem 1.5.2. Let n be a positive integer. Show that if a and b are 
integers greater than 1 such that 2” — 1 = ab, then ab— (a—b) —1 can be 


written as k-22™ 


for some odd integer k and some positive integer m. 
(2001 Balkan Mathematical Olympiad) 


Solution. Note that ab—(a—b)—1= (a+1)(b—1). We shall show that 
the highest powers of two dividing (a+ 1) and (b— 1) are the same. Let 2° 


44 1. DIVISIBILITY 


and 2! be the highest powers of 2 dividing (a +1) and (b—1), respectively. 
Because a+ 1,b+1< ab+1= 2", we have s,t <n. 
Note that 2° divides 2” = ab+1 and a+1, so that 


ab=a=-1 (mod 2%). 


Hence, 6= 1 (mod 2°), or 2*|b — 1, so that s < ¢. 

Similarly, ab = —b = —1 (mod 2°), so a = —1 (mod 2°), and 2¢|a +1. 
Thus, t < s. 

Therefore, s = t, the highest power of two dividing (a + 1)(b — 1) is 2s, 
and ab — (a— b) —-1=k- 2?8 for some odd k. 

Problem 1.5.3. Find all nonnegative integers m such that (2?7™+1)? +1 


is divisible by at most two different primes. 
(2002 Baltic Mathematics Competition) 


Solution. We claim m = 0,1,2 are the only such integers. It is easy to 
check that these values of m satisfy the requirement. Suppose some m > 3 
works. Write 


(ener ae ft 1 oa errr +4 iy? = 9 . g2m+1 


=s oan 4 gm+1 a: hae —gmtl ihe 1). 


The two factors are both odd, and their difference is 2”*+?; hence, they are 
relatively prime. It follows that each is a prime power. We also know that 
(22m+1)2 — 42m+l = _1 (mod 5), so one of the factors 277+1 4+ 2™*1 4.1 
must be a power of 5. Let 22™+1 + 9™+15 41 = 5*, where s = +1 is the 


appropriate sign. 


Taking the above equation modulo 8, and using the assumption m > 3, 
we obtain 5 = 1 (mod 8), so that k is even. Writing k = 21, we have 


gmrt(gm 4s) = (5! — 1)(5' + 1). 


The factor 5! + 1 = 2 (mod 4), so 5’— 1 = 2'a for some odd integer a. 
But if a= 1, then 


2=(5'+1)—(5' —1) = 2027 + s) —2” = 2" +28 > 2° -2, 


a contradiction, whereas if a > 3, then 5'!—1 > 3-2™ while 5!+1 < 2(2”+5s), 
another contradiction. 

Problem 1.5.4. Find an integer n with 100 < n < 1997 such that n 
divides 2” + 2. 
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(1997 Asian Pacific Mathematics Olympiad) 


Solution. Note that 2 divides 2” + 2 for all n. Also, 11 divides 2” + 2 
if and only if n = 6 (mod 10), and 43 divides 2” + 2 if and only if n = 8 
(mod 14). Since n = 946 = 2- 11- 43 satisfies both congruences, n divides 
2” + 2. 

Remark. Actually, one can prove that there are infinitely many n such 
that n|2” + 2. Also, any such n is even since by a theorem of W. Sierpinski 
we cannot have n|2"~! + 1 unless n = 1. 

Problem 1.5.5. The number 99...99 (with 1997 nines) is written on a 
blackboard. Each minute, one number written on the blackboard is factored 
into two factors and erased, each factor is (independently) increased or 
diminished by 2, and the resulting two numbers are written. Is it possible 
that at some point all of the numbers on the blackboard equal 9? 


(1997 St. Petersburg City Mathematical Olympiad) 


Solution. No, there is always a number congruent to 3 modulo 4: factor- 
ing such a number gives one factor congruent to 3 modulo 4, and changing 
that by 2 in either direction gives a number congruent to 3 modulo 4. 

Problem 1.5.6. Find the smallest positive integer which can be written 
both as (i) a sum of 2002 positive integers (not necessarily distinct), each of 
which has the same sum of digits and (ii) as a sum of 2003 positive integers 


not necessart istinct), each of which has the same sum of digits. 
( ily distinct) h of which has th yf digi 
(2002 Russian Mathematical Olympiad) 


Solution. The answer is 10010. First observe that this is indeed a solu- 
tion: 10010 = 2002-5 = 1781-4+222-13, so we may express 10010 as the sum 
of 2002 fives or of 1781 fours and 222 thirteens, where 1781+222 = 2003. To 
prove minimality, observe that a number is congruent modulo 9 to the sum 
of its digits, so two positive integers with the same digit sum are in the same 
residue class modulo 9. Let k; be the digit sum of the 2002 numbers and 
kz the digit sum of the 2003 numbers. Then 4h; = 2002k, = 2003k2 = 5k2 
(mod 9). If ky > 5, the sum of the 2002 numbers is at least 10010; if ko > 5, 
the sum of the 2003 numbers is greater than 10010. However, the solutions 
ky = 1,2,3,4 (mod 9) give kg = 8,7,6,5, respectively, so that at least one 
of k, or kz is greater than or equal to 5, and the minimal integer is 10010. 


46 1. DIVISIBILITY 


Proposed problems 


Problem 1.5.7. Find all integers n > 1 such that any prime divisor of 
n® — 1 is a divisor of (n? — 1)(n? — 1). 


(2002 Baltic Mathematics Competition) 


Problem 1.5.8. Let f(n) be the number of permutations a1,..., an, of 
the integers 1,..., such that 
(i) ay = 1; 
(ii) Jag — Qiga| < 2, @=1,...,n—-1. 
Determine whether f(1996) is divisible by 3. 
(1996 Canadian Mathematical Olympiad) 


Problem 1.5.9. For natural numbers m,n, show that 2” — 1 is divisible 
by (2™ — 1)? if and only if n is divisible by m(2” — 1). 


(1997 Russian Mathematical Olympiad) 
Problem 1.5.10. Suppose that n is a positive integer and let 
dy <dg<d3<d4 


be the four smallest positive integer divisors of n. Find all integers n such 
that 


n=di+d3+d3 + dj. 
(1999 Iranian Mathematical Olympiad) 


Problem 1.5.11. Let p be an odd prime. For each i = 1,2,...,p—1 
denote by r; the remainder when i? is divided by p?. Evaluate the sum 


T1 PATO Ae sa Ty 
(Kvant) 


Problem 1.5.12. Find the number of integers x with |a| < 1997 such 
that 1997 divides x? + (a +1)?. 


(1998 Indian Mathematical Olympiad) 
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1.6 Chinese remainder theorem 


In many concrete situations we need to find a solution to some system 


of linear congruences of the form 
a,x =b, (mod my),...,@,0 = bn (mod m,). 


Under some additional hypothesis (for instance gcd(ay,m,) = 1, k = 
1,...,n) this system reduces to the form 


x£=c, (mod m)),...,e=Cpn (mod mp). 


In solving this class of systems an important part is played by the fol- 


lowing result: 


Theorem 1.6.1. (Chinese Remainder Theorem) Let m1,...,1m™n be pos- 
itive integers different from 1 and pairwise relatively prime. Then for any 
nonzero integers a,,...,@, the system of linear congruences 

x=a, (mod my),...,2=a, (mod m,) 


has solutions and any two such solutions are congruent modulo m = 
M1...Mp. 

Proof. It is clear that gcd —, m;) = 1,7 =1,...,r. Applying Propo- 
sition 1.3.1 it follows that there is an integer 6; such that 


m 
—b;=1 dm; ee eras a 
mj J (mo mj); J ? Tv 


Then 

m 
—b;a;=a; (modm; SVs GaN 
9 ja; =a; (modm,;), j r 


Now consider the integer 


j=l 7 
We have 
“mm m 
Xo y fie jj (mod m;) es a; (mod m,) 
=a; (modm;), i=1,...,7, 


that is xo is a solution to the system of linear congruences. 
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If x, is another solution, then xz; = zp (mod m;), i =1,...,r. Applying 


property 8) in Section 1.5, the conclusion follows. 


Example. Let us find the solutions to the system of linear congruences 
x=2 (mod3), w=1 (mod4), x=3 (mod 5). 


We proceed as in the proof of the theorem. Because in this case m = 
3-4-5 = 60, we have to find a solution to each of the congruences 


ob =1 (mod 3), ob. =1 (mod 4), bs =1 (mod 5). 


This is equivalent to finding solutions to the congruences 


2b; =1 (mod 3), 3b2=1 (mod 4), 2b3 =1 (mod 5). 


We obtain by 2; ba 3, b3 3. Then 


tp = 20-2-2415-3-1412-3-3 = 233. 


Taking into account that all solutions are congruent modulo 60 it follows 
that it suffices to take a9 = 53. All solutions are given by x = 53 + 60k, 
ke Z. 

Problem 1.6.1. We call a lattice point X in the plane visible from the 
origin O if the segment OX does not contain any other lattice points besides 
O and X. Show that for any positive integer n, there exists a square of n” 
lattice points (with sides parallel to the coordinate axes) such that none of 


the lattice points inside the square is visible from the origin. 
(2002 Taiwanese Mathematical Olympiad) 


Solution. Suppose that the lower-left lattice point of such a square has 
coordinates (21, y1). We shall show that it is possible to select (#1, y1) such 
that the square of lattice points with (21, y1) at its corner and n points on 
a side contains only invisible points. This can be accomplished by ensuring 
that each point has both coordinates divisible by some prime number; this 
would imply that by dividing both coordinates by this prime we could find 
another lattice point that is between the origin and this point. 

Select n? distinct prime numbers and call them p;,;, 1 < 1,j <n. Now 
find x1 satisfying the following congruences: 


x1 =0 (mod pi1,P1,2---Pijn); 
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wi+=0 (mod poip22.-..p2n); 


tj+n-1=0 (mod pripn2---Pnin)- 


Likewise select y; satisfying: 
yi =0 (mod pi,1p2,1---Pn1); 


yi +1=0 (mod P1,2P2,2 -- -Pn,2); 


Ytn—-1=0 (mod PijnP2,n--- :Dn,n)- 


Both values must exist by the Chinese Remainder Theorem. Thus we 
have proved that it is possible to determine a position for (x1, y1) such 
that every point in the square of n? lattice points with (x1, y1) at it’s lower 
left corner is associated with some prime by which both of its coordinates 
are divisible, thus all points in this square are not visible from the origin. 

Problem 1.6.2. Show that there exists an increasing sequence {an }o@y 
of natural numbers such that for any k > 0, the sequence {k+a,} contains 
only finitely many primes. 


(1997 Czech and Slovak Mathematical Olympiad) 


Solution. Let pz, be the k-th prime number, k > 1. Set a, = 2. For 
n > 1, let an+1 be the least integer greater than a, that is congruent to —k 
modulo px, for all k < n. Such an integer exists by the Chinese Remainder 
Theorem. Thus, for all k > 0, k +a, =0 (mod pgy1) for n > k +1. Then 
at most k+1 values in the sequence {& +a,} can be prime; from the k + 2- 


th term onward, the values are nontrivial multiples of px41 and must be 
composite. This completes the proof. 


Proposed problems 


Problem 1.6.3. Let P(x) be a polynomial with integer coefficients. 
Suppose that the integers a1, a2,...,@y, have the following property: For 
any integer x there exists an i € {1,2,...,n} such that P() is divisible by 
a;. Prove that there is an ig € {1,2,...,n} such that a;, divides P(x) for 
any integer x. 


(St. Petersburg City Mathematical Olympiad) 
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Problem 1.6.4. For any positive integer set {a1, a2,...,@n} there exists 
a positive integer b such that the set {ba1, baz,..., ban} consists of perfect 
powers. 


1.7 Numerical systems 
1.7.1 Representation of integers in an arbitrary base 


The fundamental result in this subsection is given by the following the- 
orem: 

Theorem 1.7.1. Let b be an integer greater than 1. For any integer 
n > 1 there is a unique system (k,a0,@1,...,@%) of integers such that 
0O<a;<b-—1,1=0,1,...,k, a, £0, and 


ere ae ear Pa ae eee ae a (1) 


Proof. For the existence, we repeatedly apply the Division Algorithm: 
n=qmb+m, O<m<b-1 


m= qbt+re, O<rg<b-1 


Gk-1 = Qrb+Tr, OS TRS b-1 


where qx is the last nonzero quotient. 


Let 

go =n, a9 =N— Mb, ay = GN — G2b,...,AK—-1 = Mr-1 — kb, Gk = Ok. 
Then 

k k-1 

Sars S-( (gi — Gi41b)b' + qud™ SiS ai 25g = qo =n. 
1=0 1=0 i=1 i=l 


For the uniqueness, assume that n = cp +c,b0+--:+c,b" is another such 


representation. 
Ifh #k, for example h > k, then n > b* > bF+!, But 


n= ag +a;b+---+ a,b" < (b—1)(1+5+---+5*) = 0"? -—1< BF", 


a contradiction. 
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If h =k, then 
ig abies Ee agh =cotcbt---+e,b" 
and so blap — co. On the other hand, |ao — co| < b, hence ap = co, Therefore 
ay +agb+---+agb"-1 =e, tend +--+ + eb". 


Repeating the procedure above, it follows that a, = cj, a2 = ¢9,..., 


Ak = Ck. 
Relation (1) is called the base b representation of n and is denoted by 


n= ApQak-1.-.- - 20 (p) 


The usual decimal representation corresponds to b = 10. 
Examples. 1) 4567 = 4- 10° +5-107+6-10+7= 4567 (10)- 
2) Let us write IO10011(2) in base 10. We have 


TOLOOII (2) = 1-2°+0-2°+1-2*+0-2°+0-274+1-24+1 = 64416+241 = 83. 


3) Let us write 1211 in base 3. As above, dividing by 3 successively, 
the remainders give the digits of the base 3 representation, beginning with 
the last. The first digit is the last nonzero quotient. We can arrange the 


computations as follows: 


1211 


Hence 1211 = 1122212 ,3). 


1.7.2 Divisibility criteria in the decimal system 


We will prove some divisibility criteria for integers in decimal repre- 
sentation. In this subsection, we will denote n = GpGp__7...ao with the 


understanding that we operate in base 10. 
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Criterion 1. a) The integer n = GGp—1..-do is divisible by 3 if and 
only if the sum s(n) of its digits is divisible by 3. 

b) The integer n = G,Gn—1---do is divisible by 9 if and only if s(n) is 
divisible by 9. 

Proof. We have 10" = 1 (mod 9) since 10 = 1 (mod 9), hence 


h 
n= S- apl0*s(n) (mod 9). 
k=0 


Both conclusions follow. 

Criterion 2. The integer n = G;,G;,_-1... do 1s divisible by 11 if and only 
if ag — a, +++ +(—1)"ap, is divisible by 11. 

Proof. We have 10* = (11 — 1)* = (—1)* (mod 11), hence 


h 


h 
n= S- az10" = So (-1)F ax (mod 11), 
k=0 


k=0 


and the conclusion follows. 


Criterion 3. The integer n = @,Gp—1--- ao is divisible by 7,11, or 13 af 
and only if G,Gn—1---a3 — GG, ao has this property. 
Proof. We have 


nN = 001d + (1001 — 1)a;G_—7 a3 


= 7-11-13a;G;-1..- a3 — (Gpap—1--- a3 — G2a7Go) 


hence the desired conclusion. 


Criterion 4. The integer n = G,Gpn—1...ao 1s divisible by 27 or 37 if 
and only if G,Gn—1-.-a3 + Ga, ao has this property. 
Proof. We have 


nN = A24,a9 + (999 + 1)@nGn—1 ..  A3 


= 27-37G,0;-1.--d3 + (GpGp—1..- G3 + Gyaqd) 


and the conclusion follows. 
Examples. 1) The integer 123456789 is divisible by 9 because the sum 
of its digits 1+ 2-+---+9 = 45 has this property (Criterion 1b)). 
2) The integer 20...04 is not a perfect square because the sum of its 
SS 


2004 
digits is 6, a multiple of 3 but not of 9, hence the integer itself has these 
properties (Criteria la) and 1b)). 
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3) All integers of the form abcde f where a+c+e=8 andb+d+f=19 
are divisible by 99, because a+b+c+d+ f =8+19, a multiple of 9, and 
f-e+d-—c+b-—a=19-8, a multiple of 11 and the conclusion follows 
from Criteria 1b) and 2. 

4) For any nonzero digit a, the integer @1234567 is not divisible by 37. 
Indeed, applying Criterion 4 we have a1234+ 567 = a1801 and al + 801 = 
8a2 = 800 + 10a + 2 = 37-21+10a+ 25. The integer 10a + 25 = 5(2a+ 5) 
is not divisible by 37 because 7 < 2a +5 < 23. 


Problem 1.7.1. Find all integers written as abcd in decimal represen- 


tation and dcba in base 7. 
Solution. We have 


abcd) = dcebay7) & 999a+93b = 39c+342d 4 333a+31b = 13c+114d, 


hence b = c (mod 3). As b,c € {0,1, 2,3, 4,5, 6}, the possibilities are: 


i) b=¢c; 
ii) b=c+3; 
iii) b+3=c. 


In the first case we must have a = 2a’, d = 3d’, 37a’ + b = 19d’, d’ = 2. 
Hence a’ = 1,a=2,d=6, b=1, c=1, and the number abcd is 2116. 
In the other cases a has to be odd. Considering a = 1, 3 or 5 we obtain 


no solutions. 
Problem 1.7.2. Prove that every integer k > 1 has a multiple less than 


k* whose decimal expansion has at most four distinct digits. 
(1996 German Mathematical Olympiad) 


Solution. Let n be the integer such that 2--l<k <2”. Forn <6 the 
result is immediate, so assume n > 6. 

Let S be the set of nonnegative integers less than 10” whose decimal 
digits are all 0 or 1. Since |S| = 2” > k, we can find two elements a < b of 
S which are congruent modulo k, and b—a only has the digits 8, 9, 0, 1 in 
its decimal representation. On the other hand, 


boa <1 31040410) 10" <16"-' <p, 


hence b — a is the desired multiple. 

Problem 1.7.3. A positive integer is written on a board. We repeatedly 
erase its unit digit and add 5 times that digit to what remains. Starting 
with 71998 can we ever end up at 1998" ? 
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(1998 Russian Mathematical Olympiad) 


Solution. The answer is no. Let a, be the n-th number written on the 
board; let u, be the unit digit and a, = 10t, + un. We have 


An41 = th + 5uUn = 50ty + 5un = 5(10t, + Un) = 5a, (mod 7). 
Since a; = 7/98 = 0 # 1998” (mod 7), we can never obtain 1998’ from 


71998 


Problem 1.7.4. Find all the three digit numbers abc such that the 6003- 
digit number abcabc...abc is divisible by 91 (abc occurs 2001 times). 
Solution. The number is equal to 


abc(1 + 10° + 10° +--+ + 1090). 


Since 91 is a divisor of 1001 = 1+ 10° and the sum S = 1+103 + 10° + 
- +++ 109° has 2001 terms, it follows that 91 and (1+10%) + 10°(1 + 10%) + 
-»» + 101999(1 + 10%) + 10°°°° are relatively prime. Thus abc is divisible by 
91. The numbers are 


182, 273, 364, 455, 546, 637, 728, 819, 910. 


Problem 1.7.5. Let n be an integer greater than 10 such that each of 
its digits belongs to the set S = {1,3,7,9}. Prove that n has some prime 
divisor greater than or equal to 11. 


(1999 Iberoamerican Mathematical Olympiad) 


Solution. Note that any product of any two numbers from {1,3,7,9} 
taken modulo 20 is still in {1,3, 7,9}. Therefore any finite product of such 
numbers is still in this set. Specifically, any number of the form 3/7" is 
congruent to 1, 3, 7, or 9 (mod 20). 

Now if all the digits of n > 10 are in S, then its tens digit is odd and 
we cannot have n = 1,3,7, or 9 (mod 20). Thus, n cannot be of the form 
3/7", Nor can n be divisible by 2 or 5 (otherwise, its last digit would not 
be 1, 3, 7, or 9). Hence n must be divisible by some prime greater than or 
equal to 11, as desired. 

Problem 1.7.6. Find all natural numbers with the property that, when 
the first digit 1s moved to the end, the resulting number is 34 times the 


original one. 


(1997 South African Mathematical Olympiad) 
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Solution. Such numbers are those of the form 
153846153846153846...153846. 


Obviously, since the number has the same number of digits when multi- 
plied by 3.5, it must begin with either 1 or 2. 

Case 1. The number is of the form 10% +A, A < 10%. So 7/2*(10%+A) = 
10A+1-— A= (7*10% — 2)/13. The powers of 10 repeat with a period 
of 6 mod 13 (10,9,12,3,4,1) so A will be an integer iff n = 5 (mod 6). This 
gives the family of solutions above. 

Case 2. The number is of the form 2*10% +.4, A < 10%. Then, as before, 
A = (14 * 10% — 4)/13. But as A < 10%, this implies 10% < 4, which is 
impossible. 

Problem 1.7.7. Any positive integer m can be written uniquely in base 
3 form as a string of 0’s, 1’s and 2’s (not beginning with a zero). For 
example, 


98 = 81+9+2x3+42x 1 = (10122)s. 


Let c(m) denote the sum of the cubes of the digits of the base 3 form of 


m; thus, for instance 
c(98) = 13 +09 + 13 + 23 +. 2° = 18. 
Let n be any fixed positive integer. Define the sequence {u,} as 
uy=n, and uy, = c(ur—1) for r > 2. 
Show that there is a positive integer r such that u, = 1,2, or 17. 


(1999 United Kingdom Mathematical Olympiad) 


Solution. If m has d > 5 digits then we have m > 327! = (80+ 
1)(¢-D/4 > 80. a +1 > 8d by Bernoulli’s inequality. Thus m > c(m). 

If m > 32 has 4 digits in base 3, then c(m) < 23 +3° +234 23 = 32 < m. 
On the other hand, if 27 < m < 32, then m starts with the digits 10 in 
base 3 and c(m) < 13 + 0° + 23 4+ 23? =17<m. 

Therefore 0 < c(m) < m for all m > 27. Hence, eventually, we have 
us < 27. Because us has at most three digits, us; can only equal 8, 16, 
24, 1, 9, 17, 2, 10, or 3. If it equals 1, 2, or 17 we are already done; if it 
equals 3 or 9 then us,2 = 1. Otherwise a simple check shows that u, will 
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eventually equal 2: 


8 = (22)s 


16 = (121 10 = (101 2. 
oe (121)3 — (1013 — 


Problem 1.7.8. Do there exist n-digit numbers M and N such that all 
of the digits of M are even, all of the digits of N are odd, each digit from 
0 to 9 occurs exactly once among M and N, and N divides M ? 


(1998 Russian Mathematical Olympiad) 


Solution. The answer is no. We proceed by indirect proof. Suppose that 
such M and N exist and let a= M/N. Then M=0+24+4+64+8=2 
(mod 9) and N=14+3+5+7+9=7 (mod 9); they are both relatively 
prime to 9. Now a= M/N = 8 (mod 9) and so a > 8. But N > 13579 so 
M =aN > 8(13579) > 99999, a contradiction. 

Problem 1.7.9. Let k > 1 be an integer. Show that there are exactly 


3*-1 positive integers n with the following properties: 


(a) The decimal representation of n consists of exactly k digits. 
(b) All digits of k are odd. 

(c) The number n is divisible by 6. 

(d) The number m = n/5 has k (decimal) digits. 


(1996 Austrian-Polish Mathematics Competition) 


Solution. The multiplication in each place must produce an even num- 
ber of carries, since these will be added to 5 in the next place and an odd 
digit must result. Hence all of the digits of m must be 1, 5 or 9, and the first 
digit must be 1, since m and n have the same number of decimal digits. 
Hence there are 3*~! choices for m and hence for n. 

Problem 1.7.10. Can the number obtained by writing the numbers from 
1 ton in order (n > 1) be the same when read left-to-right and right-to-left? 


(1996 Russian Mathematical Olympiad) 


Solution. This is not possible. Suppose N = 123...321 is an m-digit 
symmetric number, formed by writing the numbers from 1 to n in succes- 
sion. Clearly m > 18. Also let A and B be the numbers formed from the 
first and last k digits, respectively, of N, where k = |m/2]. If 10? is the 
largest power of 10 dividing A, then n < 2-10?+!, that is, n has at most 
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p+2 digits. Moreover, A and B must contain the fragments 


99...9100...01 and 100...099...9, 
Ser SS SJ SS 
P Pp Pp Pp 


respectively, which is impossible. 

Problem 1.7.11. Three boxes with at least one marble in each are given. 
In a step we choose two of the boxes, doubling the number of marbles in 
one of the boxes by taking the required number of marbles from the other 
box. Is it always possible to empty one of the boxes after a finite number of 


steps? 
(1999 Slovenian Mathematical Olympiad) 


Solution. Without loss of generality suppose that the number of marbles 
in the boxes are a, b, and c with a < b < c. Write b = qa+r whereO<r<a 
and q > 1. Then express q in binary: 


gq = mM + 2m, +--+ + 2*me, 
where each m; € {0,1} and mz = 1. Now for each i = 0,1,...,k, add 
2'a marbles to the first box: if m; = 1 take these marbles from the second 
box; otherwise take them from this third box. In this way we take at most 
(2* —1)a < qa < b<c marbles from the third box and exactly ga marbles 
from the second box altogether. 

In the second box there are now r < a marbles left. Thus the box with 
the least number of marbles now contains less than a marbles. Then by 
repeating the described procedure, we will eventually empty one of the 
boxes. 


Proposed problems 


Problem 1.7.12. The natural number A has the following property: the 
sum of the integers from 1 to A, inclusive, has decimal expansion equal to 
that of A followed by three digits. Find A. 


(1999 Russian Mathematical Olympiad) 


Problem 1.7.13. A positive integer is said to be balanced if the number 
of its decimal digits equals the number of its distinct prime factors. For 
instance, 15 is balanced, while 49 is not. Prove that there are only finitely 


many balanced numbers. 
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(1999 Italian Mathematical Olympiad) 


Problem 1.7.14. Let p > 5 be a prime and choose k € {0,...,p — 1}. 
Find the maximum length of an arithmetic progression, none of whose 
elements contain the digit k when written in base p. 


(1997 Romanian Mathematical Olympiad) 


Problem 1.7.15. How many 10-digit numbers divisible by 66667 are 
there whose decimal representation contains only the digits 3, 4, 5, and 6? 


(1999 St. Petersburg City Mathematical Olympiad) 


Problem 1.7.16. Call positive integers similar if they are written using 
the same set of digits. For example, for the set 1, 1, 2, the similar numbers 
are 112, 121 and 211. Prove that there exist 3 similar 1995-digit numbers 
containing no zeros, such that the sum of two them equals the third. 


(1995 Russian Mathematical Olympiad) 
Problem 1.7.17. Let k and n be positive integers such that 
(n+ 2)", (n+ 4)"*4, (n+ 6)"*%, 2. (e+ 2b) 
end in the same digit in decimal representation. At most how large is k? 
(1995 Hungarian Mathematical Olympiad) 


Problem 1.7.18. Let 


1996 
n k k km 
[[ Gt x2’ )=1L+aya™! + aga"? +--+ +ayn0"°", 
n=1 
where a1, @2,...,@m are nonzero and ky < kg <--- < km, Find ajoge. 


(1996 Turkish Mathematical Olympiad) 


Problem 1.7.19. For any positive integer k, let f(k) be the number of 
element in the set {k + 1,k+2,...,2k} whose base 2 representation has 
precisely three 1s. 

a) Prove that, for each positive integer m, there exists at least one posi- 
tive integer k, such that f(k) =m. 

b) Determine all positive integers m for which there exists exactly one k 
with f(k) =m. 
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(35*" IMO) 


Problem 1.7.20. For each positive integer n, let S(n) be the sum of 
digits in the decimal representation of n. Any positive integer obtained 
by removing several (at least one) digits from the right-hand end of the 
decimal representation of n is called a stump of n. Let T(n) be the sum of 
all stumps of n. Prove that n = S(n) + 9T(n). 


(2001 Asian Pacific Mathematical Olympiad) 


Problem 1.7.21. Let p be a prime number and m be a positive inte- 
ger. Show that there exists a positive integer n such that there exist m 
consecutive zeroes in the decimal representation of p”. 


(2001 Japanese Mathematical Olympiad) 


Problem 1.7.22. Knowing 279 is an 9-digit number whose digits are 
distinct, without computing the actual number determine which of the ten 
digits is missing. Justify your answer. 

Problem 1.7.23. It is well known that the divisibility tests for division 
by 3 and 9 do not depend on the order of the decimal digits. Prove that 3 
and 9 are the only positive integers with this property. More exactly, if an 
integer d > 1 has the property that d|n implies djn1, where n, is obtained 
from n through an arbitrary permutation of its digits, then d= 3 ord = 9. 
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2 


Powers of Integers 


An integer n is a perfect square if n = m? for some integer m. Taking into 
account the prime factorization, if m = pf? ...p¢*, then n = pj*...pr%*. 
That is, n is a perfect square if and only if all exponents in its prime 
factorization are even. 

An integer n is a perfect power if n = m* for some integers m and s, 
s > 2. Similarly, n is an s-th perfect power if and only if all exponents in 
its prime factorization are divisible by s. 

We say that the integer n is squarefree if for any prime divisor p, p? does 
not divide n. Similarly, we can define the s-th power-free integers. 

These preliminary considerations seem trivial but as you will see shortly 


they have significant rich applications in solving various problems. 


2.1 Perfect squares 


Problem 2.1.1. Find all nonnegative integers n such that there are 


integers a and b with the property: 


n=atbandn? =a? +0’. 


(2004 Romanian Mathematical Olympiad) 
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Solution. From the inequality 2(a? + b?) > (a +b)? we get 2n? > n’, 
that is n < 2. Thus: 

- for n = 0, we choose a = b= 0, 

- forn = 1, we take a= 1, b=0 and 

- for n = 2, we may take a =) = 2. 

Problem 2.1.2. Find all integers n such that n—50 and n+50 are both 
perfect squares. 

Solution. Let n — 50 = a? and n+ 50 = b?. Then b? — a? = 100, so 
(b—a)(b+a) = 27-5. Because b—a and b+<a are distinct and of the same 
parity, the only possibility is b— a = 2 and b+-a = 50, yielding b = 26 and 
a = 24. Hence there is only one n with this property, namely n = 626. 

Problem 2.1.3. Letn > 3 be a positive integer. Show that it is possible to 
eliminate at most two numbers among the elements of the set {1,2,...,n} 


such that the sum of remaining numbers is a perfect square. 


(2003 Romanian Mathematical Olympiad) 


1 1 
Solution. Let m = 4] . From m? < mast) < (m+1)? we 
obtain 
1 
Mn ne < (m+1)? —m? = 2m +1. 


Therefore, we have: 


1 
mnt) mn? <2m< Vf 2n? + 2n < 2n—-1. 


Since, any number k, k < 2n—1 can be obtained by adding at most two 
numbers from {1,2,...,n}, we obtain the result. 

Problem 2.1.4. Let k be a positive integer and a = 3k? + 3k +1. 

(i) Show that 2a and a? are sums of three perfect squares. 

(it) Show that if a is a divisor of a positive integer b and b is a sum of 


three perfect squares then any power b” is a sum of three perfect squares. 
(2003 Romanian Mathematical Olympiad) 


Solution. (i) 2a = 6k?+6k4+2 = (2k+1)?+(k+1)? +k? and a? = 9k? + 
19k3 4+ 15k?+6k4+1 = (k? +k)? + (2k? +3k41)?+k7(2k+1) = af +a34+a3. 
(ii) Let b = ca. Then b = b} + b3 + 63 and b? = c?a? = c?(a? + a3 + a3). 
To end the proof, we proceed as follows: for n = 2p + 1 we have b??+! = 
(bP)?(b? + b3 + b2) and for n = 2p +2, b” = (b?)?b? = (bP )?c? (a? + a3 + a3). 
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Problem 2.1.5. a) Let k be an integer number. Prove that the number: 
(2k + 1)° — (2k -— 1)? 


is the sum of three squares. 
b) Let n be a positive number. Prove that the number (2n + 1)? — 2 can 


be represented as the sum of 3n —1 squares greater than 1. 
(2000 Romanian Mathematical Olympiad) 
Solution. a) It is easy to check that 
(2k + 1)° — (2k — 1)? = (4k)? + (2k +1)? + (2k — 1)?. 


b) Observe that 


(2n+1)? —1= (2n+1)?— (2n— 1)? + (Q2n—1)? — (Qn—3)? +---+33-1°. 


Each of the n differences in the right hand side can be written as a sum 


of three squares greater than 1, except for the last one: 
a? — 1 4? +37 +17. 
It follows that 
(Qn+1)? —2=37 4474 5144)? + (2k +1)? + (2k -1)?] 
k=2 


as desired. 
Problem 2.1.6. Prove that for any positive integer n the number 


(17 + 12,2)" — (17 — 12/2)" 
4/2 


is an integer but not a perfect square. 
Solution. Note that 17+12V2 = (V2 + 1)" and 17-122 = (V2 - 1)’, 
Se) 


pinay" =p 10) (2 ea So =) © 


4/2 4/2 
(v2+1)"+(v2-1)" (v2+1)" - (v2-1)" 


2 2/2 
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Define 


(V2+1)"+(v2-1)" og (v2 +1)" ~ (v2-1)” 
2 > 2/2 


Using the binomial expansion formula we obtain positive integers x and 


A= 


y such that 


(v2+1)" =2+yv2, (v2—-1)" =2-yv2 


Then 


Wt + (ve) _ 


and 


_ (241) —(y2-1)" _ 
y= W/2 =B 


and so AB is as integer, as claimed. 
Observe that 


A? — 2B? = (A+ V2B)(A — V2B) = (V2 +1)"(v2— 1)" =1 


so A and B are relatively prime. It is sufficient to prove that at least one 
of them is not a perfect square. 


We have 
(v3-+1)""+(v2—1)" _ | (vB+1)" + (v3-1)"] 
1s (ae “4 
and 


es (v2+1)"+(v2-1)" | 
2 


Since only one of the numbers 


(V2+1)"+(vV2-1)"  (v2+1)" -(v2-1)" 
v2 v2 
is an integer — depending on the parity of n — from the relations (1) and 
(2) we derive that A is not a square. This completes the proof. 
Problem 2.1.7. The integers a and b have the property that for every 


nonnegative integer n, the number 2°a + b is a perfect square. Show that 


a=0. 
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(2001 Polish Mathematical Olympiad) 


Solution. If a 4 0 and b = 0, then at least one of 24a +b and 27a +) is 
not a perfect square, a contradiction. 
If a #0 and b 40, then each (an, yn) = (2V2"a +b, V2"*2a + B) satis- 
fies 
(fn + Yn)(@n — Yn) = 3b. 


Hence, « ++ y,|3b for each n. But thus is impossible because 3b 4 0 
but |@n + Yn| > |30| for large enough n. 

Therefore, a = 0. 

Remark. We invite the courageous reader to prove that if f € Z[X] isa 
polynomial and f(2”) is a perfect square for all n, then there is g € Z[X] 
such that f = g?. 

Problem 2.1.8. Prove that the number 


11...1122...225 
—_—_——S en” 
1997 1998 
is a perfect square. 
Solution. 


Nea e110) 99 5 D910 5 
——J ——" 


1997 1998 


1 2 
= gee Sd) Oh lor 1210-55 


1 1 : 
= z(iome + 2-5-1091 + 25) = (10s + 5) 


1997 2 
100...005 
= | ——— | = 33...335?. 
3 ———" 
1997 


Problem 2.1.9. Find all the positive integers n, n > 1, such that n2+3” 
is a perfect square. 
Solution. Let m be a positive integer such that 


m? =n? +3”. 


Since (m — n)(m +n) = 3", there is k > 0 such that m—n = 3" and 
m+n=3"-*, From m—n <m-+n follows k <n—k, andson—2k>1. 
If n—2k = 1, then 2n = (m+n)—(m—n) = 3?—* —3* = 34(3"—-7* —1) = 
3*(31 — 1) = 2-3*, son = 3* = 2k +1. We have 3" = (14+ 2)™ = 
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1+2m-+2? (") +--+ > 2m+1, therefore k = 0 or k = 1 and consequently 


n=lorn=s3. 
If n — 2k > 1, then n— 2k > 2 and k < n—k-— 2. It follows that 
3% < 3"-*-?. and consequently 


Qn = 3"—* — 3% > 3” k _ 3n k 2 _ 3n k 2/97 1) 28-37 "4 
> 8[1 + 2(n — k — 2)] = 16n — 16k — 24, 


which implies 8k + 12 > 7n. 

On the other hand, n > 2k + 2, hence 7n > 14k + 14, contradiction. 

In conclusion, the only possible values for n are 1 and 3. 

Problem 2.1.10. Find the number of five-digit perfect squares having 
the last two digits equal. 

Solution. Suppose n = abcdd is a perfect square. Then n = 100abe + 
lid = M4 + 3d, and since all the squares have the form M4 or M4+1 
and d € {0,1,4,5,6,9}, as the last digit of a square, it follows that d = 0 
or d= 4. 

If d = 0, then n = 100abc is a square if abc is a square. 

Hence abc € {10?, 11?,...,31?}, so there are 22 numbers. . 

If d= 4, then 100abe + 44 = n = k? implies k = 2p and abe = 2 = 


1) If p = 5a, then abc is not an integer, false. 
2527+10e¢-1 4, 2e-1) 


2) If p= 5a +1, then abc = e ee ee 
x € {11, 16,21, 26, 31}, so there are 5 solutions. 
aes 20x — 
3) If p= 5a + 2, then abe = x? + = : ZN, false. 
— —2 
4) If p= 52 + 3, then abe = x7 + our ZN, false. 
— 1 
5) rd en ape , hence x = M5+3 > 


x € {13, 18, 23, 28}, so there are 4 solutions. 
Finally, there are 22+ 5+ 4 = 31 squares. 
Problem 2.1.11. The last four digits of a perfect square are equal. Prove 


they are all zero. 
(2002 Romanian Team Selection Test for JBMO) 


Solution. Denote by k? the perfect square and by a the digit that ap- 
pears in the last four position. It easily follows that a is one of the numbers 
0, 1, 4, 5, 6, 9. Thus k? = a-1111 (mod 16). 

1) If a = 0, we are done. 
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2) Suppose that a € {1,5,9}. Since k? = 0 (mod 8), k? = 1 (mod 8) 
or k? = 4 (mod 8) and 1111 = 7 (mod 8), we obtain 1111 = 7 (mod 8), 
5- 1111 = 3 (mod 8) and 9- 1111 = 7 (mod 8). Thus the congruence 
k? =a-1111 (mod 16) cannot hold. 

3) Suppose a € {4,6}. As 1111 = 7 (mod 16), 4- 1111 = 12 (mod 16) 
and 6- 1111 = 10 (mod 16), we conclude that in this case the congruence 
k? = a-1111 (mod 16) cannot hold. Thus a = 0. 

Problem 2.1.12. Let 1 < ny < ng < +++ < ng <... be a sequence of 
integers such that no two are consecutive. Prove that for all positive integers 
m between ny + ng +--- +m and ng+n2g+-++++ Nm there is a perfect 
square. 

Solution. It is easy to prove that between numbers a > b > 0 such that 
Va— Vb > 1 there is a perfect square - take for example ({Vb] + 1)?. 

It suffices to prove that 


Me + Nm — VN te t+ Mm > 1, mel. 


This is equivalent to 


M+ +m + Mme > (1+ V1 + ne +++ + Mm) 


and then 


Mm4t1 >L+2Vni,+neat--- +m, mea. 


We induct on m. For m = 1 we have to prove that ng > 1 + 2,/ny. 
Indeed, no > ny +2 =14+ (1471) > 14 2,/nz. Assume that the claim 
holds for some m > 1. Then 


Mmti —1> Vn +--+ 12m 
80 (Nm41— 1)? > 4(n, +--+ +m) hence 
(Mm41 +1)? > 4(mi +++: + m4). 
This implies 
Nm+1 > Q\/n1 Fee + Mm4i, 
and since Nm+2 —Mm+1 > 2, it follows that 


Nm42 > 14+ 2\/ni +++ +Nm41; 


as desired. 
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Problem 2.1.13. Find all the integers x,y,z so that 4° + 4¥ + 4* is a 
square. 

Solution. It is clear that there are no solutions with « < 0. Without 
loss of generality assume that x < y < z and let 4" + 4¥ + 4% = u?. Then 
2?7(1 + 4¥-® + 4*-*) = u?. We have two situations. 

Case 1. 1 + 4¥~* + 4*-® is odd, ie. 1+ 4¥~* + 47-* = (2a + 1)?. It 
follows 

Ay-#-l 4 42-#-1 — a(a +1) 


and then 


4u-* 1] + 4?-¥) = a(a+1). 


We consider two cases. 

1) The number a is even. Then a+1 is odd, so 4¥~*~! = a and 1+4*-¥ = 
a+ 1. It follows that 4¥~*-! = 47-4, hence y— 2-1 = z—y. Thus 
z=2y—a-—1 and 


4z 4+ 4Y 4+ 4? = 4v 4+ 4Y 4 42y-z-1 = (2” die 7 ae aes es 


2) The number a is odd. Then a+1 is even, soa = 47~-¥+1,a+1 = 49-71 
and 4¥-*—! — 4#-¥ — 9. It follows that 22¥—2%—-3 — 2?%—-29-1 4 1. which is 
impossible since 2x — 2y —1 4 0. 

Case 2. 1+ 4¥~* + 4*~* is even, thus y = x or z = x. Anyway, we must 
have y = x and then 2+4*~* is a square, impossible since it is = 2 (mod 4) 
or = 3 (mod 4). 


Proposed problems 


Problem 2.1.14. Let x,y, z be positive integers such that 
1 
; ; 
Let h be the greatest common divisor of x,y,z. Prove that hayz and 
h(y — x) are perfect squares. 
(1998 United Kingdom Mathematical Olympiad) 


Problem 2.1.15. Let b an integer greater than 5. For each positive 


integer n, consider the number 


Bye 11... L2252.25, 
—_—_eRe—“_~_— —” 


2.1. PERFECT SQUARES 69 


written in base b. Prove that the following condition holds if and only if 
b = 10: There exists a positive integer M such that for every integer n 
greater than M, the number z,, is a perfect square. 


(44‘” IMO Shortlist) 


Problem 2.1.16. Do there exist three natural numbers greater than 1, 
such that the square of each, minus one, is divisible by each of the others? 


(1996 Russian Mathematical Olympiad) 


Problem 2.1.17. (a) Find the first positive integer whose square ends 
in three 4’s. 

(b) Find all positive integers whose squares end in three 4’s. 

(c) Show that no perfect square ends with four 4’s. 


(1995 United Kingdom Mathematical Olympiad) 


Problem 2.1.18. Let m,n be a natural numbers and m +7 = a;b? for 
i= 1,2,...,n, where a; and 0; are natural numbers and a; is squarefree. 
Find all values of n for which there exists m such that aj+a2+:-::+a, = 12. 


(1997 Bulgarian Mathematical Olympiad) 


Problem 2.1.19. For each positive integer n, denote by s(n) the greatest 
integer such that for all positive integer k < s(n), n? can be expressed as 
a sum of squares of k positive integers. 

(a) Prove that s(n) < n? — 14 for all n > 4. 

(b) Find a number n such that s(n) =n? — 14. 

(c) Prove that there exist infinitely many positive integers n such that 


s(n) =n? — 14. 
(33"¢ IMO) 


Problem 2.1.20. Let A be the set of positive integers representable in 
the form a? + 2b? for integers a,b with b 4 0. Show that if p? € A for a 
prime p, then p € A. 


(1997 Romanian IMO Team Selection Test) 


Problem 2.1.21. Is it possible to find 100 positive integers not exceeding 
25000 such that all pairwise sums of them are different? 
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(42”¢ IMO Shortlist) 


Problem 2.1.22. Do there exist 10 distinct integers, the sum of any 9 
of which is a perfect square? 


(1999 Russian Mathematical Olympiad) 


Problem 2.1.23. Let n be a positive integer such that n is a divisor of 
the sum 


n-1 
1 4 S- gr-t 
i=1 
Prove that n is square-free. 
(1995 Indian Mathematical Olympiad) 


Problem 2.1.24. Let n,p be integers such that n > 1 and p is a prime. 
If n|(p — 1) and p|(n3 — 1), show that 4p — 3 is a perfect square. 


(2002 Czech-Polish-Slovak Mathematical Competition) 


Problem 2.1.25. Show that for any positive integer n > 10000, there 
exists a positive integer m that is a sum of two squares and such that 
0<m-n<3Vn. 


(Russian Mathematical Olympiad) 


Problem 2.1.26. Show that a positive integer m is a perfect square if 
and only if for each positive integer n, at least one of the differences 


(m+ 1)? —m, (m+ 2)? —m,...,(m+n)?—m 
is divisible by n. 


(2002 Czech and Slovak Mathematical Olympiad) 


2.2 Perfect cubes 


Problem 2.2.1. Prove that ifn is a perfect cube, then n?+3n+3 cannot 
be a perfect cube. 

Solution. Suppose by way of contradiction that n? + 3n + 3 is a cube. 
Hence n(n? + 3n +3) is a cube. Note that 


n(n? + 38n+ 3) =n? + 3n? +3n=(n+1)?-1 
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and since (n + 1)? — 1 is not a cube, we obtain a contradiction. 
Problem 2.2.2. Let m be a given positive integer. Find a positive integer 
n such that m+n-+1 is a perfect square andmn-+1 is a perfect cube. 


Solution. Choosing n = m? + 3m + 3, we have 
m+ntl=m’?+4m+4=(m4+2/ 


and 
mn+1=m?+3m?4+3m+1=(m+1)%. 


Problem 2.2.3. Which are there more of among the natural numbers 
from 1 to 1000000, inclusive: numbers that can be represented as the sum 
of a perfect square and a (positive) perfect cube, or numbers that cannot 
be? 


(1996 Russian Mathematical Olympiad) 


Solution. There are more numbers not of this form. Let n = k? + m°, 
where k,m,n € N and n < 1000000. Clearly & < 1000 and m < 100. 
Therefore there cannot be more numbers in the desired form than the 
100000 pairs (k,m). 

Problem 2.2.4. Show that no integer of the form zyzry in base 10 can 
be the cube of an integer. Also find the smallest base b > 1 in which there 
is a perfect cube of the form xyxy. 


(1998 Irish Mathematical Olympiad) 


Solution. If the 4-digit number Tyry = 101 x TY is a cube, then 101|Zy, 
which is a contradiction. 

Convert Tyzy = 101 x ry from base b to base 10. We find Tyry = 
(b? +1) x (bx + y) with z,y < band b?+1> br+y. Thus for 7yzy to be 
a cube, 6? + 1 must be divisible by a perfect square. We can check easily 
that b = 7 is the smallest such number, with b? + 1 = 50. The smallest 
cube divisible by 50 is 1000 which is 2626 is base 7. 


Proposed problems 


Problem 2.2.5. Find all the positive perfect cubes that are not divisible 
by 10 so that the number obtained by erasing the last three digits is also a 
perfect cube. 

Problem 2.2.6. Find all positive integers n less than 1999 such that n? 
is equal to the cube of the sum of n’s digits. 
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(1999 Iberoamerican Mathematical Olympiad) 
Problem 2.2.7. Prove that for any non-negative integer n the number 
A=2"+3"+5"+4 6" 


is not a perfect cube. 
Problem 2.2.8. Prove that any integer is a sum of five cubes. 
Problem 2.2.9. Show that any rational number can be written as a sum 
of three cubes. 


2.3 k powers of integers, k > 4 


Problem 2.3.1. Given 81 natural numbers whose prime divisors belong 
to the set {2,3,5}, prove there exist 4 numbers whose product is the fourth 


power of an integer. 
(1996 Greek Mathematical Olympiad) 


Solution. It suffices to take 25 such numbers. To each number, associate 
the triple (12,73,5) recording the parity of the exponents of 2, 3, and 5 
is its prime factorization. Two numbers have the same triple if and only 
if their product is a perfect square. As long as there are 9 numbers left, 
we can select two whose product is a square; in so doing, we obtain 9 such 
pairs. Repeating the process with the square roots of the products of the 
pairs, we obtain four numbers whose product is a fourth power. 

Problem 2.3.2. Find all collections of 100 positive integers such that 
the sum of the fourth powers of every four of the integers is divisible by the 
product of the four numbers. 


(1997 St. Petersburg City Mathematical Olympiad) 


Solution. Such sets must be n,n,...,n or 3n,n,n,...,n for some integer 
n. Without loss of generality, we assume the numbers do not have a common 
factor. If u,v, w,a,y are five of the numbers, then ww divides u* + v4 + 


wt + a* and ut + v4 + wt + y*, and so divides z4* — y*. Likewise, v+ = 


w* = «* (mod u), and from above, 3v4 = 0 (mod u). If u has a prime 
divisor not equal to 3, we conclude that every other integer is divisible by 
the same prime, contrary to assumption. Likewise, if u is divisible by 9, 
then every other integer is divisible by 3. Thus all of the numbers equal 1 
or 3. Moreover, if one number is 3, the others are all congruent modulo 3, 


so are all 3 (contrary to assumption) or 1. This completes the proof. 
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Problem 2.3.3. Let M be a set of 1985 distinct positive integers, none 
of which has a prime divisor greater than 26. Prove that M contains at 
least one subset of four distinct elements whose product is the fourth power 


of an integer. 
(26% IMO) 


Solution. There are nine prime numbers less than 26: p; = 2, p2 = 3,..., 
9 


pg = 23. Any element x of M has a representation 7 = [[*. a; > 0. If 
i=l 


9 9 
z,y€ Mandy= [[*. the product ry = [["* is a perfect square 


a 


if and only if a; ise 0 (mod 2). Hauivalently, a; = b; (mod 2) for all 
i=1,2,...,9. Because there are 29 = 512 elements in (Z/2Z)® any subset 
of M having at least 513 elements contains two elements x,y such that xy 
is a perfect square. Starting from M and eliminating such pairs one finds 
5 (1985 — 513) = 736 > 513 distinct two-element subsets of M having a 
square as the product of elements. Reasoning as above, we find among these 
squares at least one pair (in fact many pairs) whose product is a fourth 
power. 

Problem 2.3.4. Let A be a subset of {0,1,...,1997} containing more 
than 1000 elements. Prove that A contains either a power of 2, or two 


distinct integers whose sum is a power of 2. 
(1997 Irish Mathematical Olympiad) 


Solution. Suppose A did not verify the conclusion. Then A would con- 
tain at most half of the integers from 51 to 1997, since they can be divided 
into pairs whose sum is 2048 (with 1024 left over); likewise, A contains at 
most half of the integers from 14 to 50, at most half of the integers from 3 
to 13, and possibly 0, for a total of 


973+ 18+5+1=997 


integers. 
Problem 2.3.5. Show that in the arithmetic progression with first term 
1 and ratio 729, there are infinitely many powers of 10. 


(1996 Russian Mathematical Olympiad) 
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Solution. We will show that for all natural numbers n, 10°!” — 1 is 
divisible by 729. In fact, 


108 Sh 10") 1 — 10S yA, 


and 


=9...9...10...0110...01...10...01 
SYS OES SS er Ne SS 
9 8 8 8 


=91...1...10...0110...01...10...01. 
SVS OES Ser OSS 


The second and third factors are composed of 9 units, so the sum of their 
digits is divisible by 9, that is, each is a multiple of 9. Hence 10°! — 1 is 
divisible by 9° = 729, as is 10°!” — 1 for any n. 

Remark. An alternative solution uses Euler’s Theorem (see Section 7.2). 
We have 109(”?9) = 1 (mod 7)29, thus 10°°(7?9) is in this progression for 


any positive integer n. 


Proposed problems 


Problem 2.3.6. Let p be a prime number and a,n positive integers. 
Prove that if 
2? + 3? =a”, 
then n = 1. 
(1996 Irish Mathematical Olympiad) 


Problem 2.3.7. Let x,y, p,n,k be natural numbers such that 


zg” +y" = p*. 


Prove that if mn > 1 is odd, and p is an odd prime, then n is a power of p. 
(1996 Russian Mathematical Olympiad) 


Problem 2.3.8. Prove that a product of three consecutive integers can- 
not be a power of an integer. 
Problem 2.3.9. Show that there exists an infinite set A of positive 


integers such that for any finite nonempty subset B C A, S- x is not a 


ceB 
perfect power. 
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(Kvant) 


Problem 2.3.10. Prove that there is no infinite arithmetic progression 


consisting only of powers > 2. 
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3 


Floor Function and Fractional Part 


3.1 General problems 


For a real number x there is a unique integer n such that n <2 < n+l. 
We say that n is the greatest integer less than or equal to x or the floor of 
x. We denote n = |x|. The difference x — || is called the fractional part 
of x and is denoted by {x}. 

The integer |a| + 1 is called the ceiling of x and is denoted by [<]. 

Examples. 1) [2.1] = 2, {2.1} =.1, and [2.1] =3. 

2) |-3.9| = —4, {-3.9} = .1, and [-3.9] = —3. 

The following properties are useful: 

1) If a and b are integers, b > 0, and q is the quotient when a is divided 
by b, then g = |; ‘ 

2) For any real number x and any integer n, |e +n| = |x| +7 and 
[etn] =[a]+n. 

3) For any positive real number x and any Dosibive integer n the number 


of positive multiples of n not exceeding x is |=|- 
n 


4) For any real number x and any positive integer n, = = =| : 
n n 


We will prove the last two properties. For 3) consider all multiples 


1l-n, 2-n,...,k-n, 
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where k-n < @ < (k+1)n. That is k < * < k+1 and the conclusion 
n 
follows. For 4) denote |x| =m and {a} = a. From the Division Algorithm 
; m 
and property 1) above it follows that m = n |= | +r, whereO<r<n-1. 
n 


*f 
We obtain0 <rt+a<n—1+a<n, that is | 


=| = 0 and 


|| a nee = Ie +e - [Rj +] =| = | = . 
n n n n n n n n 
Problem 3.1.1. Find all positive integers n such that | V/111| divides 
111. 
Solution. The positive divisors of 111 are 1, 3, 37, 111. So we have the 
following cases: 
1) | 7111] =1 or 1 < 111 < 2”, hence n > 7. 
2) (| 4/111| =3, or 3" < 111 <4", son = 4. 
3) | %/111] = 37, or 37” < 111 < 38”, impossible. 
A) | 7/111] = 111, or 111” < 111 < 112”, andson=1. 
Therefore n = 1,n=4 or n> 7. 
Problem 3.1.2. Solve in R the equation: 


[zl2|J =1. 
Solution. By definition, 
[z|e]J =1 
implies 
1l<ala| <2 


We consider the following cases: 

a) x € (—co,—1). Then |a| < —2 and a|a| > 2, a contradiction. 

b)«=-1 => |a| =—-1. Then z|2| = (—1)- (—1) = 1 and |2|2]| = 1, 
so x = —1 is a solution. 

c) x € (—1,0). We have |x| = —1 and z|a2| = —2 < 1, false. 

d) If x € [0,1), then || = 0 and z|x| = 0 < 1, so we have no solution 
in this case. 

e) For « € [1,2) we obtain |2| = 1 and z|a| = |a| = 1, as needed. 

f) Finally, for « > 2 we have |#| > 2 and x|a| = 2a > 4-2, a contradic- 
tion with (1). 

Consequently, « € {—1}U [1, 2). 
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Problem 3.1.3. Prove that for any integer n one can find integers a 
and b such that 


n= |avV2] + |[bv3]. 


Solution. For any integer n, one can find an integer b so that 
V2 + bV3-2<n< V2+bv3. 


We consider the cases: 

1) Ifn = |V2| + |bV3], we are done. 

2) If n = |V2| + |bV3] +1, then n = |2V2| + [bv3]. 

3) If n = | V2] + |bv3| — 1, then n = [0V2] 4+ [bv3]. 

Problem 3.1.4. Find all real numbers x > 1, such that x/[an] is an 


integer for all positive integers n, n > 2. 


(2004 Romanian Regional Mathematical Contest) 


Solution. Put %/[x"| = an. Then |a”| = a™ and a® < a” <a® +1. 
Taking roots, one obtains a, <x« < ~/a™ +1. This shows that |7| = an. 

We will show that all positive integers x, x > 2, satisfy the condition. 
Assume, by way of contradiction, that there is a solution x which is not a 
nonnegative integer. Putz =a+a,aE€Z,a>1,0<a<l. 

It follows that a” < (a+a)" < a” +1, and therefore, 


n 1 
1< (145) <1+5 <2 
a a” 
On the other hand, by Bernoulli inequality, 
(1+) >14n2>2, 
a a 


for sufficiently large n, a contradiction. 
Problem 3.1.5. Let r > 1 be a real number such that for all m,n such 


that m divides n, |mr| divides |nr|. Prove that r is an integer. 
(1997 Iberoamerican Mathematical Olympiad) 


Solution. Fix the positive integer m and observe that |mr| divides 
|k{mr}| for any positive integer k. If {mr} 4 0 take a positive integer k 


such that 
2 


1 
Gary <* < Tene} 
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2 1 
{mr} ~ {mary 
m = 1. This shows that ifm > 2, then {mr} = 0, thus mr € Z for any 
integer m > 2 and clearly r € Z. 

Problem 3.1.6. Find the number of different terms of the finite sequence 


k? 
aaa here k = 1,2,...,1997. 
Ft where p2y- 0+, 1997 


possible since +1. Then |mr||1, thus it is 1, which means 


(1998 Balkan Mathematical Olympiad) 


Solution. Note that 


Fe 


999? 
=| = 498 < 499 = 
ae 98 < 499 | 


1998 


so we can compute the total number of distinct terms by considering 
k = 1,...,998 and k = 999,...,1997 independently. Observe that for 
k=1,...,997, 
(R+1)? hk? _ 2k+1 Z 
1998 1998 1998 A 
so for k = 1,...,998, each of the numbers 


12 998? 
al =0,1,...,498 = a | 


appears at least once in the sequence |k?/1998] for a total of 499 distinct 
terms. For k = 999,...,1996, we have 


(k+1)? kb? = 2k+1 _ 
1998 1998 1998 A 


so the numbers |k?/1998] (k = 999,..., 1997) are all distinct, giving 1997— 
999+ 1 = 999 more terms. Thus the total number of distinct terms is 1498. 
Problem 3.1.7. Determine the number of real solutions a of the equation 


s+ ls] + [5] <2 


(1998 Canadian Mathematical Olympiad) 


Solution. There are 30 solutions. Since |a/2], |a/3|, and |a/5| are 
integers, so is a. Now write a = 30p-+ q for integers p and qg, 0 < q < 30. 


_ lela 
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& Bink 5 | cs S| + |2| = 30p-+¢ 


qd q q 
# p=a-[5|-[3]- [51 
Thus, for each value of gq, there is exactly one value of p (and one value 
of a) satisfying the equation. Since g can equal any of thirty values, there 
are exactly 30 solutions, as claimed. 
Problem 3.1.8. Let \ be the positive root of the equation t? —1998t—1 = 
0. Define the sequence xo, %1,... by setting 


o=1, Cnzi=|Atn|, n> 0. 
Find the remainder when xi99g is divided by 1998. 
(1998 Iberoamerican Mathematical Olympiad) 


Solution. We have 


1 V1 244 
1998 < a= SEF 


= 999 + 999? + 1 < 1999, 


x1 = 1998, x2 = 19987. Since \? — 1998\ — 1 = 0, 
1 x 
A = 1998 + X and cA = 19982 + . 


for all real number «. Since x, = |@,-1A] and x,_1 is an integer and 2 is 
irrational, we have 


Ln Intl 
In <U—1A <4, +1 or — < apn_1 < . 
r r 
Since A > 1998, |a,/A| = @n—-1 — 1. Therefore, 
i= ee = | 19982, a =| = 19982n + tn—1 — 1, 
Le@., Unt1 = Ln—1 — 1 (mod 1998). Therefore by induction x199g = xo — 
999 = 1000 (mod 1998). 


Problem 3.1.9. Let n be a positive integer. Prove that for any real 


[ne] = |e] +]e+ =| bee 4 Ee nat 


n 


number x, 


(Hermite! ). 


1 Charles Hermite (1822-1901), French mathematician who did brilliant work in many 


branches of mathematics. 
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Solution. Let f(x) be the difference between the right-hand side and 
the left-hand side of (1). Then 


1 1 1 on-1 1 
0 re cate) Reet a ret Ui ict ao est NE ee 
n n n n n 
1 -1 
a je+e| S eeatea jer | t|e+1|-—|nr4+1], 
n n 
and since |« +k| = |a| +& for each integer k, it follows that 
1 
ewe tac) 
n 
for all real x. Hence f is periodic with period 1/n. Thus it suffices to study 


f(x) for 0 <a <1/n. But f(a) = 0 for all these values, hence f(a) = 0 for 
all real x, and the proof is complete. 


Proposed problems 


Problem 3.1.10. Let n be a positive integer. Find with proof a closed 
formula for the sum: 


n+1 n+2 n+ 2* 
Boge | Pe pee | 
Problem 3.1.11. Compute the sum 


zh 


O<i<j<n J 


(10*” IMO) 


where x is a real number. 
Problem 3.1.12. Evaluate the difference between the numbers 


2000 2000 
3* + 2000 3* — 2000 
Ss et and YY ee 
k=0 k=0 


Problem 3.1.13. a) Prove that there are infinitely many rational posi- 


tive numbers « such that: 
{x7} + {x} = 0,99. 
b) Prove that there are no rational numbers x > 0 such that: 


{a7} + {xz} =1. 
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(2004 Romanian Mathematical Olympiad) 


Problem 3.1.14. Show that the fractional part of the number V4n? +n 
is not greater than 0.25. 


(2003 Romanian Mathematical Olympiad) 


Problem 3.1.15. Prove that for every natural number n, 


Sine 
k=1 


2 
(1999 Russian Mathematical Olympiad) 


Problem 3.1.16. The rational numbers aj,..., Qa, satisfy 


n 


S {kai} < > 


i=1 

for any positive integer k. 
(a) Prove that at least one of a1,...,@p, is an integer. 
(b) Do there exist a1,...,Q, that satisfy 


n 
n 
S {kai} < 9° 
i=1 
such that no a; is an integer? 


(2002 Belarus Mathematical Olympiad) 


3.2 Floor function and integer points 


The following results are helpful in proving many relations involving the 
floor function. 

Theorem 3.2.1. Let a,c be nonnegative real numbers and let f : [a,b] > 
[c,d] be a bijective increasing function. 

Then 


do LPL + SO LAT) — (Gs) = [bl Ld] —a(aa(e), (A) 
axk<b c<k<d 
where k is integer, n(G) is the number of points with nonnegative integer 
coordinates on the graph of f anda:R— Z is defined by 
|x| if cER\Z 
a(z)=4 0 if c=0 
x-1 if «e€Z\ {0} 
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Proof. For a bounded region M of the plane we denote by n(M) the 
number of points with nonnegative integral coordinates in M. 


Function f is increasing and bijective, hence continuous. Consider the 


sets 
M, = {(t,y) € Rl a<a<b, 0<y< f(x)}, 
Mz = {(a,y) ER?) c<y<d, 0<a< fy}, 
Mz = {(2,y) € R?| 0<2<b, 0<y< dh, 
My, = {(2,y) € R?| O< 2 <a, O<y<ct}. 
Then 
n(Mi) = D> [f(e)], n(M2)= $0 [FT 
a<k<b c<k<d 
n(Ms3) = [8][d],  n(Ma) = a(a)a(c) 
We have 
n(mi) + n(M2) — n(M 9 M2) = n(Mi U M2), 
hence 


n(M)) + n(M2) — n(Gy) = n(M3) — n(Ma), 


and the conclusion follows. 
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Theorem 3.2.2. Let m,n,s be positive integers, m <n, Then 


ees © 


n 


Proof. We first prove the following lemma. 
Lemma. The array 


1-m 2-m s-m 
ee tees ee 
n n n 


contains exactly 


d : 
OUTER) per 
nr 


Proof of the lemma. Let d be the greatest common divisor of m and n. 
Hence m = mj d and n = nid for some integers m, and nj. 
The numbers in the array are 


1-my, 2-my Pp: my 
i ; is Leawy a 


and, since m1, 7, are relatively prime, there are =| integers among them. 
nL 


Because n, = 


it follows that there are 
n 


eect oe ged msn inte- 
d — gcd(m,n) 
gers in the array. 


In order to prove the desired result, let us consider the function f : 
[1,s] =. wis ,f(“) = “v in Theorem 3.2.1. Using the lemma above 
n'n n 


we have n(Gy) = and the conclusion follows. 


_ | ged(m,n) - s 
n 


Remark. The special case s = n leads to an important result: 
“| km [kn 
S|] +e |] = mn + geatn. ny @) 
k=1 
Theorem 3.2.3. Let a,c be nonnegative real numbers and let f : [a,b] > 


[c,d] be a bijective decreasing function. 
Then 


ax<k<b c<k<d 


where k is integer and a is the function defined in Theorem 8.2.1. 
Proof. Function f is decreasing and bijective, hence continuous. Con- 
sider the sets 


N, = {(z,y)€ Rl a<a<b, c<y< f(x}, 
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Nz = {(z,y) ER?) c<y<d,a<aK< f(y}, 
N3 = {(2,y) € P| a<a<b, 0<y<c}, 


Na = {(2,y) € R*| 0<2<a, c<y<d}. 


Then 
S~ Le(k)| = (Ni) + n(N8), 
a<k<b 
So LfT(k)] = na) + n(N4), 
c<k<d 


n(N1) = n(No), and 
n(Ng) = ([b] — a(a))a(e), n(Na) = (Ld] — a(c))a(a) 
It follows that 


do LAH) — SO LAT) = n(Ns) — n(Na) = 


a<k<b c<k<d 


as desired. 


Remark. Combining the result in Theorem 3.2.3 and the relation (3) 
for the function f : [1,n] > [o. m— “|: f(z) = ellie. m,m <n, yields 
n n 
after some computations: 


n 


3 a 7 smn -+m—n-+ ged(m,n)). (4) 


n 
k=1 
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From the above relation we obtain 
eo | km 
d — 2 — — — 
gcd(m, n) d . | +m—-—n-—mn, 


i.e. a 1998 Taiwanese Mathematical Olympiad problem. 


From here we get 


1 
= — - + — ~(mn —m—n-+ ged(m,n)) = 5" — gcd(m, n)), 
that is a 1995 Japanese Mathematical Olympiad problem. 


Problem 3.2.1. Express S lve! in terms of n anda = |/n|}. 
k=1 


(1997 Korean Mathematical Olympiad) 


Solution. We apply Theorem 3.2.1 for the function f : [1,n] > [1, Vm], 
f(x) = Va. Because n(Gr) = |/n], we have 


n Lvn| 
DELVE) + D7 Ll - Lva] =nlval, 
k=1 k=1 
hence 
- 1)(2a+1 
S Vk] = (n+ 1a- SS 
k=1 
Problem 3.2.2. Compute 
n(n+1) 
— - ay 
ae =~ 5 
k=1 
1 
Solution. Consider the function f : [1,n] - E |, 
x(ex+1 
f(x) = — 
Function f is increasing and bijective. Note that n(Gf) = n and 
-l+vl1 
{= as Applying formula in Theorem 3.2.1 we obtain 
n(n+1) 
| R(k+1) — |-14+V1+8k n?(n+1) 
9) a 
k=1 k=1 
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hence 


= as _ n(n +1) A - 
: a es 
1 


Proposed problems 


Problem 3.2.3. Prove that 


> [e|- [Fl 


Problem 3.2.4. Let @ be a positive irrational number. Then, for any 


for all integers n > 1. 


positive integer m, 


Problem 3.2.5. Let p and q be relatively prime positive integers and 
let m be a real number such that 1 < m < p. 


1) Ifs= 4), then 
Pp 


2) (Landau?) If p and q are odd, then 


FE | 


k=1 k=1 


3.3 An useful result 


The following theorem is also helpful in proving some relations involving 


floor function. 


2Edmond Georg Hermann Landau (1877-1838), German mathematician who gave 
the the first systematic presentation of analytic number theory and wrote important 


work on the theory of analytic functions of single variable. 
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Theorem 3.3.1. Let p be an odd prime and let q be an integer that is 
not divisible by p. If f : Z*, — R is a function such that: 
f(K) 


i) is not an integer, k =1,2,...,p—1; 
ii) f(k) + f(p —k) is an integer divisible by p, k =1,2,...,p—1, then 
= q|_ 45a p-1 
ray4] = 297 sa) - 2. ) 
D(A pea 


Proof. From ii) it follows that 


af(k) | af(p—k) 


s r EZ (2) 


9 


= 
and from i) won 2 gpg! og ai pe 
Pp Pp 


0< {zat + ee \ cas 


put, rom 2, {20 4 {FOB c,h 


fered a eed aa k=1,...,p—1. 


Pp Pp 


hence 


Summing up and dividing by 2 yields 


It follows that 


and the conclusion follows. 


Problem 3.3.1. Let p and q be two relatively prime integers. The fol- 
lowing identity holds: 


= je | a en) Cea via Sth aise) 
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Solution. The function f(z) = «x satisfies both i) and ii) in Theorem 


3.3.1, hence 
3 | og eae ae 
ay p 2 2 
hence the desired relation follows. 

Problem 3.3.2. Let p be an odd prime. Prove that 


so e _ (p= 2)(p= (p+ 1) 


4 
k=1 


(2002 German Mathematical Olympiad) 
Solution. The function f(x) = x? also satisfies conditions i) and ii), 
hence 
-1 
x as] “0 OQel ie “r= t. are?) 
= p p 4 2 4 
For q = 1 the identity in our problem follows. 


Proposed problems 


Problem 3.3.3. Let p be an odd prime and let qg be an integer that is 
not divisible by p. Shows that 


3 ytd _ (e=1)@-1) 


k=1 P 2 


Problem 3.3.4. Let p be an odd prime. Show that 


p-l 
kP —k 1 
ys = PS (mod p). 
ka. OP 2 


4 
Digits of Numbers 


4.1 The last digits of a number 


Let G,a,...ap be the decimal representation of the positive integer N. 
The last digit of N is l(N) = ao and for k > 2, the last k digits of N are 
l,(N) = Gg-1-.- ap. These simple concepts appear in numerous situations. 

It is useful to point out the last digit of k”, where k = 2,3,...,9: 


6,n=0 (mod 4) 1,n=0 (mod 4) 
= =; A 
1(2") = 2,n=1 (mod 4) - 13")= 3,n (mod 4) 
4,n=2 (mod 4) 9,n=2 (mod 4) 
8,n=3 (mod 4) 7,n=3 (mod 4) 
6,n=0 (mod 2) 
(4”) = 5") =5, 16") =6, 
(2) 4,n=1 (mod 2) ’ 6") oe 
1,n=0 (mod 4) 6,n =0 (mod 4) 
U7") = 7,n=1 (mod 4) 18") = 8,n=1 (mod 4) 
9,n=2 (mod 4) 4,n=2 (mod 4) 
3,n=3 (mod 4) 2,n=3 (mod 4) 
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It is clear that if (UNV) = 0, then I,(N”) = 0...0 and if l(N) = 1, then 


n times 


iN”) =1 for all n > 2. 

Problem 4.1.1. What is the final digit of (...(((7")")")...”). 

There are 1001 7s in the formula. 

Solution. The final digit of a (decimal) number is its remainder modulo 
10. Now 7? = 49 = —1 (mod 10). So 7” = (77)? - 7 = —7 (mod 10), and 


(77)" = (-7)’ =-(7") = -(-7)=7 (mod 10). 
Proceeding in this way, we see that ((7")")’ = 7 (mod 10), and in general 


(...(((77)")")...2) =+7 (mod 10), 


where the sign is + if alltogether there is an odd number of 7s in the 
formula, and — if there is an even number of 7s. Now, 1001 is odd. So the 
final digit of the given formula is 7. 

Problem 4.1.2. Prove that every positive integer has at least as many 
(positive) divisors whose last decimal digit is 1 or 9 as divisors whose last 
digit is 3 or 7. 


(1997 St. Petersburg City Mathematical Olympiad) 


Solution. Let di(m),d3(m), d7(m),d9(m) be the number of divisors of 
m ending in 1, 3, 7, 9, respectively. We prove the claim by induction on 
m,; it holds obviously for m a prime power, and if m is composite, write 


m = pq with p,q coprime, and note that 


di(m) d3(m) d7(m) t dg(m) 


= (di(p) — d3(p) — dz(p) + do(p)) (di (gq) — ds(q) — dz(q) + do(q)). 


For instance, 


d3(m) = dy(p)d3(q) + d3(p)di(q) + d7(p)do(q) + do(p)dz(q). 


Problem 4.1.3. Find the least positive integer n with the following prop- 
erties: 

a) the last digit of its decimal representation is 6; 

b) by deleting the last digit 6 and replacing it in front of the remaining 


digits one obtains a number four times greater than the given number. 


(4*” IMO) 


4.1. THE LAST DIGITS OF A NUMBER 93 


Solution. Let n = 10*a, + 10*-ta,_1 +---+ 10a, +6 be the required 
number. Writing n under the form n = 10N + 6, where 10*-! < N < 10%, 
the condition b) becomes: 


4(10N +6) =6-10* +N. 


Thus, we obtain 
39N = 6-10" — 24, 


and equivalently 
13N = 2(10* — 4). 


Thus, we obtain that 10" = 4 (mod 13). 


It is more convenient to write: 
(—3)* =4 (mod 13). 


From the conditions of the problem it is required the least k with this 
property. We have: 


(—3)? =9 (mod 13), (—3)?=—27 (mod 13)=—-—1 (mod 13) 


(—3)° = (—3)?(—3)? =-9=4 (mod 13). 
Then, k = 5 is the least positive solution of the equation. Thus, 


13N =2-99996 > N= 15384 > n= 153846. 


This number verifies b). 


Proposed problems 


Problem 4.1.4. In how may zeroes can the number 1” + 2” + 3” + 4” 
end for n € N? 


(1998 St. Petersburg City Mathematical Olympiad) 


Problem 4.1.5. Find the last 5 digits of the number 51%. 

Problem 4.1.6. Consider all pairs (a,b) of natural numbers such that 
the product a%b?, written in base 10, ends with exactly 98 zeroes. Find the 
pair (a,b) for which the product ab is smallest. 


(1998 Austrian-Polish Mathematics Competition) 
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4.2. The sum of the digits of a number 


For a positive integer N = G,G,_1--.ap in decimal representation we 
denote by S(V) the sum of its digits ag9+--++@n—1+an. Problems involving 
the function S defined above appear frequently in various contexts. We 
present a few basic properties. 


N 

1) S(N) aoa Fat 
2) 9|S(N) — N; 
3) (subadditivity): S(Ny + No) < S(M1) + S(N2); 
4) S(N, No) < min(N;S(N2), No(S(N1)); 

5) (submultiplicity): S(NiN2) < S'(N1)S(N2). 

Let us prove the last three properties. Using 1) and the inequality |a + 
y| > |x| + |y] we have 


Ni +N. 
S(Ni + N2) =Ni + N2-95- eee 


E 
k>1 10 
No 
<m+m—9¥ ([ie| + [iae]) 
k>1 


Because of the symmetry, in order to prove 4) it suffices to prove that 
S(N, No) < Ni S(No). 

The last inequality follows by applying the subadditivity property re- 
peatedly. Indeed, 


S(2N2) = S(No + No) < S(N2) + S(N2) = 29(No) 
and after N; steps we obtain 


S(Ni No) = S(No + No +--+: + No) 
ens 
N, times 
< S(No2) + S(No) +--+ S(N2) = Ni S(N2). 
ae 
N, times 


For 5) observe that 


h 
S(N\N2) = s(my S © b;10° \- ie Ny bi Raa S © 5(Nib)10") 


1=0 


h 


h 
= $5 S(N2b;)S(10") = <5 ods 
1=0 


1=0 i=0 
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h 
= S(M1) $° bi = S(N1)S(Np). 
1=0 


Examples. 1) In the decimal expansion of N, the digits occur in increas- 
ing order. What is S(9N)? 


(1999 Russian Mathematical Olympiad) 
Solution. Write N = Gga@g_1-.. Gp. By performing the subtraction 


Ak Gk-1 see a, ag 0 


— ak wae a2 a, ag 


we find that the digits of 9N = 10N — N are 


Ak, Ak—-1, —@k,-.-, 41 — A2,49 — ay — 1,10 — a9 


These digits sum to 10-—1= 9. 
2) Find a positive integer N such that S(N) = 1996S(3N). 


(1996 Irish Mathematical Olympiad) 


Solution. Consider N = 1 33...3 5. Then 3N =4 00...0 5 and 
S— SS 
5986 times 5986 times 


S(N) =3-5986+1+5 = 17964 = 1996-9 = 1996S(N). 


Problem 4.2.1. Determine all possible values of the sum of the digits 


of a perfect square. 
(1995 Iberoamerican Olympiad) 


Solution. The sum of the digits of a number is congruent to the number 
modulo 9, and so for a perfect square this must be congruent to 0, 1, 4 or 
7. We show that all such numbers occur. The cases n = 1 and n = 4 are 
trivial, so assume n > 4. 

If n = 9m, then n is the sum of the digits of (10-1)? = 10™(10”—2)+1, 
which looks like 9...980...01. If n = 9m +1, consider (10” — 2)? = 
10™(10™ — 4) + 4, which looks like 9...960...04. If n = 9m +4 4, consider 
(10™ — 3)? = 10™(10” — 6) + 9, which looks like 9...94...09. Finally, if 
n = 9m — 2, consider (10™ — 5)? = 10'(10™ — 10) + 25, which looks like 
9...900...025. 

Problem 4.2.2. Find the number of positive 6 digit integers such that 
the sum of their digits is 9, and four of its digits are 1,0,0,4. 
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(2004 Romanian Mathematical Olympiad) 


Solution. The pair of missing digits must be 1, 2 or 0, 3. 

In the first case the first digit can be 1, 2 or 4. When 1 is the first digit, 
the remaining digits, (1, 2, 0, 0, 4), can be arranged in 60 ways. When 4 
or 2 is the first digit, the remaining ones can be arranged in 30 ways. 

In the same way, when completing with the pair (0,3), the first digit can 
be 1, 3 or 4. In each case, the remaining ones (three zeros and two distinct 
non-zero digits) can be arranged in 20 ways. 

In conclusion, we have 60 + 2- 30+ 3-20 = 180 numbers which satisfy 
the given property. 

Problem 4.2.3. Find the sum of the digits of the numbers from 1 to 
1,000,000. 

Solution. Write the numbers from 0 to 999,999 in a rectangular array 
as follows: 


9 9 9 9 9 9 
There are 1,000,000 six-digits numbers, hence 6,000,000 digits are used. 
In each column every digit is equally represented, as in the units column 
each digit appears from 10 to 10, in the tens column each digit appears 
successively in blocks of 10 and so on. Thus each digit appears 600,000 


times, so the required sum is 
600, 000 - 45 + 1 = 27,000, 001 


(do not forget to count 1 from 1,000,000). 
Problem 4.2.4. Find all the positive integers n which are equal to the 
sum of its digits added to the product of its digits. 
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Solution. Let G@az...Gy, a1 # 0 and ag,...,an € {0,1,...,9}, bea 
number such that 


Q1a9...A4n =A, +Q2+°''+Gn + 41Q2...an. 
The relation is equivalent to 
a,(10"—? — 1) + ag(10"~? — 1) +--+ 9an—1 = a1Q9... ay 
and 


n—2 
—1)4+--- peg 6. An — wtaQ! Ns 
a2(10 )+++++9dn-1 = a1 (aga3...a 99...9 ) 
n—1 digits 
The left-hand side of the equality is nonnegative, whole the right-hand 
side is nonpositive, hence both are equal to zero. The left-hand side is zero 


ifn =Oor 


a2 a3 ose An—1 0. 


For ag = a3 = ++: = Gn_1 = 0 the left-hand side do not equal zero, hence 
n = 2. Then ai(ag — 9) = 0, so ag = 0 and ay € {1,2,...,9}. The number 
are 19, 29, 39, 49, 59, 69, 79, 89, 99. 

Problem 4.2.5. What is the smallest multiple of 99 whose digits sum 
to 99 and which begins and ends with 97? 


(1997 Rio Platense Mathematical Olympiad) 


Solution. We refer to the digits of the number besides the two 97s as 
interior digits; the sum of these digits is 99 — 2(9+ 7) = 67. Since each digit 
is at most 9, there are at least 8 such digits. 

Note that the sum of digits being 99 forces the number to be divisible 
by 9; thus it suffices to ensure that the number be divisible by 11, which is 
to say, the alternating sum of digits must be divisible by 11. 

Suppose the number has exactly 8 interior digits. If a is the sum of the 
odd interior places and b the sum of the even places, we have a + b = 67 
and a — b = —3 (mod 11). Since a — b must also be odd, we have a—b > 7 
or a— b < —15, and so either a > 37 or b > 41, contradicting the fact that 
a and 6 are each the sum of four digits. 

Now suppose the number has 9 interior digits. In this case, a — b = 0 
(mod 11), soa—b> 11 ora—b< —11. In the latter case, b > 39, again 
a contradiction, but in the former case, we have a > 39, which is possible 


because a is now the sum of five digits. To minimize the original number, 
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we take the odd digits to be 3, 9, 9, 9, 9 and the even digits to be 1, 9, 9, 
9, making the minimal number 9731999999997. 
Problem 4.2.6. Find all the positive integers n such that there are non- 


negative integers a and b with 


S(a) = S(b) = S(a+b) =n. 


(1999 Romanian Selection Test for JBMO) 


Solution. We prove that the required numbers are all multiples of 9. 
a) Let n be an integer such that there are positive integers a and b so 
that 
S(a) = S(b) — S(a +b). 


We prove that 9|n. 
We have the property 
9|k — S(k). (1) 


Using the relation (1) we obtain 


9\a — S(a) (2) 
9|b — S(b) (3) 

and 
9\(a + b) — S(a +B). (4) 


From (2) and (3) follows that 
9a + b — (S(a) + S(b)) (5) 


hence 


9|S(a) + S(b) — S(a +b) =ntn—n=n, (6) 


as desired. 

b) Conversely, we prove that if n = 9p is a multiple of 9, then integers 
a,b > 0 with S(a) = S(b) = S(a +b) can be found. Indeed, set a = 
531531...531 and b = 171171...171. Then a + b = 702702...702 and 

3p digits 3p digits 3p digits 


S(a) = S(b) = S(a+b) =9p =n, 


as claimed. 
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Proposed problems 


Problem 4.2.7. Show that there exist infinitely many natural numbers 
n-such that S(3") > S(3"**). 


(1997 Russian Mathematical Olympiad) 


Problem 4.2.8. Do there exist three natural numbers a, b,c such that 
S(a+b) <5, S(b+c) <5, S(e+a) <5, but S(a+b+c) > 50? 


(1998 Russian Mathematical Olympiad) 


Problem 4.2.9. Prove that there exist distinct positive integers 
{ni}i<i<so such that 


Ny + S(n1) = ng + S(ng2) =: = 7150 + S(n50). 
(1999 Polish Mathematical Olympiad) 


Problem 4.2.10. The sum of the decimal digits of the natural number 
n is 100, and that of 44n is 800. What is the sum of the digits of 3n? 


(1999 Russian Mathematical Olympiad) 


Problem 4.2.11. Consider all numbers of the form 3n? + n + 1, where 
n is a positive integer. 

(a) How small can the sum of the digits (in base 10) of such a number 
be? 

(b) Can such a number have the sum of its digits (in base 10) equal to 
1999? 


(1999 United Kingdom Mathematical Olympiad) 


Problem 4.2.12. Consider the set A of all positive integers n with the 
following properties: the decimal expansion contains no 0, and the sum of 
the (decimal) digits of n divides n. 

(a) Prove that there exist infinitely many elements in A with the following 
property: the digits that appear in the decimal expansion of A appear the 
same number of times. 

(b) Show that for each positive integer k, there exists an element in A 
with exactly k digits. 


(2001 Austrian-Polish Mathematics Competition) 
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4.3 Other problems involving digits 


Problem 4.3.1. Prove that there are at least 666 positive composite 
numbers with 2006 digits, having a digit equal to 7 and all the rest equal 
to 1. 

Solution. The given numbers are 


mp =111...1711...1 = 111...1+6000...0 
KS VKV—_—— SK 
k digits 2006 digits k digits 


i 
= jon —1)+6-10", k=0,2005. 


It is obvious that none of these numbers is a multiple of 2, 3, 5 or 11, as 
11 divides 111...1, but not 6- 10*. 
—_—_=_—Y 


2006 digits 
So we are lead to the idea of counting multiples of 7 and 13. We have 


9n, = 100- 1000? — 1+ 54-10" = 2. (—1)88 — 1 + (—2)-10* =1- 
2-10* (mod 7), hence 7|n,z if 10” = 3° = 4 (mod 7). This happens for 
k = 4,10,16,...,2002 so there are 334 multiples of 7. Furthermore, 9n, = 
7- (-1)8§ —14 2-10 = 6+2-10* (mod 13), hence 13|n, if 10* = 
10 (mod 13). This happens for k = 1,7,13,19,...,2005, so there are 335 
multiples of 13. In all we have found 669 non-prime numbers. 


Problem 4.3.2. Let a), a2,...,ai96 be nonzero integers between 1 and 9, 
inclusive. Prove that at most 100 of the numbers @jG@z...dg (l1<k< 10°) 


are perfect squares. 
(2001 Russian Mathematical Olympiad) 
Solution. For each positive integer x, let d(x) be the number of decimal 
digits in zx. 
Lemma. Suppose that y > x are perfect squares such that y = 107° +e 


for some positive integers b,c with c < 107°. Then 


d(y) — 1 > 2(d(x) - 1). 


Proof. Because y > 10a, we have Jy > 10°,/x. Because Jy and 10°,/x 
are both integers, /y = 10°,/z + 1, so that 10%2 +c = y > 107242. 
10°,/z + 1. Thus, c > 2-10°/z +1. 

Also, 10?’ > c by assumption, implying that 


107° < 6 > 9:10°s/e +1. 
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Hence, 10° > 2,/z. It follows that 
y > 1072 > 4x”. 


Therefore, 


as desired. 

We claim that there are at most 20 perfect squares G@j@2...@,% with an 
even (resp. odd) number of digits. Let s1 < sg <--- < 8, be these perfect 
squares. Clearly d(sn) < 10°. We now prove that ifn > 1, then d(s,) > 
14271, 

Because $1, 52,..-,8n all have an even (resp. odd) number of digits, for 
each i = 1,2,...,n—1, we can write s;,; = 1078s; + ¢ for some integers 
b> 0 and 0 < © < 10%’. Because no a; equals 0, we further know that 
0 <c. Hence, by our lemma, 


for each i = 1,2,...,2—1. Because d(s2)—1 > 2, we thus have d(s,,) —1 > 
2”-1. as desired. 

Thus, ifn > 1, 

142"! < d(s,) < 10°, 
and 
n< ae +1 = 20. 
log 2 

Hence, there are at most 20 perfect squares G@jaz...G@x with an even (resp. 
odd) number of digits. 

Therefore, there are at most 40 < 100 perfect squares G@jG@Q... Gr. 


Proposed problems 


Problem 4.3.3. A wobbly number is a positive integer whose digits in 
base 10 are alternately non-zero and zero, the units digit being non-zero. 


Determine all positive integers which do not divide any wobbly number. 
(35*” IMO Shortlist) 


Problem 4.3.4. A positive integer is called monotonic if its digits in 
base 10, read from left right, are in nondecreasing order. Prove that for 
each n € N, there exists an n-digit monotonic number which is a perfect 


square. 
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(2000 Belarussian Mathematical Olympiad) 


D 


Basic Principles in Number ‘Theory 


5.1 Two simple principles 
5.1.1 Extremal arguments 


In many problems it is useful to consider the least or the greatest element 
with a certain property. Very often such a choice leads to the construction 
of other elements or to a contradiction. 

Problem 5.1.1. Show that there exist infinitely many positive integers 


n such that the largest prime divisor of n+ +1 is greater than 2n. 
(2001 St. Petersburg City Mathematical Olympiad) 


Solution. First we prove the following result. 

Lemma. There are infinitely many numbers that are prime divisors of 
m4 +1 for some m. 

Proof. Suppose that there are only finite number of such primes. Let 
P1,P2,---,Pk be all of them. Let p be any prime divisor of (pip2...pr)4 +1. 
This number cannot equal to any p;. It makes a contradiction with our 


assumption, and proves the lemma. 

Let P be the set of all numbers being prime divisors of m* +1 for some 
m. Pick any p from P and m from Z, such that p divides m* +1. Let r be 
the residue of m modulo p. We have r < p, p|r+ +1 and p|(p —r)* +1. Let 
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n be the minimum of r and p—r. It follows that n < p/2 and p > 2n and 
of course p|n* + 1. Thus we have found for each p € P a good number ny. 
Since np» > ¥/p — 1, and P is infinite, the set {np : p € P} is also infinite. 
Problem 5.1.2. Let a1, a2,... be strictly increasing sequence of positive 
integers such that gcd(am, Qn) = Aged(m,n) for all positive integers m and n. 
There exists a least positive integer k for which there exist positive integers 
r <kands>k such that ay = a,as. Prove that r divides k and that k 


divides s. 
(2001 Indian Mathematical Olympiad) 


Solution. We begin by proving a lemma. 


Lemma. /f positive integers a,b,c satisfy b? = ac, then 


gcd(a, b)? = ged(a, c) «a. 


Proof. Consider any prime p. Let e be the highest exponent such that 
p© divides b, and let e; and eg be the corresponding highest exponents for 
a and ec, respectively. Because b? = ac, we have 2e = e; + €2. If e; > e, 
then the highest powers of p that divide gcd(a, b), gcd(a,c), and a are e, eg 
and e€,, respectively. Otherwise, these highest powers are all e,. Therefore, 
in both cases, the exponent of p on the left side of the desired equation is 
the same as the exponent of p on the right side. The desired result follows. 


Applying the lemma to the given equation a7 = a;as, we have 
gcd(ay, ax)? = gcd(ay, as) ar. 
It now follows from the given equation that 


2 ~~ 
Qged(r,k) = Aged(r,s)Gr- 


Assume, for sake of contradiction, that gcd(r,k) <r, so that 
Agcd(r,k) < Gr. Then from the above equation, it follows that agcair,z) > 
Agca(r,s)) 80 that gcd(r,k) > ged(r,s). But then we have (ko,T0, 80) = 
(gced(r,k), ged(r,s),1r) satisfies aZ, = ards with ro < ko < so and 
ko <r <k, contradicting the minimality of k. 


Thus, we must have gcd(r,k) =r, implying that r|k. Then 


gcd(ar, ar) = Aged(r,k) = Gr, 
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ak. F : 
so d,|ax. Thus a, = a, — is an integer multiple of az, and 
ar 


Qgcd(k,s) = ged(a, as) = ak- 


Because @1,d2,... is increasing, it follows that gcd(k, s) = k. Therefore, 
k|s, completing the proof. 

Problem 5.1.3. Determine all pairs (n,p) of positive integers such that 
p is a prime, n < 2p and (p—1)" +1 is divisible by n?-}. 


(40*” IMO) 


Solution. All pairs (1,p), where p is a prime number, satisfy the con- 
ditions. When p = 2, it follows n = 2 and thus the pair (2,2) is also a 
solution of the problem. Thus, we may suppose p > 3 and let n be such 
that n < 2p and n?~! divides (p—1)" +1. Since (p— 1)” +1 is odd number, 
it follows that n < 2p. We shall prove that n = p. 

Let q be a minimal prime divisor of n. Since g|n and n?~!|(p — 1)" +1, 
it follows (p — 1)” = —1 (mod gq). Since n and gq — 1 are relatively prime 
numbers we may express an + b(q — 1) =1. 

We have 


pS aD re) = Galo eS er Sa fmodsy), 


because a must be odd. This shows that q|p, and therefore gq = p. Since 
n < 2p, by the consideration of g, we have n = p. 
Let consider in these conditions the original divisibility: 


pPAl(p—1e+1a=pe—(P)ppe t+ (P lp 2.4 ( P \p-a4d 
1 2 p-1l 


“ele (ers Ge) 


Therefore p— 1 = 2, p = 3 and then obtain the pair (3,3). 

The conclusion is: the required solutions are (1, p), (2,2) and (3,3), where 
p is an arbitrary prime. 

Remark. With a little bit more work, we can even erase the condition 
nm < 2p. 


5.1.2 Pigeonhole principle 


Let S be a nonempty set and let $1, .S2,...,S, be a partition of S (that 
is S$, USgU---US, = S and 5;1.S; =@ for i 4 7). If a1, a2,..-, @n4i are 
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distinct elements in S, then there is a k € {1,2,...,2 +1} such that at 
least two of these elements belong to Sx. 

This simple observation is called the Pigeonhole Principle (or the Dirich- 
let’s Principle). 

Examples. 1) Let mi, me,...,7™n+1 be distinct integers. Then m; = m,; 
(mod n) for some 7,7 € {1,2,....n +1}, i 4). 

Indeed, let S; = {x € Z| = t (mod n)}, t = 1,2,...,n. There is 
ak e€ {1,2,...,. +1} such that S; contains at least two of the given 
integers, say m; and m;. Then m; =m, (mod n). 

2) (Erdés) Given n + 1 distinct positive integers m1,mo,...,7Mn41 not 
exceeding 2n, prove that there are two of them m; and m, such that m;|m,. 

Indeed for each s € {1,2,...,2 +1} write m, = 2°*q,, where e, is a non- 
negative integer and q, is an odd positive integer. Because q1, g2,---5Gn+1 © 
{1,2,...,2n} and the set {1,2,...,2n} has exactly n odd elements, it fol- 
lows that q; = q; for some 7 and 7. Without loss of generality, assume that 
e; < e;. Then m,|m,, as desired. 

Problem 5.1.4. Prove that among any integers a,,Q2,...,@n, there are 


some whose sum is a multiple of n. 


Solution. Let s; = a1, 52 = a, + Q9,..., 8) = G4, +2 +--+: + ay. 
If at least one of the integers s1,82,...,S, is divisible by n, then we are 
done. If not, there are n — 1 possible remainders when 81, 82,...,5n are 


divided by n. It follows that s; = s,; (mod n) for some i and j,i < j. Then 
8; — $ =G@i41 +--+ +4, is a multiple of n (see also Example 1) above). 

Problem 5.1.5. In a 10 x 10 table are written natural numbers not ex- 
ceeding 10. Any two numbers that appear in adjacent or diagonally adjacent 
spaces of the table are relatively prime. Prove that some number appears in 
the table at least 17 times. 


(2001 St. Petersburg City Mathematical Olympiad) 


Solution. In any 2 x 2 square, only one of the numbers can be divisible 
by 2 and only one can be divisible by 3, so if we tile the table with these 
2 x 2 squares, at most 50 of the numbers in the table are divisible by 2 
or 3. The remaining 50 numbers must be divided among the integers not 
divisible by 2 or 3, and thus only ones available are 1, 5, and 7. By the 
Pigeonhole Principle, one of these numbers appears at least 17 times. 
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Problem 5.1.6. Prove that from any set of 117 pairwise distinct three- 
digit numbers, it is possible to select 4 pairwise disjoint subsets such that 


the sums of the numbers in each subset are equal. 
(2001 Russian Mathematical Olympiad) 


Solution. We examine subsets of exactly two numbers. Clearly, if two 
distinct subsets have the same sum, they must be disjoint. The number of 


11 
two-element subsets is ( * = 6786. Furthermore, the lowest attainable 


sum is 100 + 101 = 201, while the highest sum is 998 + 999 = 1997, for 
a maximum of 1797 different sums. By the Pigeonhole Principle and the 
fact that 1797-3-+ 1 = 5392 < 6786, we see that there are 4 two-element 
subsets with the required property. 


Proposed problems 


Problem 5.1.7. Let ny < no < -+: < nagoo < 10!” be positive inte- 
gers. Prove that one can find two nonempty disjoint subsets A and B of 


{ni, N2,--- , 2000 } such that 
|A| = |B] Py = a and SSS a 
LEA xeEB areEA reB 


(2001 Polish Mathematical Olympiad) 


Problem 5.1.8. Find the greatest positive integer n for which there 
exist n nonnegative integers 71, %2,...,2,,, not all zero, such that for any 
sequence €1,€2,...,€n of elements {—1, 0, 1}, not all zero, n° does not divide 


EX, + €o%Q +++ + En In. 
(1996 Romanian Mathematical Olympiad) 


Problem 5.1.9. Given a positive integer n, prove that there exists e« > 0 
such that for any n positive real numbers a1, a2,...,@n, there exists t > 0 
such that 


1 
ox {ta;}, {tag}, bday {ta,} < 2 
(1998 St. Petersburg City Mathematical Olympiad) 


Problem 5.1.10. We have 2” prime numbers written on the blackboard 


in a line. We know that there are less than n different prime numbers on 
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the blackboard. Prove that there is a compact subsequence of numbers in 
that line whose product is a perfect square. 

Problem 5.1.11. Let 2, = v2 = x3 = 1 and @p43 = Ln + Ln41Fn42 
for all positive integers n. Prove that for any positive integer m there is an 


integer k > 0 such that m divides xp. 


5.2. Mathematical induction 


Mathematical induction is a powerful and elegant method for proving 
statements depending on nonnegative integers. 

Let (P(n))n>0 be a sequence of propositions. The method of mathemat- 
ical induction assists us in proving that P(n) is true for all n > no, where 
ng is a given nonnegative integer. 

Mathematical Induction (weak form): Suppose that: 


e P(no) is true; 
e For allk > no, P(k) is true implies P(k +1) is true. 


Then P(n) is true for alln > no. 
Mathematical Induction (with step s): Let s be a fixed positive integer. 
Suppose that: 


e P(no), P(no + 1),...,P(mo + s — 1) are true; 
e For all k > no, P(k) ts true implies P(k +s) is true. 


Then P(n) is true for alln > no. 
Mathematical Induction (strong form): Suppose that 


e P(no) is true; 


e For all k > no, P(m) is true for all m with no < m < k implies 
P(k +1) is true. 


Then P(n) is true for alln > no. 

This method of proof is widely used in various areas of Mathematics, 
including Number Theory. 

Problem 5.2.1. Prove that, for any integer n > 2, there exist positive 


integers a1, 42,...,dn such that a; — a; divides a; +a; forl1<i<j<n. 


(Kvant) 
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Solution. We will prove the statement by induction on the number of 
terms n. For n = 2, we can choose a; = 1 and ag = 2. 

We assume that we can find integers a1,a2,...,@, such that a; — a; 
divides a; +a; for 1 <i <j <n, where n is a positive integer greater than 
1. Let m be the least common multiple of numbers a1, @2,...,4n,@; — Gi, 
for all 1 <i <j <n. Then 


(a4, @5,05,---,An41) = (mM,m+ai1,m + ag,...,M+ an) 


is an-+1 term sequence satisfying the conditions of the problem. Indeed, 
a, — a = aj, divides m and aj + a = 2m +4 a;_1 by the definition of 
m and a, — a, = aj-1 — aj-1 (2 < i < j < n +1) divides m. Also, 
ai + ai, = 2m+ (aj;~-1 + aj-1) by the definition of m and by the inductive 
hypothesis. Therefore our induction is complete. 

Problem 5.2.2. Prove that, for each n > 2, the number n! can be rep- 


resented as the sum of n distinct divisors of itself. 
(Erdos) 


Solution. Strengthening the statement, by imposing the condition that 
one of the n divisors should be 1, puts us in a winning position. The question 
here is how we came to think of this. Well, there is just about one way to go 
in using the induction hypothesis n! = dj+d2+---+d, (where dj, do,...,dn 
are the n divisors arranged in increasing order); namely, multiplying the 
above relation by n+ 1. This yields 


(n+ 1)! = (n+ 1)d) + (n+ 1)d2+---+(n4+ dn 


We split (n+1)d; into d, +ndj, thus getting n+ 1 summands, as needed. 
Of them, only the second one might not be a divisor of (n+ 1)!. We would 
like to ensure that it is such a divisor, too. Hence the idea of insisting that 
d, = 1. 

Problem 5.2.3. Prove that there are infinitely many numbers not con- 


taining the digit 0, that are divisible by the sum of their digits. 
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Solution. Let us prove by induction that 11...1 is a good choice. The 
S{S— 


base case is clearly verified and for the inductive step we have 


103-1 (10°")?—1 


11...L= 7 9 
grt 
LOST Tie 3 
= — (10? + 10°" +1) 
=11...1-N, 
—SS—” 
3" 


where N is a multiple of 3 and the conclusion follows. 

Problem 5.2.4. Let n be a positive integer. Let On be the number of 
2n-tuples (@1,..-,;%n,Y1,---,Yn) with values in 0 or 1 for which the sum 
Lyi +++: +LnYn is odd, and let E,, be the number of 2n-tuples for which 


the sum is even. Prove that 


(1997 Iberoamerican Mathematical Olympiad) 


Solution. We prove by induction that O,, = 22”~! — 2"! and E, = 
22n-1 4 9r—1 which will give the desired ratio. 

The base case is n = 1. This case works because O, = 1 = 2! — 2°, and 
By =e =2'+4+29. 

For the inductive step, we assume this is true for n = k; then x,y, +---+ 
LRYk is even for 278-1 + 2*-19k-tuples and odd for 2?*—! — 2?*-19k-tuples. 
Now, 21y1 +++: +%p41Ykr-+1 is odd if and only if either x,y; +---+ rKYp is 
odd and is even or £1 y, +:--+Xpypx is even and @41YR41 Is Odd. FR41YKR+1 
can be odd one way and even three ways, so 


Ors as BO ame Oe) 92k-1 9k-1 as g2(k+1)-1 r. 2(k as 1) —1 


and E41 = 22+) — Ox41, which completes the induction. 
Problem 5.2.5. Prove that for all integers n > 3, there exist odd positive 
integers x,y, such that 7x? + y? = 2”. 


(1996 Bulgarian Mathematical Olympiad) 


Solution. We will prove that there exist odd positive integers ry, yn 
such that 7x2 + y2 = 2", n> 3. 
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For n = 3, we have x3 = y3 = 1. Now suppose that for a given integer 
n > 3 we have odd integers x7, Yn, satisfying 14 +y2 = 2”. We shall exhibit 
a pair (141, Y¥n+41) of odd positive integers such that 7x?,,+y2,, =2"t!. 
In fact, 


Tr - Tn + ‘ 
7 (=S*) 4 (=F) = 2(7a2 4 y?) = grrl 


Precisely one of the numbers ae and [®n = nl is odd (as their sum 


is the larger of x, and y,, which is odd). If, for example, ae is odd, 
then 


7Ln t 7 Un In — Yn 
en ws pL 
2 VON 
is also odd (as a sum of an odd and an even number), hence in this case 
we may choose 


In + Yn _ 1ln — Yn 
Intl =— >— = and Yn4i = —— 
2 2 
If == is odd, then 
Tin + Yn In +Yn 
IE = 9 Se NAM 
D iam 
so we can choose 
In —- Tin + 
ny = ae dal eae] Une = 


Remark. Actually, the problem goes back to Euler. 
Problem 5.2.6. Let f(x) = 2°+17. Prove that for each natural number 


n, n> 2, there is a natural number x for which f(x) is divisible by 3” but 
not by 3+}, 


(1999 Japanese Mathematical Olympiad) 


Solution. We prove the result by induction on n. If n = 2, then x = 1 
suffices. Now suppose that the claim is true for n > 2, that is, there is a 
natural number y such that y? + 17 is divisible by 3" but not 3+. We 
prove that the claim is true for n+ 1. 

Suppose we have integers a,m such that a is not divisible by 3 and 
m > 2. Then a? = 1 (mod 3) and thus 3a? = 3” (mod 3™*?). Also, 
because m > 2 we have 3m — 3 > 2m—1>m+1. Hence 


(a+37-1)? =a? +370? +37" "19439" =¢67 +3" (mod 3"). 
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Because y? + 17 is divisible by 3”, it is congruent to either 0, 3”, or 
2-3" modulo 3"*!. Because 3 does not divide 17, 3 cannot divide y either. 
Hence applying our result from the previous paragraph twice, once with 
(a,m) = (y,n) and once with (a,m) = (y+3"~1,n), we find that 3"t! 
must divide either (y + 3"~*)? +. 17 or (y+2-3"~')? 4 17. 

Hence there exists a natural number x’ not divisible by 3 such that 
3"t1o/3 4.17. If 3"*2 does not divide x’* +17, we are done. Otherwise, we 
claim the number z = x’ +3” suffices. Because ¢ = 2’ +3"—1437-143"-1, 
the result from previous the paragraphs tells us that x? = al? 4.3% 4 
3" +3" =a? (mod 3+), Thus 3"+}|x3 + 17 as well. On the other hand, 
because a = 2’ +3”, we have 23 = 2! + 3"+1 ¢ a/° (mod 3”+2), It follows 
that 3°+? does not divide x? +17, as desired. This completes the inductive 


step. 


Proposed problems 


Problem 5.2.7. Let p be an odd prime. The sequence (an, )n>o0 is defined 
as follows: ag = 0, a, = 1,..., @p-2 = p— 2 and, for all n > p—1, apy is the 
least positive integer that does not form an arithmetic sequence of length 
p with any of the preceding terms. Prove that, for all n, a, is the number 
obtained by writing n in base p— 1 and reading the result in base p. 


(1995 USA Mathematical Olympiad) 


Problem 5.2.8. Suppose that x,y and z are natural numbers such that 
xy = z*+1. Prove that there exist integers a, b,c and d such that x = a?+0?, 
y=c?4+d?, and z=ac+bd. 


(Euler’s problem) 
Problem 5.2.9. Find all pairs of sets A, B, which satisfy the conditions: 
(i) AUB=Z; 
(ii) if « € A, then x —1e B; 
(iii) if € Bandy € B, thn r+yeE A. 
(2002 Romanian IMO Team Selection Test) 


Problem 5.2.10. Find all positive integers n such that 


m 


n= [[ (+0, 


k=0 
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where G@mGm_1---do is the decimal representation of n. 
(2001 Japanese Mathematical Olympiad) 


Problem 5.2.11. The sequence (un)n>0 is defined as follows: uo = 2, 


Uz = 5 and 


Un+1 = Un(ur_, —2)—wu, forn=1,2,... 


2% —(-1)" 


Prove that [un] = 27 3 _, for all n > 0 ([a] denotes the integer part 
of x). 


(18*" IMO) 


5.3 Infinite descent 


Fermat! was the first mathematicians to use a method of proof called 
the infinite descent. 

Let P be a property concerning the nonnegative integers and let 
(P(n))n>1 be the sequence of propositions, 


P(n):”n satisfies property P” 


The following method is useful in proving that proposition P(n) is false 
for all large enough n. 
Let k be a nonnegative integer. Suppose that: 


e P(k) is not true; 


e if P(m) is true for a positive integer m > k, then there is some 


smaller 7, m>j>k for which P(j) is true. 


Then P(n) is false for alln > k. 

This is just the contrapositive of strong induction, applied to the negation 
of proposition P(n). In the language of the ladder metaphor, if you know 
you cannot reach any rung without first reaching a lower rung, and you 
also know you cannot reach the bottom rung, then you cannot reach any 


rungs. 


1 Pierre de Fermat (1601-1665), French lawyer and government official most remem- 
bered for his work in number theory, in particular for Fermat’s Last Theorem. He is also 


important in the foundations of the calculus. 
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The above is often called the finite descent method. 

The Fermat’s method of infinite descent (FMID) can be formulated as 
follows: 

Let k be a nonnegative integer. Suppose that: 


e if P(m) is true for an integer m > k, then there must be some smaller 


integer j, m>j>k for which P(j) is true. 


Then P(n) is false for alln > k. 

That is, if there where an n for which P(n) was true, one could construct 
a sequence n > ny > ng >... all of which would be greater than k, but 
for the nonnegative integers, no such descending is possible. 

Two special cases of FMID are particularly useful in solving Number 
Theory problems. 

FMID Variant 1. There is no sequence of nonnegative integers n, > 
ng>... 

In some situations it is convenient to replace FMID Variant 1 by the 
following equivalent form: If no is the smallest positive integer n for which 
P(n) is true, then P(n) is false for all n < no. In fact, this is equivalent to 
an extremal argument. 

FMID Variant 2. If the sequence of nonnegative integers (ni)i>1 sat- 
isfies the inequalities ny > ng > ..., then there exists ig such that 
Nig = Mig ht = os% 

Problem 5.3.1. Find all triples (x,y,z) of nonnegative integers such 
that 


e+ 2y? = 4;°. 


Solution. Note that (0,0,0) is such a triple. We will prove that there 
is no other. Assume that (21, y1, 21) is a nontrivial solution to the given 
equation. Because V2, ¥/4 are both irrational, it is not difficult to see that 
x, >0,y1 > 0, 21 > 0. 

From x} + 2y? = 42? it follows that 2|21, so v1 = 2r2, v2 € Zy. Then 
Ax3 + y? = 223, hence y; = 2yo, yo € Zy. Similarly, 21 = 222, z2 € Zy. 
We obtain the new” solution (2, y2, 22) with 71 > v2, yi > Ye, 21 > 2. 
Continuing this procedure, we construct a sequence of positive integral 
triples (2p, Yn, Zn)n>1 Such that 7; > x2 > 23 >... But this contradicts 
FMID Variant 1. 
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Proposed problems 


Problem 5.3.2. Find all primes p for which there exist positive integers 
x,y and n such that p” = 2° + y°. 


(2000 Hungarian Mathematical Olympiad) 


5.4 Inclusion-exclusion 


The main result in this section is contained in the following theorem. 
Theorem 5.4.1. Let $1, 52,..., Sn be the finite sets. Then 


Us 
i=1 


n 


=Sisl- SS IsNS)+ S> [SNS;N Sl 


i=1 1<i<j<n 1<i<j<k<n 


where |S| denotes the number of elements in S. 

Proof. We proceed by induction. For n = 2, we have to prove that 
|S; U Sp] = [Si] + |S2| — [$1 S2|. This is clear because the number of 
elements in S$; U S2 is the number of elements in S; and Sy» less the ones 


in S11 S93, since the latter elements were counted twice. 
k 


The inductive step uses the formula above for S; — U S;, and Sy — 
i=l 


Sk41- 
The formula in the Theorem is called the Inclusion-Exclusion Principle. 


Example. How many positive integers not exceeding 1000 are divisible 
by 2, or 3, or 5? 
Solution. Consider the sets 


S, = {2m]1 < m < 500}, So = {3n|1 <n < 333}, S3 = {5p|1 < p < 200}. 
Then 
SiN So = {6q\1<q< 166}, S,NS3 = {10r|l <r < 100}, 


So M S3 = {15s|1 < Ss < 66} and Si M SoM S3 = {30u|1 < U < 33}. 


Applying the Inclusion-Exclusion Principle we obtain 


|S1US2US$3| = |.$1|+]S'2|+].$3|—|SiNS2|—|Si9S3| = |S2M.$3|—|S1NS20S3| 
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= 500 + 333 + 200 — 166 — 100 — 66 + 33 = 734. 


The dual version of Theorem 5.4.1 is the following: 
Theorem 5.4.2. Let S),S2,...,S, be subsets of the finite set S and let 
S; = S —S; be the complementary set of S;, i= 1,2,...,n. Then 


M5. 
i=1 


=|S|-Soisi+ So |sinsj|- So |5:n5;9 | 
i=1 


1<i<j<n 1<i<j<k<n 


Proof. Let 
A=()5; and B=(JS,. 
t=1 i=1 


It is clear that AUB = S and AN B=9. Hence |S| = |A|+ |B] and the 
conclusion follows from Theorem 5.4.1. 


Example. How many positive integers exceeding 120 are divisible by 
neither 2, nor 8, nor 5? 
Solution. Consider the sets 


S, = {2m|l <m< 60}, S2={8n]l<n< 40}, S3 = {5p|1 < p< 24}. 
We have 
SiN So = {6q\1 <q < 20}, SiN Ss = {10r|l <r < 13}, 
Sg S3 = {15s|l1<s<8} and S$, NS2NS3 = {30u|l <u < 4}. 
Applying the formula in Theorem 5.3.2, we get 
[$1 NS2NS3| = 120 — (|$1| +|$2| + |93]) +919 S2| +1$19.93| +|S2N $3| 


—|5, S23] = 120 — (60 + 40 + 24) +204 1248-4 =32. 


Problem 5.4.1. Let S = {1,2,3,...,280}. Find the smallest integer 
n such that each n-element subset of S contains five numbers which are 


pairwise relatively prime. 


(324 IMO) 
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Solution. The solutions is given in two steps. 
First step. Let consider the sets 


My = {2,4,6,...,280}, Ms; = {3,6,9,...,279}, 


Ms = {5,10,15,...,280}, M7 ={7,14,...,280} 


and let M = MjU M3 U Ms; U M7. The following cardinalities are obvious: 
|Mz|= 140, |M3|=93, |Ms|=56 and |M7| = 40. 


It is easy to prove that: 


280 280 
|Mz 7 Ms3| = | —] =46, |M2aMs| = |—| =28, 
6 10 
280 280 
M2 Mz7| = | —] =2 M3 Ms| = |—] =18 
| Mz Mz| = 0, [M3 Ms| = : 
280 280 
M39 M7| = | —|] =1 Msn Mz7| = | —| =8 
|M3 7 Mz| EW 3, |M5n Mz7| EJ ; 
280 280 
|[Mz M3 Ms| = =| = 9, |My M30 M7| = voy = 6, 


28 
[Meo My. Ms| = |= = 4, [Man Myr. My| = | =2 


and 


280 
[Men Man. Msn |= | | 


210 


By the Principle of Inclusion-Exclusion we obtain: 


|M| = |M2U M3 U Ms; U M7| 


= 140+ 93+56+40— (46+ 28+ 20+ 18+ 13+8)+(9+6+4+42)—1= 216. 


By the Pigeonhole Principle, any five-element subset of M contains at 
least two elements from the same subset M;, i € {2,3,5,7}. These elements 
are not relatively prime numbers. Thus, we prove that n > 216. 

Second step. We will prove that n = 217. 

The set S \ M contains 280 — 216 = 64 elements. It contains prime 
numbers and composite numbers. Taking account that [280] = 16, we 


may state that the composite numbers in S \ M are precisely the elements 
of the set 


C = {11?;11-13;11-17;11- 19; 11 - 23; 132; 13-17;13- 19}. 
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Observe that |C| = 8. Thus, the set S \ M contains 1, 8 composite 
numbers are 55 prime numbers. Also, taking in account the prime numbers 
2, 3, 5, 7 we infer that the set S contains 59 prime numbers in all. 


Let p, = 2, po = 3, ps3 = 5,...,P59 be all these prime numbers and let 
denote P = {1, po, pe,..., ps9}. Thus, |P| = 60. 

Let T be a subset containing 217 elements of S. If |Z P| > 5 it follows 
that T contains 5 elements which are relatively prime numbers. So, let 
suppose |['M P| < 4. In this case, |[.N (S \ P)| > 217 — 4 = 213. Since 
S contains 220 composite numbers, it follows that at most 7 composite 
numbers are not in T. 

Consider the following five-element subsets of S' \ P: 


Ay = {2?; 37; 5%; 77; 137} 
Ag = {2+ 23;3-19;5-17;7- 13; 11-11} 
Ag = {2+ 29;3-23;5-19;7-17; 11-13} 
Ag = {2+ 31;3- 29; 5-23; 7-19; 11-17} 
As = {2-37;3-31;5- 29;7- 23; 11- 19} 
Ag = {2+ 41;3- 37; 5-31; 7-29; 11 - 23} 
Az = {2-43;3- 41; 5-37;7- 23; 13-17} 
Ag = {2+ 47;3-43;5- 41; 7-37; 12- 19}. 


By the Pigeonhole Principle, there exists a set A;, 1 <7 < 8, such that 
A; CT; if not, the set S\T would contain 8 composite numbers. Each A; 
contains five relatively prime numbers and we are done. 


Proposed problems 


Problem 5.4.2. The numbers from 1 to 1000000 can be colored black or 
white. A permissible move consists of selecting a number from 1 to 1000000 
and changing the color of that number and each number not relatively 
prime to it. Initially all of the numbers are black. Is it possible to make a 


sequence of moves after which all of the numbers are colored white? 


(1999 Russian Mathematical Olympiad) 


6 


Arithmetic Functions 


6.1 Multiplicative functions 


Arithmetic functions are defined on the positive integers and are complex 
valued. The arithmetic function f # 0 is called multiplicative if for any 


relatively prime positive integers m and n, 


f(mn) = f(m) f(r) 


The arithmetic function f 4 0 is called completely multiplicative if the 
relation above holds for any positive integers m and n. 

Remarks. 1) If f : Zi. — C is multiplicative, then f(1) = 1. Indeed, if 
a is a positive integer for which f(a) 4 0, then f(a) = f(a- 1) = f(a) f(1) 
and simplify by f(a) yields f(1) = 1. 

2) If f is multiplicative and n = p{' ... py" is the prime factorization of 
the positive integer n, then f(n) = f(p{')...f(pg*), that is in order to 
compute f(n) it suffices to compute f(pj"), 7 =1,...,k. 

3) If f is completely multiplicative and n = p{'...p;¢* is the prime 
factorization of n, then f(n) = f(pi)%...f(pe)%*, that is in order to 
compute f(n) it suffices to compute f(p;),i=1,...,k. 
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An important arithmetic function is the Mébius' function defined by 


1 if n=1 
p(n) =< 0 if p|n for some prime p > 1 
(-1)* if n=p,...pp, where pi,..., px are distinct primes 


For example, (2) = —1, u(b) = 1, w(12) = (2? - 3) = 0. 

Theorem 6.1.1. The Mobius function p is multiplicative. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1. If p?|m for 
some p > 1, then p?|mn and so p(m) = (mn) = 0 and we are done. 
Consider now m = p)...pe, mM = Q1---Qn, Where pi,...,Pk;%15--->9h 
are distinct primes. Then p(m) = (—1)*, p(n) = (-1)", and mn = 
Pi---Peqi---Gh- It follows that p(mn) = (—1)*t? = (-1)*(-1)" = 
ju(mm) un). 

For an arithmetic function f we define its summation function F' by 


F(n) = S— f(d). 
dl 


The connection between f and F is given by the following result. 

Theorem 6.1.2. If f is multiplicative, then so is its summation function 
F. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1 and let 
d be a divisor of mn. Then d can be uniquely represented as d = kh, 
where k|m and h|n. Because gcd(m,n) = 1, we have gcd(k,h) = 1, so 


f(kh) = f(k)f(h). Hence 


Remark. If f is a multiplicative function and n = p{'...p2*, then 


k 


F(n) = [+ f(pi) +--- + F@)) (1) 


i=l 


1 August Ferdinand Mobius (1790-1868), German mathematician best known for his 
work in topology, especially for his conception of the Mébius strip, a two dimensional 


surface with only one side. 
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Indeed, after multiplication in the right hand side we get a sum hav- 
ing terms of the form fio)... foe) = EC gener cea where 0 < 3, < 
Q1,...,0 < Be < ag. This sum is obviously F'(n). 


From (1) we can derive the following formula 


S— u(d)f(d) = (1— f(pi)) --. (1 — f(pe)). (2) 
dl 


The function g(n) = u(n)f(n) is multiplicative, hence applying (1) we 
get for its summation function G 


k k 


G(n) = [0+ nr) f@)) = [[G - fi). 


i=1 i=1 
Theorem 6.1.3. (Mobius inversion formula) Let f be an arithmetic func- 


tion and let F be its summation function. Then 


f(n) => uaF (5). (3) 


d|n 


Proof. We have 


uF (F) =e@ [tO] =o | Nese 


d|n d|n elF djn \elF 


=S [Yi n@so | = FO | Sua | = FO, 
eln 


cln \dl2 


since for — > 1 we have y p(d) = 0. 
Cc 
al% 
We have used the fact that sets 


{(d.e)| dim and el} and {(a.e)] en and al} 


are equal. 


Theorem 6.1.4. Let f be an arithmetic function and let F be its sum- 
mation function. If F is multiplicative, then so is f. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1 and let d be 
a divisor of mn. Then d = kh where k|m, h|n and gcd(k,h) = 1. Applying 
Mobius inversion formula it follows 


f(mn) = 7 n(d)F (7*) = SS atenye (=) 


d|mn k|m 
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=D atewonr (B&F) = (me (Z)) (ae (Z) 


k|m k|m hin 
h|n 


Let f and g be two arithmetic functions. Define their convolution product 
or Dirichlet? product f * g by 


(f*9)(n ao 9 (=) 


Problem 6.1.1. 1) Prove that the convolution product is commutative 
and associative. 


2) Prove that for any arithmetic function f, 


fresexfaf, 


where e(n) = 1 ifn =1 and 0 otherwise. 
Solution. Let f and g be two arithmetic functions. Then 


(f*g)(n =H 9(4) = Yr (F) af di) = (9* f)(n), 


dy|n 


since if d runs through all divisors of, then so does dy = =. Therefore 
se Rol 

Let f,g,h be arithmetic functions. To prove the associativity law, let 
u=g*h and consider f * u = f x (g* h). We have 


(f*u)(n) => f@u(=) = SO Fla ) Xo ante 


a|n ad=n bc=d 


= S> fla)g(b)h(c) 


abc=n 


Similarly, if we set v = f * g and consider v * h, we have 


(vx h)(n) = YF v(da(e) = D7 YE F@a)h) 


dc=n dc=n ab=d 


2 Johann Peter Gustav Lejeune Dirichlet (1805-1859), German mathematician who 
proved in 1837 that there are infinitely many primes in any arithmetic progression of 
integers for which the common difference is relatively prime to the terms. Dirichlet 
has essential contributions in number theory, probability theory, functional analysis and 


Fourier series. 
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= S© flag(b)h(o), 


abc=n 
hence f * (g*h) =(f *g) *h. 
2) We have 
(e* f(r) = Se(@s (4) = s(n), 


d\n 


and we getex f= fxe=f. 
Problem 6.1.2. Let f be an arithmetical function. If f(1) 4 0, then 


there is a unique arithmetical function g such that 


f*g=e. 


Solution. We show by induction on n that (f*g)(n) = e(n) has a unique 
solution g(1),...,g(n). 


1 
For n = 1, we have f(1)g(1) = 1, hence g(1) = Fay 
Suppose n > 1 and assume g(1),...,g(m—1) have been determined such 


that (f * g)(k) = e(k) holds for k = 1,2,...,n—1. Then 


FYg(n) +O Fo (5) =0, 
dln 
d>1 


and we get 


i.e. the function g is unique. 

Remark. The unique function g satisfying f * g = « where f(1) 4 0 is 
called the convolution inverse of f. 

Problem 6.1.3. If f and g are multiplicative, so is their convolution 
product. 

Solution. Let h = f * g. We have 


n(mn) = > f(O9(—) 


c|mn 


Set c = ab, where a|m and b|n. Since gcd(m,n) = 1, we have 
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= > Flas (=) > F9 (5) = h(m)h(n). 
a|m bln 


Problem 6.1.4. 1) If both g and f *g are multiplicative, then f is also 
multiplicative. 

2) If g is multiplicative, then so is its convolution inverse. 

Solution. 1) We shall prove by contradiction. Suppose f is not multi- 
plicative. Let h = f * g. Since f is not multiplicative, there exist m and 
n, gcd(m,n) = 1 such that f(mn) 4 f(m)f(n). We choose mn as small 
as possible. If mn = 1, then we get f(1) 4 f(1)f(1) so f(1) 4 1. Since 
AQ) = f)g(1) = fC) #4 1, A is not multiplicative, a contradiction. If 
mn > 1, we have f(ab) = f(a) f(b) for all ab < mn with gcd(a, b) = 1. Now 


h(mn) = f(mn)g(1) + Sa f(ab)g (=) 


in 
= f(mn)+ S> Fla)f)g (=) 9 (F) = flnn) — Fm) f(r) + h(m)h(n) 
a|m 
bln 
ab<mn 


Since f(mn) 4 f(m)f(n), h(mn) 4 h(m)h(n). Therefore, h is not mul- 
tiplicative, a contradiction. 


2) Denote by g~! the convolution inverse of g. Then ¢ = gxg-' =g~!«*g 


and g are both multiplicative. From the previous result it follows that g~! 
is multiplicative. 

Problem 6.1.5. Prove that the arithmetic function f is completely mul- 
tiplicative if and only if f x f = fr, where T(n) is the number of divisors 


of n. 
(American Mathematical Monthly) 


Solution. If f is completely multiplicative, we have 


(f+ (mn) =o Fs (F) =o (45) = VM 
d|n d|n d|n 


= f(n) S01 = f(n)r(n) = (fr) (), 
d 


and the relation follows. 
Conversely, take n = 1, and it follows f(1) = 0 or f(1) = 1. Now 
suppose that n > 2 and let n = p{'...p?* the prime factorization of 
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n. Put a(n) = a1 +---+ax. It suffice to show that for any positive integer 
n > 2, the following relation holds 


f(r) = FO) F (pi) «.- F(Pe)**. 


We proceed by induction on a. If a(n) = 1, then n is a prime, say n = p, 
and the property follows from the fact that 


2f(p) = T(p) f(y) = FA) Fp) + fp) fC) = 2f() f(r) 


Suppose then that the property holds for all n with a(n) < k. Take any 
n with a(n) = k+1. Then 


r(n)f(n) = 2f(1)F(n) + S— f(a) f(0), 


where the sum runs over all a,b with ab = n and 1 < a,b < n. It follows 
that a(a) < k, a(b) < k and from the inductive assumption we get 


7(n)f(n) = 2f(L)F(n) + (7(n) — 2) f° (LF (p1)™ «-- F (Pe )* 


Since n is not a prime, certainly 7(n) > 2 and so, for both f(1) = 0 and 
f(1) = 1, the desired result follows. 


Proposed problems 


Problem 6.1.6. Let f be a function from the positive integers to the 
integers satisfying f(m +n) = f(n) (mod m) for all m,n > 1 (eg., a 
polynomial with integer coefficients). Let g(n) be the number of values 
(including repetitions) of f(1), f(2),..., f(m) divisible by n, and let h(n) 
be the number of these values relatively prime to n. Show that g and h are 
multiplicative functions related by 


where n = pf’... py?" is the prime factorization of n. 


(American Mathematical Monthly) 


Problem 6.1.7. Define \(1) = 1, and ifn = p{'...p?*, define 


An) = (1st 
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1) Show that \ is completely multiplicative. 
2) Prove that 


0 otherwise 


Sa = 1 ifn is a square 
d\n 


3) Find the convolutive inverse of 4. 

Problem 6.1.8. Let an integer n > 1 be factored into primes: n = 
prt ...p% (p; distinct) and let its own positive integral exponents be fac- 
tored similarly. The process is to be repeated until it terminates with a 
unique ”constellation” of prime numbers. For example, the constellation 
for 192 is 192 = 2?°3. 3 and for 10000 is 10000 = 2° - 5?. Call an arith- 
metic function g generally multiplicative if g(ab) = g(a)g(b) whenever the 
constellations for a and b have no prime in common. 

1) Prove that every multiplicative function is generally multiplicative. Is 
the converse true? 

2) Let h be an additive function (i.e. h(ab) = h(a) + h(b) whenever 
gcd(a,b) = 1). Call a function k generally additive if k(ab) = k(a) + k(b) 
whenever the constellations for a and b have no prime in common. Prove 


that every additive function is generally additive. Is the converse true? 


(American Mathematical Monthly) 


6.2. Number of divisors 


For a positive integer n denote by 7(n) the number of its divisors. It is 


r(n)= S01, 
d\n 


that is 7 is the summation function of the multiplicative function f(m) = 1, 


clear that 


m € Z*. Applying Theorem 6.1.2 it follows that 7 is multiplicative. 


Theorem 6.2.1. [fn =p?! ...p?* is the prime factorization of n, then 
1 k 


T(n) = (a, +1)... (ax +1). (4) 


Proof. Using the fact that 7 is multiplicative, we have 


T(n) = 7(py’)...7(pe*) = (an +1)... (ax% +1), 


because p;' has exactly a; +1 divisors, i =1,...,k. 
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Problem 6.2.1. For any n > 2 


F]-|sE]- 1 if k|n 
k k ~ ) 0. otherwise 


(lez) Een 


k=1 k|n 


Hence 


Remark. It is clear that n is a prime if and only if r(n) = 2. Hence 


” n n—-1 
mal el) 
k=1 
if and only if n is a prime. 
Problem 6.2.2. Find all positive integers d that have exactly 16 positive 


integral divisors d,,d2,...,dig such that 
l=d,<d.<-:-<djg =d, 
dg = 18 and dg — dg = 17. 
(1998 Irish Mathematical Olympiad) 


Solution. Let d= p{' pS? ...p%™ with pi,...,Pm distinct primes. Then 
n has (a, + 1)(a2 + 1)...(@n + 1) divisors. Since 18 = 2- 37, it has 6 
divisors: 1, 2, 3, 6, 9, 18. Since d has 16 divisors, we know that d = 2- 3°p 
or d = 2-37. If b = 2-37, dg = 54, dg = 81 and dg — dg # 17. Thus 
d = 2-3%p for some prime p > 18. If p < 27, then dy = p, dg = 27, 
dg = 2p = 27+17+44 => p= 22, a contradiction. Thus p > 27. If p < 54, 
d7 = 27,dg =p, dg = 54=dg+17 => p=37. If p > 54, then d7 = 27, 
dg = 54, dg = dg + 17 = 71. We obtain two solutions for the problem: 
23°. 37 = 1998 and 2-3? - 71 = 3834. 

Problem 6.2.3. For how many a) even and b) odd numbers n, does n 
divide 3!? —1, yet n does not divide 3° —1 fork =1,2,...,11. 


(1995 Austrian Mathematical Olympiad) 
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Solution. We note 
34 Sh 8" SCF a1) 
= (3? = 16843? + 1)6? 1G =2"41) 
= (23)(7- 13)(2-5)(73). 


Recall that the number of divisors of p{!...p;" is (e: + 1)... (ex + 1). 
Therefore 3! — 1 has 2- 2-2-2 = 16 odd divisors and 4-16 = 64 even 
divisors. 

If 317 = 
that 34 = 1 (mod m) divides 12. (Otherwise we could write 12 = pq +r 
with 0 < r < dand find 3" = 1 (mod m)). Hence to ensure n { 3* — 1 for 
k =1,...,11, we need only check k = 1,2,3,4,6. But 


1 (mod m) for some integer m, then the smallest integer d such 
1 


gi-1=2 
37 -1=2° 
32—-1=2°13 
3*—1=24.5 


3®-—1=2°-7-13. 

The odd divisors we throw out are 1, 5, 7, 13, 91, while the even divisors 
are 2’ for 1 <i < 4, 2¢-5 for 1 <i < 4, and each of 2/- 7, 27 - 13, and 
2).7-13 for 1 <i < 3. As we are discarding 17 even divisors and 5 odd 
ones, we remain with 47 even divisors and 11 odd ones. 

Problem 6.2.4. Let t(n) denote the number of divisors of the natural 
number n. Prove that the sequence T(n? +1) does not become monotonic 


from any given point onwards. 
(1998 St. Petersburg City Mathematical Olympiad) 


Solution. We first note that for n even, T(n? + 1) < n. Indeed, exactly 
half of the divisors of n? + 1 are less than n, and all are odd, so there are 
at most 2(n/2) in all. 

Now if t(n? + 1) becomes strictly monotonic for n > N, then 


t((n+1)? +1) >7(n? +1) +2 
for n > N (since 7(k) is even for k not a perfect square). Thus 
t(n? +1) >7(N? +1) +2(n—N) 


which exceeds n for large, contradiction. 
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Proposed problems 


Problem 6.2.5. Does there exist a positive integer such that the product 
of its proper divisors ends with exactly 2001 zeroes? 


(2001 Russian Mathematical Olympiad) 


Problem 6.2.6. Prove that the number of divisors of the form 4k + 1 of 
each positive integer is not less than the number of its divisors of the form 
4k + 3. 

Problem 6.2.7. Let d,,d2,...,d; be all positive divisors of a positive 
integer. For each 7 = 1,2,...,1 denote by a; the number of divisors of dj. 
Then 


a} ta3t-++ +a} = (a, +a. +--+)’. 


6.3. Sum of divisors 


For a positive integer n denote by o(n) the sum of its divisors. It is clear 


that 
o(n)= Sod, 
d|n 


that is o is the summation function of the multiplicative function d(m) = 
m,m € Z*.. Applying Theorem 6.1.2 it follows that o is multiplicative. 
Theorem 6.3.1. [fn = pf ...pz* is the prime factorization of n, then 


ee eek 
pi-il pr—-1 


Proof. Because o is multiplicative, it suffices to compute o(p?'), i = 


1,...,k. The divisors of pi‘ are 1,p;,...,p/*, hence 


o(ps*) =1l+pit+---+p;7 = 


and the conclusion follows. 
Problem 6.3.1. For any n > 2, 


n 


om) =e (lEl-[*e]): 


k=1 
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Solution. We have 


rls 

uU__ 
| 

-——— 
3 

| | 
eS 

—— 
I 


1 ifki|n 
0 otherwise 


hence 


k=1 
if and only if n is a prime. 


Problem 6.3.2. [fn is a composite positive integer, then 


a(n) >n+Vn+1. 


Solution. The integer n has a divisor d such that d # 1 and d < /n. 


Because “ is also a divisor of n, it follows that “ > Vn, therefore 


o(n) = ok>1+n+5>ntyntl. 
k|n 


Problem 6.3.3. For any n > 7, 


a(n) <ninn. 


Solution. Let d,,d2,...,d, all divisors of n. They can be also written 
as 
non n 
hence 


(n) Sea es < ae i: 
ny=n == — = aE. —— n — Shoes = 
2 Ta aD eee D oe 


where & = 7(n). Inducting on & we prove that for any k > 2, 


1 1 
L+ite-+i <.814Ink. 
tig hes o8L ln 
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Using the inequality r(n) < 2./n (Problem 2, Section 6.2) it follows that 


1 1 1 
a ae < 814 In(2V/n) < 151+ 5 Inn. 
ih 
For n > 21 we have Inn > 1.51+—Inn and checking directly the desired 
inequality for n = 7,...,20, the conclusion follows. 
Problem 6.3.4. For any n > 2, 


A 
T(n 
Solution. Let dj, d2,...,d,(m) ne the divisors of n. They can be rewritten 
as 
non n 
dy’ dy? ” dr(n) 
Hence 


a(n)? = n(dy + dz +--+ +d(n)) (Gtatetz) > nr(n) 


and the conclusion follows. 


Proposed problems 


Problem 6.3.5. For any n > 2, 


a(n) < nv 2r7(n). 
(1999 Belarusian Mathematical Olympiad) 


Problem 6.3.6. Find all the four-digit numbers so that when decom- 
posed in prime factors have the sum of the prime factors equal to the sum 
of the exponents. 

Problem 6.3.7. Let m,n, k be positive integers with n > 1. Show that 
any en. 


(2001 St. Petersburg City Mathematical Olympiad) 


6.4 Euler’s totient function 


For any positive integer n we denote by y(n) the number of all integers 
m such that m <n and gcd(m,n) = 1. The arithmetic function ¢ is called 
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the Euler? ’s totient function. It is clear that y(1) = 1 and for any prime p, 
y(p) = p— 1. Moreover, if n is a positive integer such that y(n) = n— 1 
then n is a prime. 

Theorem 6.4.1. (Gauss) For any positive integer n, 


ye y(d) =n. 
d\n 


Proof. Let d1,d2,...,d, be the divisors of n and let S$; = {m| m < 
n and gcd(m,n) = d;}, i = 1,...,k. If m € S;, then m = d;m’, where 


ged | m’, ”\ = 1. Because m’ < a from the definition of y it follows 
4 4 


that |.S;| = y (+). The sets S1,...,5, give a partition of {1,2,...,n}, 


7 


hence 
ee k 
Dez) = dsl 
i=1 e i=1 
nr nr 
But {pegs ={di,...,de}, 80 $° y(d) =n. 


d\n 
Theorem 6.4.2. The function yp is multiplicative. 


Proof. From Theorem 6.4.1 we obtain that the summation function of 
y is F(n) =n, which is multiplicative. 


The conclusion now follows from Theorem 6.1.4. 


Theorem 6.4.3. [fn = p{'...py* is the prime factorization of n > 1, 


then / , 
Ten (eee 


Proof. We first notice that for any prime p and for any positive integer 
a, 
a a a-l a 1 
p(p*) = p®* — p*" =p Lite Je 
Indeed, the number of all positive integers not exceeding n that are 
—?p 


a al 


divisible by p is p°~+, hence y(p*%) = p 


3 Leonhard Euler (1707-1783), Swiss mathematician which worked at the Petersburg 
Academy and Berlin Academy of Science. Euler systematized mathematics by introduc- 
ing the symbols e and i, and f(a) for a function of x. He also made major contributions 
in optics, mechanics, electricity, and magnetism. Euler did important work in number 
theory, proving that the divergence of the harmonic series implies an infinite number of 


primes, factoring the fifth Fermat number, and introducing the totient function y. 
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Using Theorem 6.4.3 we have 


y(n) = v(pt? ... pe") = v(pt*) --- ppg") 


Pk 
1 1 
=n(i-—) ..(1-<). 

Pi Pk 

Alternative proof. We employ the inclusion-exclusion principle. Let 
T; = {d|d<nand pid}, i=1,...,k. 
It follows that 
T, U---UT, = {m|m < n and ged(m,n) > 1}. 


Hence 


k 
j=l 1<i<j<k 


— eee (-1)*T, N+ Tel. 


We have 
nr nr nr 
IT; = —, |Z, T;| = yee (TIN ATE] = 
Pi PiPj P1-++DPk 
Finally, 
“1 1 et 
eimy=n(i-Soee Ye 
j=1 Pi 1<i<j<k PiPj P1---+Pk 


(-Q(-) 


Problem 6.4.1. Prove that there are infinitely many even positive inte- 


gers k such that the equation y(n) = k has no solution. 
(Schinzel*) 
4 Andrzej Schinzel, Polish mathematician with important work on exponential congru- 


ences, Euler’s y-function, Diophantine equations, applications of transcendental number 


theory to arithmetic problems. 
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Solution. Take k = 2-7", m>1.Ifn=pf'...p?", then 


If at least two of the primes p1,..., pp, are odd, then 4|y(n) and y(n) # k. 
If n = 2%p*, with p > 3, then 


y(n) = 2%p? (1 = 5) (1 - *) Soci pl); 


Pp 


In this case the equality y(n) = k is also impossible. 
Problem 6.4.2. Prove that there are infinitely many positive integers n 
such that 


Solution. Let n = 2-3”, where m is a positive integer. Then 
m m m m-1 m—- 1 n 
Pn) =P 3) = BQ) 08") = OF eB 


for infinitely many values of n, as desired. 


Problem 6.4.3. If n is a composite positive integer, then 


y(n) <n- vn. 


Solution. because n is composite, it has a prime factor p; < //n. We 


have 


wos-n(e- Bolg) salt Zeal k)-ms 


Problem 6.4.4. For any positive integern, n#2,n 46, 


y(n) > vin. 


Solution. Let m > 2. If n = 2, then 
y(n) =2™ 2-1 a gmt Ss /om = V/n. 
If n = p™, where p is an odd prime then 


y(n) = p™ — p™! =p™"*(p—1) > Vp™ = vn. 
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If n = p™, where p is a prime greater than or equal to 5, then y(n) > 


V2n. 


If n is odd or 4|n, then 


e(n) = p(pr').-- p(py") 2 ue Dy = vn. 


If n = 2t, with ¢t odd, t £1, t 43, then all prime factors of ¢ are greater 
than or equal to 5, hence y(n) = y(t) > V2t. It remains to settle the case 
n=2-3', i> 2. For i= 2, y(12) = 6 > V18 and for i > 3, y(n) = 2-3*-1 
and the inequality reduces to 2-327! > 1, which is clear. 


Proposed problems 


Problem 6.4.5. For a positive integer n, let w(n) be the number of 
prime factors of n. Show that if y(n) divides n— 1 and w(n) < 3, then n is 


prime. 
(1998 Korean Mathematical Olympiad) 


Problem 6.4.6. Show that the equation y(n) = T(n) has only the solu- 
tions n = 1, 3,8, 10,18, 24, 30. 

Problem 6.4.7. Let n > 6 be an integer and ay, d2,..., ax be all positive 
integers less than n and relatively prime to n. If 


a2 — G, = 43 — G2 = +++ = An — Az_1 > DO, 


prove that n must be either a prime number or a power of 2. 


(32"¢ IMO) 


6.5 Exponent of a prime and Legendre’s formula 


Let p be a prime and let us denote by vp(a) the exponent of p in the 
decomposition of a. Of course, if p doesn’t divide a, then v,(a) = 0. 

It is easy to prove the following properties of vp: 

1) min{vp(a), Up(b)} < vp(a+b) < max{vp(a), vp(B)} 

2) Up(ab) = vp(a) + vp(0); 

3) Up(ged(a1, a2,...,@n)) = min{vp(a1), Up(a2),.--, Up(Gn) } 

4) up(lem(a1, a2,...,@n)) = Max{vp(a1), Vp(a2),.--, Up(an) . 

If we have to prove that a|b, then it is enough to prove that the exponent 


of any prime number in decomposition of a is at least the exponent of 
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that prime in the decomposition of b. Now, let us repeat the above idea 
in terms of function v,. We have alb if and only if for any prime p we 
have up(a) < vup(b). Also, we have a = 6 if and only if for any prime p, 
vp(a) = vp(b): 

For any positive integer n, let e,(n) be the exponent of prime p in the 
prime factorization of n!. 

The arithmetic function e, is called the Legendre? ’s function associated 
with the prime p and it is connected to function vp by the relation e,(n) = 
vp(n!). 

The following result gives a formula for the computation of e,(n). 

Theorem 6.5.1. (Legendre’s formula) For any prime p and any positive 


ex(n) = |] = 2S) 


il p-l 


integer n, 


where S,(n) is the sum of digits of n when written in base p. 
Proof. For n < p it is clear that e,(n) = 0. If n > p, then in order to 
determine e,(n) we need to consider only the multiples of p in the product 


1-2...n, that is (1-p)(2-p)...(kp) = p*k!, where k = "|. Hence 


wo-[gla((8) 


Replacing n by =| and taking into account that 
Pp 


we obtain 


(ll) Lalo (aD 


Continuing this procedure we get 


(3) = La] +>(La)) 


5 Adrien-Marie Legendre (1752-1833), French mathematician who was a disciple of 
Euler and Lagrange. In number theory, he studied the function ep, and he proved the 


unsolvability of Fermat’s last theorem for n = 5. 
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o(lstl)=[&] +(e) 


where m is the least positive integer such that n < p™*+!, that is m = 


1 
Fal . Summing up the relations above yields 


In p 
v= [Bh Lal ob 


The other relation is not difficult. Indeed, let us write 
n=ao taipt-+- + axp*, 
where do, @1,..-,a% € {0,1,...,p—1} and a, #0. Then 


n nm 
JE | +] [p= ar taap ts taut a0-baspt: taunt 2 ba, 


and now using the formula 


ptt _ 1 


p-l 


9 


we find exactly the second part in expression of e,(7). 


Examples. 1) Let us find the exponent of 7 in 400!. Applying Legendre’s 


formula, we have 


400 400 400 


2) Let us determine the exponent of 3 in ((3!)!)!. We have ((3!)!)! = 
(6!)! = 720!. Applying Legendre’s formula yields 


720 720 720 720 720 
eran = [>] + [Fe + Se] + [Se] + |S 
= 240+ 80+ 26+8+2 = 356. 


Problem 6.5.1. Let p be a prime. Find the exponent of p in the prime 
factorization of (p™)!. 
Solution. Using Legendre’s formula, we have 


m p™ m— m— p™—1 
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Problem 6.5.2. Find all positive integers n such that n! ends in exactly 


1000 zeros. 
Solution. There are clearly more 2’s than 5’s in the prime factorization 


of n!, hence it suffices to solve the equation 


=| + [ss] +++: = 1000. 
But 
sls lgl+—<peee a8 tbe) 
i, el 
ae 


hence n > 4000. 
On the other hand, using the inequality |a| > a—1, we have 


wo > (2-9) «(2-1 (Fa) 1+ (F-9 


ey heer eee ee =< 
a Bo Be bee Be “aes pane 
a 1005 - 4- 3125 
pe SS 248" 
31g 


We narrowed n down to {4001, 4002, ...,4021}. Using Legendre’s formula 
we find that 4005 is the first positive integer with the desired property and 
that 4009 is the last. Hence n = 4005, 4006, 4007, 4008, 4009. 

Problem 6.5.3. Prove that for any positive integer n, 2” does not divide 


nl. 
Solution. The exponent of 2 in the prime factorization of n! is 


k=ex(n)=[2|+ [5] +... 


and we are done. 
Remark. Similarly, for any prime p, p” does not divide ((p — 1)n)!. 
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Problem 6.5.4. Find all positive integers n such that 2°~! divides n!. 
Solution. If n = 2°, s=0,1,2,..., then 


é9(n) = 29-1 + eee 2415 2% —1, 


hence 2”~! divides nl. 

Assume that n is odd, n = 2n, +1. Then from 2”~! = 2?"|(2n, +1)! = 
(2n1)!(2n1 +1) it follows 2?” |(2n1)! which is not possible by Problem 6.5.3. 
We get n = 2m,. If m, is odd, m, = 2n2 + 1, we have 


gr-1 — 94natl (Any 4.2)! = (dng)!(4ng + 1) -2-(2n2 +1) 


and we obtain 24"2|(4n2)!, a contradiction. Continuing this procedure we 
get n = 2°. 

Problem 6.5.5. Let p be an odd prime. Prove that the exponent of p in 
the prime factorization of 1-3-+5...(2m+1) is 


x (lL) 


(2m + 1)! 
m!.Qm ° 


Solution. We have 
1-3-5...(2m+1) = 


Because p is odd, the desired exponent is 


em 1)—epim) => PRE 92 | 


k>1 P 


and the conclusion follows. 


Problem 6.5.6. If p is a prime and p| @ then p® <n. 
m 


(3) < ae a 


n 
the exponent of p in the prime factorization of ( ) is 
m 


8B = ep(n) — ep(m) — ep(n => (el-[z]-e])- 


This sum has at most s nonzero terms, where p* < n < p°t!. Using the 


Solution. Because 


ts , it follows 


inequality |« + y| — [a] -—|y| <1 fora = ~ and y = be — 
P 


n 
that @ < s. Because v*i( ) we obtain a < 8 < s, hence p® < p? <n. 
m 
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Proposed problems 


Problem 6.5.7. a) If p is a prime, prove that for any positive integer n, 


Inn ure 1 n 
- P| +n » oe ee 
b) Prove that 
lim n(n) = ee 
n—-co 6 6N p-l 


Problem 6.5.8. Show that for all nonnegative integers m,n the number 


(2m)!(2n)! 


m!n!(m +n)! 
is also an integer. 


(14*" IMO) 


(3a + 3b)!(2a)!(3b)!(2b)! 
(2a + 3b)!(a + 2b)!(a + b)la!(b!)? 
ger for any positive integers a, b. 


Problem 6.5.9. Prove that is an inte- 


(American Mathematical Monthly) 


Problem 6.5.10. Prove that there exists a constant c such that for any 


positive integers a, b,n that verify a!- b!|n! we havea+b<n+clnn. 
(Paul Erdés) 


Problem 6.5.11. Prove that the equation 


Dae ils Gone od 
10” nj! 9! nr! 


does not have integer solutions such that 1 < ny < ng <---+ < ng. 


(Tuymaada Olimpiad) 


i 
More on Divisibility 


7.1 Fermat’s Little Theorem 


Theorem 7.1.1. (Fermat’s Little Theorem) Let a be a positive integer 
and let p be a prime. Then 


a? =a _ (mod p). 


Proof. We induct on a. For a = 1 every thing is clear. Assume that 
pla? — a. Then 


(a+1)?-(a+1)= 9) (te 


Using the fact that p| : for 1 < k < p—1 and the inductive hypothesis, 
it follows that p|(a+ 1)? — (a+ 1), that is (a+ 1)? = (a+1) (mod p). 

Alternative proof. Suppose that gcd(a, p) = 1 and let us show that a?~! = 
1 (mod p). Consider the integers a, 2a,...,(p—1)a, whose remainders when 
divided by p are distinct (otherwise, if ia = ja (mod p), then p|(i — j)a, 
that is p|i — j, which holds only if = 7). Hence 


a: (2a)...(p—1l)a=1-2...(p—1) (mod p), 
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a?~!(p—1)!=(p—1)! (mod p). 


Because p and (p — 1)! are relatively prime, the conclusion follows. 
3-11-17 _ 


Remark. The converse is not true. For example, 3-11-17 divides a 
a, since 3, 11, 17 each divides a3!!!” —a (for instance, if 11 did not divide a, 
then from Fermat’s Little Theorem, we have 11|a!° —1, hence 11|a1°°° —1, 
ie. 11]a°6! — a and 561 = 3-11-17). 

We saw that the composite integers n satisfying a” = a (mod n) for any 
integer a are called Carmichael’s integers. There are also even such integers, 
for example n = 2-73-1103. For other comments see Remark after Problem 
1.6.5. 

Problem 7.1.1. 1) Let a be a positive integer. Prove that any prime 
factor > 2 of a? +1 is of the form 4m +1. 

2) Prove that there are infinitely many primes of the form 4m + 1. 

Solution. 1) Assume that p|a? + 1 and p = 4m + 3 for some integer m. 
Then a? = —1 (mod p) and a?! = (a?)?"*! = (-1)?"*1 = -1 (mod p), 
contradicting Fermat’s Little Theorem. 

2) The integer (n!)? +1 is of the form 4m + 1, hence all its prime factors 
are of this form. It follows that for any prime p of the form 4m +1, (p!)?+1 
is a prime or has a prime factor p; > p and we are done. 

Problem 7.1.2. For any prime p, p?*!+(p+1)? is not a perfect square. 

Solution. For p = 2 the property holds. Assume by way of contradiction 
that p > 3 and p?t!+(p+1)? = ¢? for some positive integer t. It follows that 
(t+p*=)(t—p**) = (p+1)”, hence tip*> = 2?-1uP andt#p*> =2v?, 
for some positive integers u,v such that 2uv = p+1 and gcd(u,v) = 1. We 


obtain pr = |2?~2u?—v?|. Using Fermat’s Little Theorem we have u? = u 
(mod p), v? = v (mod p) and 2?-'= 1 (mod p), so u = 2v (mod p). From 
2uv = p+1 we get u = 2v and finally v = 1 and p = 3. This leads to 
t? = 145, a contradiction. 

Problem 7.1.3. Let n > 2, a > 0 be integers and p a prime such that 
a? =1 (mod p”). Show that if p > 2, thena=1 (mod p"~‘), and if p= 2, 
then a = +1 (mod 2"~?). 


(1995 UNESCO Mathematical Contest) 


Solution. We have a? = 1 (mod p)” with n > 2, so a? = 1 (mod p). 
But, from Fermat’s Little Theorem, a? = a (mod p), hence a = 1 (mod p). 
For a = 1, the result is obvious; otherwise, put a = 1 + kp’, where d > 1 
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and p{k. Then for p > 2, a? = 14 kp*t! + Mp¢+! for M an integer. 
Therefore d +1 > n and so s = 1 (mod p"~!). In case p = 2, we have 
2”\a? —1 = (a—1)(a+1). Since these differ by 2, both cannot be multiples 
of 4. Hence either a+1 or a—1 is divisible by 2”~', i.e. a = +1 (mod 2"~}), 
as desired. 


Problem 7.1.4. Find the smallest integer n such that among any n 
integers, there exist 18 integers whose sum is divisible by 18. 


(1997 Ukrainean Mathematical Olympiad) 


Solution. The minimum is n = 35; the 34-element set of 17 zeroes and 
17 ones shows that n > 35, so it remains to show that among 35 integers, 
there are 18 whose sum is divisible by 18. In fact, one can show that for 
any n, among 2n — 1 integers there are n whose sum is divisible by n. 

We show this claim by induction on n; it’s clear for n = 1. If n is com- 
posite, say n = pq, we can assemble sets of p integers whose sum is divisible 
by p as long as at least 2p — 1 numbers remain; this gives 2q — 1 sets, and 
again by the induction hypothesis, some q of these have sum divisible by q. 

Now suppose n = p is prime. The number z is divisible by p if and only 
if a?-' # 1 (mod p). Thus if the claim is false, then the sum of (a; + 
--++ ay)?! over all subsets {a1,...,a,} of the given numbers is congruent 


2p —1 2 

to ( o :) = 1 (mod p). On the other hand, the sum of a{!...ap” for 

p- 

ey +++: +e, < p—1 is always divisible by p: if k < p—1 of the e; are 

2p—-1-k 
p—k 

is a multiple of p. This contradiction shows that the claim holds in this 


nonzero, then each product is repeated times, and the latter 


case. (Note: to solve the original problem, of course it suffices to prove the 
cases p = 2,3 directly). 

Remark. The fact that for any n, among 2n — 1 integers there are n 
whose sum is divisible by n is a famous theorem of Erdos and Ginzburg. 

Problem 7.1.5. Several integers are given (some of them may be equal) 
whose sum is equal to 1492. Decide whether the sum of their seventh powers 
can equal 

(a) 1996; 

(b) 1998. 


(1997 Czech-Slovak Match) 
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Solution. (a) Consider a set of 1492 1’s, 4 2’s, and 8 -1’s. Their sum is 
1492, and the sum of their seventh powers is 1482(1) + 4(128) + 8(—1) = 
1996. 

(b) By Fermat’s Little Theorem, x’ = x (mod 7). Thus, the sum of the 
numbers’ seventh powers must be congruent to the sum of the numbers, 
modulo 7. But 1998 4 1492 (mod 7), so the numbers’ seventh powers can- 
not add up to 1998. 

Problem 7.1.6. Find the number of integers n > 1 for which the number 


a> — a is divisible by n for each integer a. 


(1995 Bulgarian Mathematical Olympiad) 


Solution. Let n have the required property. Then p? (p a prime) does not 
divide n since p? does not divide p?° —p. Hence n is the multiple of different 
prime numbers. On the other hand 27°—2 = 2-3?-5-7-13-17-241. But n is not 
divisible by 17 and 241 since 37° = —3 (mod 17) and 37° = 32 (mod 241). 
The Fermat Theorem implies that a?° = a (mod p) when p = 2,3, 5,7, 13. 
Thus n should be equal to the divisors of 2-3-5-7-13, which are different 
from 1 and there are 2° — 1 = 31 of them. 

Problem 7.1.7. a) Find all positive integers n such that 7 divides 2”—1. 

b) Prove that for any positive integer n the number 2” + 1 cannot be 
divisible by 7. 


(6¢" IMO) 
Solution. Fermat’s Little Theorem gives: 
2°=1 (mod 7). 


It follows from the divisibility 7|(2? — 1)(2? + 1) that 23 = 1 (mod 7). 
Hence all numbers n which are divisible by 3 answer to the question. 
Let n = 3k +r where r = 1 or r= 2. Then 


Fe = ek rn = (98) 2 8 Bed (mod 7), 


Hence, we cannot obtain 2” = —1 (mod 7). 

Problem 7.1.8. Prove that the following are equivalent. 

(a) For any positive integer a,n divides a” — a. 

(b) For any prime divisor p of n,p? does not divides n and p—1 divides 


n—1. 


(1995 Turkish Mathematical Olympiad) 
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Solution. First assume (a). If p?|n for some prime p, we must have 
p?|(p+ 1)?" — (p+ 1). However, 


2 pe 2 
(p+ 1)" -(@+1)=p?-p+)>> (", )o* 
k=2 


All terms but the first are divisible by p?, contradicting the assumption. 
Therefore p? { n. Moreover, if a is a primitive root modulo p, then a’~! = 
(mod p) implies p — 1]n — 1. 

On the other hand, if n is square-free and p — 1/n — 1 for all primes 
p|n, then for any a, either p|a or a?~! = 1 (mod p); in either case a” = a 
(mod p) for all p dividing n. Hence the conditions are equivalent. 

Problem 7.1.9. Prove that the sequence {2” — 3|n = 2,3,...} contains 


infinitely many pairs of relatively prime numbers. 
(13"" IMO) 


Solution. We use the induction. The numbers 2? — 3, 2° — 3, 24—3 are 
pairwise relatively prime numbers. We shall prove that if n1,n2,...,nz are 
positive integers such that the members of the sequence 


Qt 9 oe 3.4, Bee (1) 


are relatively prime to each other, then there exists nx4, such that 2"*+1—3 
is relatively prime to each number of the sequence (1). 

Let {p1, p2,...,pr} be the set of all prime divisors of numbers from the 
sequence (1). Then pi, p2,...,p, are odd prime numbers and by Fermat’s 
Little Theorem 

2P'-' =1 (mod pj). 
It follows that 


g(p1-1)(p2—1)...(Pr—1) = 1 (mod pi), Vi=1,...,7. 


y] 


r 


Let ne41 = [[ — 1). We shall prove that 2." — 3 and 2"*+1 — 3, are 
i=1 
relatively prime, for all i = 1,...,r. Let p be a common prime divisor of 


2” — 3 and 2”*+1 — 3. Then 2”*+1 — 3 = 1-3 (mod p) =0 (mod p); this 
is a contradiction. 
Problem 7.1.10. Let p > 2 be a prime number such that 3|(p — 2). Let 
S = {y*? — «2° —1| x and y are integers, 0< 2,y < p—1}. 


Prove that at most p elements of S' are divisible by p. 
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(1999 Balkan Mathematical Olympiad) 


Solution. We need the following 

Lemma. Given a prime p and a positive integer k > 1, if k andp—1 
are relatively prime then x* = y* (mod p) > x=y (mod p) for all x,y. 

Proof. If y = 0 (mod p) the claim is obvious. Otherwise, note that 
ak = yk = (ary~!)* = 1 (mod p), so it suffices to prove that a* = 1 
(mod p) = a=1 (mod p). 

Because gcd(p — 1,k) = 1, there exist integers b and c such that b(p — 
1)+ck=1. Thus, a* = 1 (mod p) > a®°=1 (mod p) = a!—*-1) =1 
(mod p). Ifa = 0 this is impossible. Otherwise, by Fermat’s Little Theorem, 
(a~’)P-1 = 1 (mod p) so that a= 1 (mod p), as desired. 

Alternatively, again note that clearly a # 0 (mod p). Then let d be 
the order of a, the smallest positive integer such that a4 = 1 (mod p); 


we have d|k. Take the set {1,a,a7,...,a7!}. If it does not contain 
all of 1,2,...,p — 1 then pick some other element b and consider the 
set {b,ba,ba?,...,ba’—!}. These two sets are disjoint, because otherwise 


ba’ = a? => b=a)~' (mod p), a contradiction. Continuing similarly, we 
can partition {1,2,...,p—1} into d-element subsets, and hence d|p—1. How- 
ever, d|k and gcd(k,p — 1) = 1, implying that d = 1. Therefore a = a4 = 1 


(mod p), as desired. 

Because 3|p — 2, gcd(3,p — 1) = 1. Then from the claim, it follows that 
the set of elements {1°,2°,...,p?} equals {1,2,...,p} modulo p. Hence, 
for each y with 0 < y < p—1, there is exactly one x between 0 and p — 1 
such that x? = y? — 1 (mod p): that is, such that p|y? — 2? — 1. Therefore 
S contains at most p elements divisible by p, as desired. 


Proposed problems 


Problem 7.1.11. Let 3” — 2” be a power of a prime for some positive 
integer n. Prove that n is a prime. 

Problem 7.1.12. Let f(a1,...,@%n) be a polynomial with integer coeffi- 
cients of total degree less than n. Show that the number of ordered n-tuples 
(a1,...,%n) with 0 < a; < 12 such that f(a1,...,a2,) = 0 (mod 18) is di- 
visible by 13. 


(1998 Turkish Mathematical Olympiad) 


Problem 7.1.13. Find all pairs (m,n) of positive integers, with m,n > 
2, such that a” — 1 is divisible by m for each a € {1,2,...,n}. 
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(2001 Romanian IMO Team Selection Test) 


Problem 7.1.14. Let p be a prime and bo an integer, 0 < bp < p. Prove 
that there exists a unique sequence of base p digits bg, bi, b2,...,bn,... 
with the following property: If the base p representation of a number x 
ends in the group of digits b;,b,_1...61b9 then so does the representation 
of x?. 

Problem 7.1.15. Determine all integers n > 1 such that 2 


n 


is an 
ne 


integer. 
(31% IMO) 


Problem 7.1.16. Let p be a prime number. Prove that there exists a 
prime number q such that for every integer n, the number n? — p is not 
divisible by gq. 


(44? IMO) 
Problem 7.1.17. Prove that for any n > 1 we cannot have n|2"~1! + 1. 
(Sierpinski) 


Problem 7.1.18. Prove that for any natural number n, n! is a divisor 
of 


7.2. Euler’s Theorem 


Theorem 7.2.1. (Euler’s Theorem) Let a and n be relatively prime pos- 
itive integers. Then a?\") =1 (mod n). 

Proof. Consider the set S = {a1,@2,..-,@,(n)} consisting of all positive 
integer less than n that are relatively prime to n. Because gcd(a,n) = 1, it 


follows that aa1,aa2,...,@@y(m) is a permutation of a1, a2,...,@ (n). Then 
(aa1)(aaz)...(AAp(n)) = A142-.-Ay(m) (mod n). 


Using that gcd(ax,n) = 1, k = 1,2,..., y(n), the conclusion now follows. 


Remark. The Euler’s Theorem also follows from Fermat’s Little The- 
orem. Indeed, let n = pf!...p;* be the prime factorization of n. We 


have a?i-! = 1 (mod p;), hence a?1-) = 1 (mod p?), aPii-) = 1 
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(mod p3),..., a?’ (i-I) =] (mod p**). That is a®") = 1 (mod p%), 
i =1,...,k. Applying this property for each prime factor, the conclusion 
follows. 

Problem 7.2.1. Prove that for any positive integer s, there is a positive 


integer n whose sum of digits is s and s|n. 
(Sierpinski) 


Solution. Let n = 10°°) + 106—Dels) +....4 10%). It is clear that the 
sum of digits of n is s and that 


n= (10°"(5) Tyee (10¢-Ye@) =1) feet (10%) —1)+s 


is divisible by s, by Euler’s Theorem. 
Problem 7.2.2. Let n > 3 be an odd integer with prime factorization 
n=pt'...p* (each p; is prime). If 


m=a(-2)0-2)- (4) 


prove that there is a prime p such that p divides 2™ —1, but does not divide 


m. 
(1995 Iranian Mathematical Olympiad) 


Solution. Because m = y(n) is Euler’s phi-function and n is odd, we 
know by Euler Theorem that n divides 2” — 1. We consider two cases. 
rot 


First let n = p” > 3 for some odd prime p. Then m = p" — p is even 


and m > 4. Since p divides 
OO Om 4): 


is must also divide one of the factors on the right. Any prime divisor of the 
other factor (note this factor exceeds 1) will also divide 2” —1 but will not 
divide n = p’. 

If n has at least two distinct prime factors, then m = 0 (mod 4) and 
p—1 divides m/2 for each prime factor of n. Hence, by Fermat’s Theorem, 
p also divides 2’"/? — 1. It follows that no prime factor of n divides 2’”"/? +1. 
Hence any prime factor of 2”/? + 1 is a factor of 2” — 1 but not a factor 


of n. 


lWaclaw Sierpinski (1882-1969), Polish mathematician with important work in the 


area of set theory, point set topology and number theory. 
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Problem 7.2.3. Let a > 1 be an integer. Show that the set 


fa? +a—1,a* +a? —1,... 


contains an infinite subset, any two members of which are relatively prime. 
(1997 Romanian IMO Team Selection Test) 


Solution. We show that any set of n elements of the set which are 
pairwise coprime can be extended to a set of n +1 elements. For n = 1, 
note that any two consecutive terms in the sequence are relatively prime. 
For n > 1, let N be the product of the numbers in the set so far; then 
a?(N)+14 qe(N)_1 =a (mod N), and so can be added (since every element 
of the sequence is coprime to a, N is as well). 

Problem 7.2.4. Let X be the set of integers of the form 


24,107" + agp_2107*-? +. --. + a210? + ao, 


ks 
Show that every integer of the form 2°31, for p and q nonnegative integers, 


where k is a nonnegative integer and ag; € {1,2,...,9} fori =0,1,.. 


divides some element of X. 


(1997 Taiwanese Mathematical Olympiad) 


Solution. In fact, every integer that is not divisible by 10 divides some 
element of X. We first note that there exists a multiple of 4? in X with 
2p — 1 digits for all nonnegative integer p. This follows by induction on p: 
it’s obvious for p = 0,1, and if x is such a multiple for p = k, then we can 
choose azz so that 2 + a2,10?* = 0 (mod 4*+!) since 10?* = 0 (mod 4°). 

Now we proceed to show that any integer n that isn’t divisible by 10 
divides some element of X. Let n = 2?k, where k is odd. Then by the 
lemma above one can find a multiple of 2? in X. Let m be the multiple, 
d be the number of digits of m, and f = 107+! — 1. By Euler’s Theorem, 
10°(f*) = 1 (mod fk). Therefore m(10(¢+ Df") 1) /(10¢+1—1) is divisible 
by 2?k and lies in X (since it is the concatenation of m’s). 


Proposed problems 


Problem 7.2.5. Prove that, for every positive integer n, there exists a 
polynomial with integer coefficients whose values at 1,2,...,n are different 
powers of 2. 
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(1999 Hungarian Mathematical Olympiad) 


Problem 7.2.6. Let a > 1 be an odd positive integer. Find the least 


positive integer n such that 229° is a divisor of a” — 1. 


(2000 Romanian IMO Team Selection Test) 


Problem 7.2.7. Let n = p{!...p;,* be the prime factorization of the 
positive integer n and let r > 2 be an integer. Prove that the following are 
equivalent: 

(a) The equation 7” = a (mod n) has a solution for every a. 

(b) ry = ro =--++ =rp =1 and (p; — 1,r) = 1 for every i € {1,2,...,k}. 


(1995 UNESCO Mathematical Contest) 


7.3. The order of an element 


Given are the positive integer n > 1 and the integer a such that 
gcd(a,n) = 1, the smallest possible positive integer d for which n|a? — 1 
is called the order of a modulo n. Observe first of all that the definition is 
connect, since from Euler’s theorem we have n|a?") —1, so such numbers d 
indeed exist. In what follows we will denote by o0,,(a) the order of a modulo 
n. The following properties hold: 

1) Ifa” =1 (mod n), then o,(a)|m; 

2) on(a)| p(n); 

3) If a’ =a™ (mod n), then 1 =m (mod op (a)). 

In order to prove property 1) let us consider d = o,(a). Indeed, because 
nja™ —1 and nja* — 1, we find that nja9°4("- — 1. But from the definition 
of d it follows that d < gcd(m, d), which cannot hold unless d|m. 

The positive integer a is called a primitive root modulo n if we have 
gcd(a,n) = 1 and o,(a) = y(n). One can show that there are primitive 
roots modulo n if and only if n € {2,4, p*, 2p%}, where p > 3 is any prime 
and a is any positive integer. 


Problem 7.3.1. Prove that n|p(a” — 1) for all positive integers a,n. 
(Saint Petersburg Mathematical Olympiad) 


Solution. What is 0gn_1(a)? It may seem a silly question, since of course 


Oan—i1(a) = n. Using the observation in the introduction, we obtain exactly 
n|p(a” — 1). 
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Problem 7.3.2. Prove that any prime factor of the nth Fermat number 
2?" +1 is congruent to 1 modulo 2"+!. Show that there are infinitely many 
prime numbers of the form 2°k +1 for any fixed n. 

Solution. Let us consider a prime p such that p|2?" +1. Then pia?" —1 
and consequently 0,(2)|2”*1. This ensures the existence of a positive integer 
k <n+1 such that 0,(2) + 2". We will prove that in fact k = n +1. 
The proof is easy. Indeed, if this is not the case, then 0,(2)|2” and so 
p|2°»?) — 1|2?” — 1. But this is impossible, since p|2?” + 1. Therefore, we 
have found that o,(2) = 2"t! and we have to prove that 0,(2)|p — 1 to 
finish the first part of the question. But this follows from the introduction. 

The second part is a direct consequence of the first. Indeed, it is enough 
to prove that there exists an infinite set of Fermat’s numbers (2?"" +1)n, 54 
any two relatively prime. Then we could take a prime factor of each such 
Fermat’s number and apply the first part to obtain that each such prime 
is of the form 2"k + 1. But not only it is easy to find such a sequence of 
Fermat’s coprime numbers, but in fact any two different Fermat’s numbers 
are relatively prime. Indeed, suppose that d|gcd(2?" + 1, gee 1). Then 
d|22”** — 1 and so d|22""" — 1. Combining this with d|22""" +1, we obtain 
a contradiction. Hence both parts of the problem are solved. 

Problem 7.3.3. For a prime p, let f,(v) =a?~1 + a?-2 +---+ e241. 

a) If p|m, prove that there exists a prime factor of fp(m) that is relatively 


prime with m(m — 1). 
b) Prove that there are infinitely many numbers n such that pn + 1 is 


prime. 
(2003 Korean IMO Team Selection Test) 


Solution. 

a) is straightforward. In fact, we will prove that any prime factor of 
fp(m) is relatively prime with m(m — 1). Take such a prime divisor q. 
Because g|1 +m-+---+m?!, it is clear that gcd(q,m) = 1. Moreover, if 
gcd(q,m—1) £1, then q|m—1 and because q|\1+m+---+m?-1, it follows 
that g|p. But p|m and we find that g|m, which is clearly impossible. 

More difficult is b). But we are tempted to use a) and to explore the 
properties of f,(m), just like in the previous problem. So, let us take a 
prime q|fp(m) for a certain positive integer m divisible by p. Then we 
have of course g|m? — 1. But this implies that og(m)|q and consequently 
Og(m) € {1,p}. If og(m) = p, then gq = 1 (mod p). Otherwise, g/m — 
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1 and because gq|fp(m), we deduce that g|p, hence q = p. But we have 
seen while solving a) that this is not possible, so the only choice is p|q — 
1. Now, we need to find a sequence (mzg)x>1 of multiples of p such that 
fp(mx) are pairwise relatively prime. This is not as easy as in the first 
example. Anyway, just by trial and error, it is not difficult to find such 
a sequence. There are many other approaches, but we like the following 
one: take m; = p and mz = pf (m1) fp(me2)... fp(mx—1). Let us prove that 
fp(mx) is relatively prime to fp(m1), fp(me2),..-, fp(mx—1). Fortunately, 
this is easy, since fp(m1)fp(me)..- fp(me—1)|fp(me) — fo(0)|fp(me) — 1. 
The solution ends here. 
Problem 7.3.4. Find the smallest number n with the property that 


Praia Br = 


Solution. The problem actually asks for 022005(17). We know that 
092008 (17) |o(22005) = 27094 so oy2005(17) = 2*, where k € {1,2,..., 2004}. 
The order of an element has done its job. Now, it is time to work with 
exponents. We have 2205|172" — 1. Using the factoring 


i =t 207 I ae ae A 


we proceed by finding the exponent of 2 in each factor of this product. But 
this is not difficult, because for all 7 > 0 the number 177 +1lisa multiple 
of 2, but not a multiple of 4. Thus, v2(172> — 1) = 4+ k and the order is 
found by solving the equation k + 4 = 2005. Thus, 092005 (17) = 270°! is the 
answer to the problem. 

Problem 7.3.5. Find all prime numbers p,q such that p? + 1|2003% 4+ 1 
and q? + 1|2003? + 1. 

Solution. Let us suppose that p < qg. We discuss first the trivial case 
p = 2. In this case, 5|20037 + 1 and it is easy to deduce that q is even, 
hence gq = 2, which is a solution of the problem. Now, suppose that p > 2 
and let r be a prime factor of p? + 1. Because r|20037% — 1, it follows 
that o0,(2003)|2g. Suppose that (q,0,(2003)) = 1. Then o0,(2003)|2 and 
r|2003? — 1 = 23-3-7-11-13- 167. It seems that this is a dead end, 
since there are too many possible values for r. Another simple observation 
narrows the number of possible cases: because r|p? + 1, must be of the form 
4k +1 or equal to 2 and now we do not have many possibilities: r € {2,13}. 
The case r = 13 is also impossible, because 20034 + 1 = 2 (mod 13) and 
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r|20037+1. So, we have found that for any prime factor r of p? +1, we have 
either r = 2 or qg\o,(2003), which in turn implies g|r — 1. Because p? + 1 
is even, but not divisible by 4 and because any odd prime factor of it is 
congruent to 1 modulo q, we must have p* + 1 = 2 (mod q). This implies 
that p? + 1 =2 (mod gq), that is q|(p — 1)(p +1). Combining this with the 
assumption that p < q yields g|p + 1 and in fact g = p+ 1. It follows that 
p = 2, contradicting the assumption p > 2. Therefore the only pair is (2,2). 


Proposed problems 
Problem 7.3.6. Find all ordered triples of primes (p,q,7) such that 
pla” +1,q|r? + 1, r|p? +1. 
(2003 USA IMO Team Selection Test) 


Problem 7.3.7. Find all primes p,q such that pq|2? + 2%. 

Problem 7.3.8. Prove that for any positive integer n, 3" — 2” is not 
divisible by n. 

Problem 7.3.9. Find all positive integers m,n such that n|1 + m3” + 
m3”, 


(Bulgarian IMO Team Selection Test) 


Problem 7.3.10. Let a,n > 2 be positive integers such that n|a”~!—1 
and n does not divide any of the numbers a” — 1, where x < n—1 and 
x|n — 1. Prove that n is a prime number. 


Problem 7.3.11. Find all prime numbers p,q for which the congruence 
a??1 = q (mod 3pq) 
holds for all integers a. 


(1996 Romanian Mathematical Olympiad) 


7.4  Wilson’s Theorem 


Theorem 7.4.1. (Wilson?’s Theorem) For any prime p, p|(p—1)! +1. 


2 John Wilson (1741-1793), English mathematician who published this results without 


proof. It was first proved by Lagrange in 1773 who showed that the converse is also true. 
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Proof. The property holds for p = 2 and p = 3, so we may assume that 
p> 5. Let S = {2,3,...,p—2}. For any h in S, the integers h, 2h,..., (p— 
1)h yield distinct remainders when divided by p. Hence there is a unique 
h’ € {1,2,...,p — 1} such that hh’ = 1 (mod p). Moreover, h’ 4 1 and 
h' £ p—1, hence h’ € S. In addition, h’ 4 h, otherwise h? = 1 (mod p), 
implying p|h —1 or p|h+1, which is not possible, since h+1 < p. It follows 
=e distinct pairs (h, h’) such 
that hh’ = 1 (mod p). Multiplying these congruences gives (p — 2)! = 1 


that we can group the elements of S' in = 


(mod p) and the conclusion follows. 


Remark. The converse is true, that is if n|(n — 1)! +1 for an integer 
n > 2, then n is a prime. Indeed, if n were equal to n1n2 for some integers 
n1,N2 > 2, we would have nj|1-2...n1...(m—1)+1, which is not possible. 

Problem 7.4.1. If p is an odd prime, then the remainder when (p— 1)! 
is divided by p(p—1) is p—1. 

Solution. We need to show that (p — 1)! =p—1 (mod p(p— 1)). 

From Wilson’s Theorem we obtain (p—1)!—(p—1) = 0 (mod p). Because 
(p — 1)! — (p—1) =0 (mod p— 1) and gcd(p, p — 1) = 1 we get 


(p= 1)l=(p= 1) =0. (ned p(p = 1)). 


Problem 7.4.2. Let p be an odd prime and aj, 4@2,...,@p an arithmetic 
sequence whose common difference is not divisible by p. Prove that there is 
anieé {1,2,...,p} such that a; + aja2...dp =0 (mod p?). 

Solution. Note that a1, a2,...,a, give distinct remainders when divided 
by p. Take i such that a; = 0 (mod p). It follows that 


ayag...a 
—— =(p—1)! (mod p). 
From Wilson’s Theorem, we have (p — 1)! = —1 (mod p) and the con- 


clusion follows. 
Problem 7.4.3. Let a and n be positive integers such that n > 2 and 
gcd(a,n) = 1. Prove that 


a”'+(n—1)!=0 (mod n) 


if and only if n is a prime. 

Solution. If n is a prime the conclusion follows from Fermat’s Little 
Theorem and Wilson’s Theorem. 

For the converse, assume by way of contradiction that n = ning, where 
ny > Ng > 2. 
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Because nla”! + (n — 1)!, it follows that nila"~! + (n — 1)!, that is 
nila"—', contradicting the hypothesis gcd(a,n) = 1. 
Problem 7.4.4. If p is an odd prime, then for any positive integer n < p, 


(n —1)!(p—n)!=(-1)" (mod p). 


Solution. From Wilson’s Theorem, (p — 1)! = —1 (mod p), hence 
(n—1)!ln(n+1)...(2—1) =-1 (mod p). 
This is equivalent to 


HIN =n) p= n=—1)).n dp SHl medsp). 


But p—k=~—k (mod p), k= 1,2,...,p—n, hence 
(n—1)'"(-1)?-"(p—n)!=—-1 (mod p), 


and taking into account that p is odd, the conclusion follows. 


Proposed problems 


Problem 7.4.5. Let p be an odd prime. Prove that 


p+l 


1? 37...(p—2)? =(-1) = (mod p) 


and 
92.42... (p—1)2=(-1)" (mod p). 


Problem 7.4.6. Show that there do not exist nonnegative integers k 
and m such that k! + 48 = 48(4 +1)”. 


(1996 Austrian-Polish Mathematics Competition) 


Problem 7.4.7. For each positive integer n, find the greatest common 
divisor of n! +1 and (n+ 1)!. 


(1996 Irish Mathematical Olympiad) 


Problem 7.4.8. Let p > 3 be a prime and let o be a permutation of 
{1,2,...,p—1}. Prove that there are i 4 j such that plia(i) — jo(j). 


(1986 Romanian IMO Team Selection Test) 
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8 


Diophantine Equations 


8.1 Linear Diophantine equations 


An equation of the form 


121 +++++4n%p = b (1) 
where a1, 42,...,@n,0 are fixed integers, is called linear Diophantine! equa- 
tion. We assume that n > 1 and that coefficients a,,...,a@, are all different 


from zero. 
The main result concerning linear Diophantine equations is the following: 
Theorem 8.1.1. The equation (1) is solvable if and only if 


gcd(a1,...,@n)|b. 


In case of solvability, all integer solutions to (1) can be expressed in terms 
of n — 1 integral parameters. 

Proof. Let d= gcd(aj,..., dn). 

If b is not divisible by d, then (1) is not solvable, since for any integers 
X1,-.-,Xn the left-hand side of (1) is divisible by d and the right-hand side 


is not. 


1 Diophantus of Alexandria (about 200 - about 284), Greek mathematician sometimes 
known as the father of algebra” who is the best known for his book ” Arithmetica”. This 


had an enormous influence on the development of number theory. 
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If d|b, then we obtain the equivalent equation 
a,x fore Gtr, =U, 


where a, = a;/d for i = 1,...,n and b! = b/d. Clearly, we have 
ged(ai,...,a),) =1. 

We use induction on the number n of the variables. In the case n = 1 
the equation has the form x; = b or —2x, = b, and thus the unique solution 
does not depend on any parameter. 

Actually, we need to prove that gcd(a1,%2,...,%n) is a linear combina- 
tion with integer coefficients of 71, 7%2,...,%,. For n = 2 this follows from 
Proposition 1.3.1. Since 


gcd(x1,...,%n) = ged(gcd(#1,...,%n—1),2n), 


we obtain that gcd(a#,...,%) is a linear combination of x, and 
gcd(x1,...,%n-1), thus by induction hypothesis, a linear combination of 
U1,5+-++5Un-1,Un- 


Corollary 8.1.2. Let a1, a2 be relatively prime integers. If (x$,x$) is a 
solution to the equation 


Q1X%1 + AQX2Q = b, (2) 


then all of its solutions are given by 


Ly =a + agt 
x2 =a —ayt 


where t € Z. 
Example. Solve the equation 


3x + 4y + 5z = 6. 


Solution. Working modulo 5 we have 3x + 4y = 1 (mod 5), hence 
38a+4y=1+4+5s, s eZ. 


A solution to this equation is c = —1+ 3s, y= 1-—s. Applying (3) we 
obtain s = —-14+3s+4t, y=1-—s-—- 3t,t € Z, and substituting back into 


the original equation yields z = 1 — s. Hence all solutions are 


(a, y,z) = (-14+ 38+ 4t,1—s-—3t,l-—s), s,t€Z. 
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Problem 8.1.1. Solve in nonnegative integers the equation 


etyte+ayz=acyt+yez+2042. 


Solution. We have 


xyz —(aytyz+2r4)+a+y+2-1=1, 


and, consequently, 
(w—1)(y—1)(z-1) =1. 


Because x, y, Z are integers, we obtain 


e-Ley-1]=2-1=1, 


sor=y=z=2. 
Problem 8.1.2. Find ail triples (x,y,z) of integers such that 


Solution. The equation is equivalent to 
(x — y)(w — z)(y— 2) = 2. 


Observe that (x — y) + (y— z) = «—-—z. On the other hand, 2 can be 
written as a product of three distinct integers in the following ways 

i) 2= (—1)- (-1) -2, 

ii) 2=1-1-2, 

iii) 2 = (—1)-1- (—2). 

Since in the first case any two factors do not add up to the third, we 
only have three possibilities: 

z-y=1 
a) <4 a—z=2 so (a,y,z) = (k+1,k,k —1) for some integer k; 


y-z=1 
e-y=-2 
b) 4 2-z=-1 so (a,y,z) =(k—1,k+1,k) for some integer k; 
y-z=1 
z-y=l1 


c)4 x—-z=-1. so (a,y,z) = (k,k—1,k+1) for some integer k. 
y-z2=-2. 
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Problem 8.1.3. Let p and q be prime numbers. Find all positive integers 
x and y such that 


Solution. The equation is equivalent to 


(x — pq)(y — pq) = pa’. 


We have the cases: 
c—pq=l,y- Pa= Pia", sor =1+pq, y = pq(1 + pq). 


1) 
2)2—pq=p,y—pa= pq’, sox =p(l+q),y=pa(l+q). 
ee PL Poe e0 at 9) ip tp): 
) 
5) 


4) x£—pq=p,y-pq=¢,soxr=p(p+q), y=4(p+4)- 
z— pq = pq, Y — pq = pq, so x = 2pq, y = 2pq. 

The equation is symmetric, so we have also: 

6) « =pq(1+pq), y=1+p¢. 

7) c=pq(1+q), y=p(l+4q). 

8)c=pq(1+p), y= +p). 

9)x=q(1+q), y=p(pt+q). 


Proposed problems 


Problem 8.1.4. Solve in integers the equation 
(2? + 1)(y? +1) + 2(@ — y)(1— zy) = 4(14 ay). 


Problem 8.1.5. Determine the side lengths of a right triangle if they 
are integers and the product of the legs’ lengths equals three times the 
perimeter. 


(1999 Romanian Mathematical Olympiad) 


Problem 8.1.6. Let a,b and c be positive integers, each two of them 
being relatively prime. Show that 2abc — ab — bc — ca is the largest integer 
which cannot be expressed in the form xbc + yca + zab where x,y and z 


are nonnegative integers. 


(24*? IMO) 
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8.2 Quadratic Diophantine equations 
8.2.1 Pythagorean equation 


One of the most celebrated Diophantine equation is the so-called 
Pythagorean equation 


etypa2 (1) 


Studied in detail by Pythagoras? in connection with the right-angled tri- 
angles whose sidelengths are all integers, this equation was known even to 
the ancient Babylonians. 

Note first that if the triple of integers (x0, yo, Zo) satisfies the equation 
(1), then all triples of the form (kao, kyo, kzo), & € Z, also satisfy (1). That 
is why it is sufficient to find solutions (x,y,z) to (1) with gcd(z,y, z) = 1. 
This is equivalent to the fact that x,y, z are pairwise relatively prime. 

A solution (20, yo, 20) to (1) where 2, yo, 20 are pairwise relatively prime 
is called primitive solution. 

Theorem 8.2.1. Any primitive solution (x,y,z) in positive integers to 
the equation (1) is of the form 


g=m—n?, y=2mn, z=m'?+n? (2) 
where m and n are relatively prime positive integers such that m > n. 


Proof. The integers « and y cannot be both odd, for otherwise 
=e? +y? =2 (mod 4), 


a contradiction. Hence exactly one of the integers x and y is even. 
The identity 


(m? — n?)? + (2mn)? = (m? + n?)? 


shows that the triple given by (2) is indeed a solution to the equation (1) 
and y is even. 
Moreover, if gcd(x,y, z) = d > 2, then d divides 


2m? = (m? +n?) + (m? — n?) 


2 Pythagoras of Samos (about 569BC - about 475BC), Greek philosopher who made 
important developments in mathematics, astronomy, and the theory of music. The the- 
orem now known as Pythagoras’s theorem was known to Babylonians 1000 years earlier 


but he may have been the first to prove it. 
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and d divides 
2 


In? = (m? +n?) — (m? — nr). 

Since m and n are relatively prime it follows that d = 2. Hence m? + n? 
is even, in contradiction with m odd and n even. It follows that d = 1, so 
the solution (2) is primitive. 

Conversely, let (x,y,z) be a primitive solution to (1) with y = 2a. Then 
x and z are odd and consequently the integers z + x and z — & are even. 
Let z+a = 2b and z — x = 2c. We may assume that b and c are relatively 
prime, for otherwise z and x would have a nontrivial common divisor. On 
the other hand, 4a? = y? = z? — z? = (z+ 2)(z— 2) = Abc, ie. a? = be. 
Since b and ¢ are relatively prime, it follows that b = m? and c = n? for 


some positive integers m and n. We obtain 


eg=b—c=m'*—n?, y=2mn, z=b+c=m? +n’. 


A triple (x,y, z) of the form (2) is called a Pythagorean triple. 

In order to list systematically all the primitive solutions to the equation 
(1), we assign values 2,3,4,...for the number m successively and then for 
each of these values we take those integers n which are relatively prime to 
m, less than m and even whenever m is odd. 

Here is the table of the first twenty primitive solutions listed according 


to the above-mentioned rule. 


EE OS) eS NO CC Sn OE Ps! 
ws 
BIS 
of & 
lon 
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So Oe OOS © © © 
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m 
2 
3 
4 
4 
5 
5 
6 
6 
7 
7 


Corollary 8.2.2. The general integral solution to (1) is given by 


g=k(m?—n?), y=2kmn, z=k(m?+4+n’), (3) 
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where k,m,n € Z. 
Problem 8.2.1. Solve the following equation in positive integers 


x? +y? = 1997(2 — y). 


(1998 Bulgarian Mathematical Olympiad) 


Solution. The solutions are 
(x,y) = (170, 145) or (1827, 145). 
We have 
x? +y? = 1997(2 — y) 
2(a? + y”) =2 x 1997(a« — y) 
zg? +y? + (a? +y? —2 x 1997(2 — y)) =0 
(x+y)? + ((w@—y)? — 2 x 1997(@— y)) =0 
(a + y)? + (1997 — 2 + y)? = 19977. 
Since x and y are positive integers, 0 << «+y < 1997 and 0 < 1997-—a+ 
y < 1997. Thus the problem reduces to solving a? + b? = 1997? in positive 


integers. Since 1997 is a prime, gcd(a, b) = 1. By Pythagorean substitution, 
there are positive integers m > n such that gcd(m,n) = 1 and 


1997 =m?4+n?, a=2mn, b=m?—n’. 


Since m?,n? = 0,1,—1 (mod 5) and 1997 = 2 (mod 5), m,n = +1 
(mod 5). Since m?,n* = 0,1 (mod 3) and 1997 = 2 (mod 3), m,n = +1 
(mod 3). Therefore m,n = 1,4,11,14 (mod 15). Since m > n, 1997/2 < 
m? < 1997. Thus we only need to consider m = 34, 41, 44. The only solution 
is (m,n) = (34, 29). Thus 


(a,b) = (1972, 315), 


which leads to our final solutions. 


Proposed problems 


Problem 8.2.2. Find all Pythagorean triangles whose areas are numer- 
ically equal to their perimeters. 

Problem 8.2.3. Prove that for every positive integer n there is a positive 
integer & such that k appears in exactly n nontrivial Pythagorean triples. 


(American Mathematical Monthly) 
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8.2.2 Pell’s equation 
A special quadratic equation is 
uw? — Dv? =1 (1) 


where D is a positive integer that is not a perfect square. Equation (1) is 
called PelP ’s equation and it has numerous applications in various fields 
of mathematics. We will present an elementary approach to solving this 
equation, due to Lagrange. 

Theorem 8.2.3. If D is a positive integer that is not a perfect square, 
then the equation (1) has infinitely many solutions in positive integers and 


the general solution is given by (tn, Un)n>1; 
Un+1 = Uotin + Dvn, Unt1 = VoUn + UoUn, U1 =Uo, V1=Vo (2) 


where (uo, vo) ts its fundamental solution, i.e. the minimal solution different 
from (1,0). 

Proof. First, we will prove that the equation (1) has a fundamental 
solution. 

Let c; be an integer greater than 1. We will show that there exist integers 
t1,w , > 1 such that 


1 
lé1 —wivD| < —, WwW, <cy. 
1 


Indeed, considering i, = [kV/D + 1], k = 0,1,...,c1, yields 0 < , — 
k/D <1,k =0,1,...,¢1, and since VD is an irrational number, it follows 
that Ip, # ly whenever k’ x KY. 

There exist 7, 7,p € {0,1,2,...,c1$, i AJ, p £0, such that 


a4 -1 
Pe <h=ivD< = ana —-2p=jvp <2 
C1 Cl Cl C1 


-1 
because there are c; intervals of the form (2 ; 2) ,p=0,1,...,c, and 
C1 C1 


c, +1 numbers of the form I, —kVD, k = 0,1,...,¢1. 
1 


From the inequalities above it follows that |(l; — 1;) — (j — i)VD| < — 
Cy 


1 

and setting |J; — 1,| = ti and |j — i] = wy yields |t; - wivD| < — and 
C1 

Wi < Cy. 


3 John Pell (1611-1685), English mathematician best known for ”Pell’s equation” 
which in fact he had litlle to do with. 
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Multiplying this inequality by t; + wi/D < 2w,:VD +1 gives 


1 
\t2 — Dw?| < 24 VD+ — <2VD41. 
C1 C1 


1 
Choosing a positive integer cp > c, such that |t; — wivD| > —, we 
C2 
obtain positive integers tz, wo with the properties 


|t3 — Dw3| <2VD+1 and |t, — tal + wi — wo| £0. 


By continuing this procedure, we find a sequence of distinct pairs 
(tn, Wn)n>1 Satisfying the inequalities |t2 — Dw2| < 2VD +1 for all posi- 
tive integers n. It follows that the interval (-2V/D — 19+ 1) contains 
a nonzero integer k such that there exists a subsequence of (tn,Wn)n>1 
satisfying the equation t? — Dw? = k. This subsequence contains at least 
two pairs (ts, ws), (tr, wr) for which t, = t,(mod|k|), ws = w,(mod|&l), 
and t,w, —t,-ws 4 0, otherwise t, = t, and ws = w,;, in contradiction with 
\ts —t,| + |ws — w,| 4 0. 

Let to =t,t, — Dwsw, and let wo = t,w, — t-ws. Then 


#2 — Dwe = k’. (3) 


On the other hand, to = tst, — Dwsw, = t? — Dw? = 0(mod|k|), and it 
follows immediately that wo = 0(mod|k|). The pair (t,w) where to = t|k| 
and wo = w|k| is a nontrivial solution to equation (1). 

We show now that the pair (un, Un) defined by (2) satisfies Pell’s equation 
(1). We proceed by induction with respect to n. Clearly, (uo, vo) is a solution 
to the equation (1). If (un, v,) is a solution to this equation, then 


ae - Die = (uptin + Dupin)? — D(voun + Uovn)? = 
= (ug — Dug) (uz, — Duz) = 1, 


ie. the pair (tin41, Un+41) is also a solution to the equation (1). 
It is not difficult to see that for all positive integer n, 


Un-1 + Un-1VD = (uo + voV D)”. (4) 


Let Zn = Un—1 + Un-1VD = (uo + voVD)" and note that z1 < 22 < 
+++ << Zn) <.... We will prove now that all solutions to the equation (1) 
are of the form (4). Indeed, if the equation (1) had a solution (u,v) such 
that z = u+vvVD is not of the form (4), then 2m < 2 < Zm41 for some 
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integer m. Then 1 < (ut+uvVD) (um —UmVD) < uo + voVD, and therefore 
1 < (utm — Dvvm) + (umv — UWm)VD < up + voVD. On the other hand, 
(Utm — Dvvm)? — D(umv — um)? = (u? — Dv?)(u2, — Dv?2,) = 1, ie. 


(UUm — Dvvm,Um¥ — UVm) is a solution of (1) smaller than (uo, vo), in 


contradiction with the assumption that (wo, vo) was the minimal one. 


Remarks. 1) The relations (1) could be written in the following useful 


Unti \  [ Uo Dvo Un 
Unt vo Uo Un 


matrix form 


from where 


If 


uo Duo ‘i = an bn 
Vo Uo “| Cn dn 


then it is well-known that each of an,bn,Cn,dp is a linear combination of 


UO Dvo 


AT, Ad, where Ay, Az are the eigenvalues of the matrix . By 


vo Uo 
using (5) after an easy computation it follows that 


tin = 5[(uo + vWD)" + (uo — vWD)", 


; (6) 
Un = Wile + upVD)" — (uo — vWD)" 

2) The solutions to Pell’s equation given in one of the forms (4) or (6) 
may be used in the approximation of the square roots of positive integers 
that are not perfect squares. Indeed, if (un,vn) are the solutions of the 
equation (1), then 


1 
Un — UnV D = ——————= 
Un + UnVD 


and so 


U 1 1 1 
VD = —__ _ < —_ <—. 
Un Un(Un +UnVD) ~ VDv2 — v2 


It follows that 
lim — = VD, (7) 


NCO Un 


F , u ; : 1 
ie. the fractions —- approximate VD with an error less than aie 
v 


n n 
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Problem 8.2.4. Consider the sequences (Un)n>1, (Un)n>1 defined by 
uy = 3, vy = 2 and Unqi = 38Un + 4Un, Un41 = 2Un + 3Un, n > 1. Define 
In =Un+Un; Yn = Unt+2Un, n> 1. Prove that yn = [%nV2| for all n > 1. 

Solution. We prove by induction that 


“n= Ie = 1. (1) 


For n = 1 the claim is true. Assuming that the equality is true for some 


n, we have 


U2 41 — 20241 = (Bun + 40n)? — 2(2un + 80n)? = u2 — 202 =1 


hence (1) is true for all n > 1. 
We prove now that 
2a, —yn=l nz (2) 
Indeed, 
2a? — 2 = (Un + Un)? — (Un + 20n)? = us — 22 = 1, 


n 


as claimed. It follows that 
(env2- Un) (env2+ Yn) =1, n>1. 
Notice that rp,/2 + Yn > 1 so 
0 < anV2— Yn <1, n> 1. 


Hence yn, = [eal 2a as claimed. 

Problem 8.2.5. Show that there exists infinitely many systems of pos- 
itive integers (x,y, z,t) which have no common divisor greater than 1 and 
such, that 

eyo 2at, 


(2000 Romanian IMO Team Selection Test) 


First Solution. Let consider the identity: 


We may write it under the form: 


(n-1)? +n? + oa = (meey. 
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n 
It is sufficient to find positive integers n for which is a perfect 


(n+ 1) 
2 


square. Such a goal can be attained. 
Let us remark that the equality 


(2n +1)? — 2(22)? =1 


can be realized by taking the solutions (uz, vg) of the Pell equation u? — 
2v? = 1, where up = 3, vp = 2 and uz, vg are obtained from the identity: 


(uo + V2v0)* (uo _ V2v0)* = (Uk + V2vz) (ur _ V2vz) =1. 
Alternative Solution. Let consider the following identity: 
(a+1)*— (a—1)* = 8a? + 8a, 


where a is a positive integer. Take a = b?, where b is an even integer 


number. From the above identity one obtains: 
(b° + 1)* = (20%)? + (2b)? + [(b? — 1)?). 


Since b is even number, 6? + 1 and b? — 1 are odd numbers. It follows 
that the numbers x = 2b, y = 2b, z = (b? — 1)? and t = b? + 1 have no 


common divisor greater than 1. 


Proposed problems 


Problem 8.2.6. Let p be a prime number congruent to 3 modulo 4. 
Consider the equation 


(p+ 2)x? — (p+ 1)y? + pa + (p+ 2)y =1. 


Prove that this equation has infinitely many solutions in positive integers, 
and show that if (2,y) = (xo, yo) is a solution of the equation in positive 
integers, then p|xo. 


(2001 Bulgarian Mathematical Olympiad) 
Problem 8.2.7. Determine all integers a for which the equation 
gt+asyty?=1 
has infinitely many distinct integer solutions (2, y). 


(1995 Irish Mathematical Olympiad) 
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Problem 8.2.8. Prove that the equation 
x? +? + 23 +43 = 1999 
has infinitely many integral solutions. 


(1999 Bulgarian Mathematical Olympiad) 


8.2.3 Other quadratic equations 


There are many other general quadratic equations that appear in con- 
crete situations. Here is an example. 


Consider the equation 
ary + ba+cy+d=0, (1) 


where a is a nonzero integer and 0, c,d are integers such that ad — bc £ 0. 

Theorem 8.2.4. If gcd(a, b) = gcd(a,c) = 1, then equation (1) is solv- 
able if and only if there is a divisor m of ad — bc such that alm — b or 
alm —c. 


Proof. We can write (1) in the following equivalent form: 
(az + c)(ay + b) = bc — ad. (2) 


If such a divisor m exists and alm — c, then we take az + c = m and 
ay +b =m’, where mm’ = bc — ad. In order to have solutions it suffices to 
show that a|m/’—b. Indeed, the relation mm’ = be—ad implies (ax+c)m’ = 
bc—ad, which is equivalent to a(m'x+d) = —c(m’—6). Taking into account 


that gcd(a,c) = 1, we get alm’ — b. 


The converse is clearly true. 


Remarks. 1) In case of solvability, equation (1) has only finitely many 
solutions. These solutions depend upon the divisors m of ad — bc. 

2) If a does not divide b — c, then equation (1) is not solvable because 
from the proof of the theorem it follows that conditions a|m—b and a|m—c 
are equivalent and, in case of solvability, they hold simultaneously. In this 


case a must divide (m — c) — (m— b) =b-—e. 


Example. Solve the equation 
3cy + 4x + 7y+6=0. 


Solution. We have ad — bc = —10, whose integer divisors are —10, —5, 
—2, —1, 1, 2, 5, 10. The conditions in Theorem 8.2.4 are satisfied only for 
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m = —5, —2, 1, 10. We obtain the solutions (x, y) = (—4, —2), (—3, —3), 
(—2,2), (1,-1), respectively. 
In what follows you can find several nonstandard quadratic equations. 
Problem 8.2.9. For any given positive integer n, determine (as a func- 


tion of n) the number of ordered pairs (x,y) of positive integers such that 
ge —y? = 107-30". 
Prove further that the number of such pairs is never a perfect square. 
(1999 Hungarian Mathematical Olympiad) 


Solution. Because 107-30?” is even, 2 and y must have the same parity. 
c+y x-y 
QZ 2 
a pair of positive integers that satisfies u > v and uv = 5? - 302”. Now 
52 . 3027 = 227. 32m . 52n+2 has exactly (2n + 1)7(2n + 3) factors. Thus 
without the condition u > v there are exactly (2n + 1)?(2n + 3) such pairs 


is 


Then (a,y) is a valid solution if and only if (u,v) = 


(u,v). Exactly one pair has u = v, and by symmetry half of the remaining 
pairs have u > v. It follows that there are 5((2n + 1)?(2n + 3) —1) = 
(n + 1)(4n? + 6n +1) valid pairs. 

Now suppose that (n + 1)(4n? + 6n + 1) were a square. Because n + 1 
and 4n? + 6n +1 = (4n + 2)(n +1) — 1 are coprime, 4n? + 6n + 1 must 
be a square as well. However, (2n + 1)? < 4n?+6n+1 < (2n+2)?,a 
contradiction. 

Problem 8.2.10. Prove that the equation a? + b? = c? +3 has infinitely 


many integer solutions {a, b,c}. 
(1996 Italian Mathematical Olympiad) 


Solution. Let a be any odd number, let b = (a?—5)/2 and c = (a?—1)/2. 
Then 
c? — b = (c+ b)(c— b) = a? —3. 
Remark. Actually one can prove that any integer n can be represented 


in infinitely many ways in the form a? + b? — c? with a,b,c € Z. 


Proposed problems 


Problem 8.2.11. Prove that the equation 


at+y?+227+3(e+ytz)+5=0 
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has no solutions in rational numbers. 
(1997 Bulgarian Mathematical Olympiad) 
Problem 8.2.12. Find all integers x,y,z such that 5x? — 14y? = 1127. 
(2001 Hungarian Mathematical Olympiad) 


Problem 8.2.13. Let n be a nonnegative integer. Find the nonnegative 
integers a,b,c, d such that 


at++ce4d?=7-4". 
(2001 Romanian JBMO Team Selection Test) 
Problem 8.2.14. Prove that the equation 
a ty? 4 22 4 22 = 22004, 
where 0 < a2 <y<a<t, has exactly two solutions in the set of integers. 
(2004 Romanian Mathematical Olympiad) 


Problem 8.2.15. Let n be a positive integer. Prove that the equation 


1° 4 
c+y+—+—=3n 
coy 


does not have solutions in positive rational numbers. 


8.3 Nonstandard Diophantine equations 


8.3.1 Cubic equations 


Problem 8.3.1. Find all pairs (x,y) of nonnegative integers such that 
x3 + 8x? —62+8=y?. 


(1995 German Mathematical Olympiad) 
Solution. Note that for all real x, 


0 < 52? — 92 +7 = (2° + 82? — 62 +8) — (x +1). 


Therefore if (z,y) is a solution, we must have y > x + 2. In the same 


vein, we note that for x > 1, 


O>—27 — 382 +15 = (2? + 8a? — 62 + 8) — (2? + 9a? + 272 + 27). 
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Hence we either have x = 0, in which case y = 2 is a solution, or x > 1, 
in which case we must have y = x + 2. But this means 


0 = (x? + 8a? — 6x + 8) — (x? + 6a? + 122 + 8) = 2x? — 182. 


Hence the only solutions are (0,2), (9,11). 
Problem 8.3.2. Find all pairs (x,y) of integers such that 


pay? + 2y? +1. 


(1999 Bulgarian Mathematical Olympiad) 


Solution. When y? + 3y > 0, (y+ 1)? > x? > y?. Thus we must have 
y? +3y <0, and y = —3, —2, —1, or 0, yielding the solutions (x, y) = (1,0), 
(1,—2), and (—2, —3). 

Problem 8.3.3. Find all the triples (x,y,z) of positive integers such 
that 

ry +yz+ 2H — xyz = 2. 


Solution. Let x < y < z. We consider the following cases: 
1) For x = 1, we obtain y + z = 2, and then 


(2, y,z) = (1,1, 1). 


2) If = 2, then 2y + 2z — yz = 2, which gives (z — 2)(y — 2) = 2. The 
solutions are z = 4, y = 3 or z = 3, y = 4. Due to the symmetry of the 


relations the solutions (x, y,z) are 
(2,3,4), (2,4,3), (3,2,4), (4,2,3), (3,4,2), (4,3, 2). 


3) Ifa >3,y> 3, 2> 3 then xyz > 3yz, xyz > 3x2, xyz > 3xy. Thus 
ry +2z+yz— xyz < 0, so there are no solutions. 


Problem 8.3.4. Determine a positive constant c such that the equation 
ry’ —y*-xz+y=c 
has exactly three solutions (x,y) in positive integers. 


(1999 United Kingdom Mathematical Olympiad) 
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Solution. When y = 1 the left-hand side is 0. Thus we can rewrite our 
equation as 
y(y—1) +e 
(y+1)(y-1)) 


The numerator is congruent to —1(—2) +c modulo (y+ 1), and it is also 


congruent to c modulo (y — 1). Hence we must have c = —2 (mod (y+1)) 
and c = 0 (mod (y — 1)). Because c = y — 1 satisfies these congruences, 
we must have c= y— 1 (mod lem(y — 1,y+1)). When y is even, lem(y — 
1,y+1) = y? —1; when y is odd, Iem(y —1,y+1) = Sy? — 1). 

Then for y = 2,3,11 we have c = 1 (mod 3), c = 2 (mod 4), c = 10 
(mod 60). Hence, we try setting c = 10. For x to be an integer we must 
have (y—1)|10 => y = 2,3,6, or 11. These values give x = 4,2, =, and 
1, respectively. Thus there are exactly three solutions in positive integers, 
namely (x,y) = (4,2), (2,3), and (1,11). 


Proposed problems 


Problem 8.3.5. Find all triples (2, y, z) of natural numbers such that y 


is a prime number, y and 3 do not divide z, and x? — y? = 2z?. 


(1999 Bulgarian Mathematical Olympiad) 


Problem 8.3.6. Find all the positive integers a, b,c such that 
a’ +b? +c? = 2001. 
(2001 Junior Balkan Mathematical Olympiad) 


Problem 8.3.7. Determine all ordered pairs (m,n) of positive integers 
such that 
ne+1 
mn—-1 


is an integer. 


(35*" IMO) 


8.3.2 High-order polynomial equations 


Problem 8.3.8. Prove that there are no integers x,y,z so that 


at +yt + 24 — Qa y? — Qy?z? — 2272? = 2000. 
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Solution. Suppose by way of contradiction that such numbers exist. 
Assume without loss of generality that x, y, z are nonnegative integers. 

At first we prove that the numbers are distinct. For this, consider that 
y = z. Then x* — 4x?y? = 2000, hence z is even. 

Setting x = 2t yields ¢?(t? — y”) = 125. It follows that t? = 25 and 
y? = 20, a contradiction. 

Let now 2 > y > z. Since x++y* + 24 is odd, at least one of the numbers 
x,y,z is even and the other two have the same parity. Observe that 


x + yt + 24 Q27y? Qy?27 22777 


=(a@+ytz)\(@—-y-z)@—ytz)(e@+y— 2), 


each of the four factors being even. Since 2000 = 16-125 = 24-125 we deduce 
that each factor is divisible by 2, but not by 4. Moreover, the factors are 
distinct 


t+ytz2>ut+y-z>uU-y+t2z>ur-y-zZ. 


The smallest even divisors of 2000 that are not divisible by 4 are 2, 10, 
50, 250. But 2-10-50 - 250 > 2000, a contradiction. 
Problem 8.3.9. Find the smallest value for n for which there exist the 


positive integers £1,...,X%n with 


at tagt-::+24 = 1998. 


Solution. Observe that for any integer x we have x* = 16k or x* = 
16k + 1 for some k. 

As 1998 = 16-124 + 14, it follows that n > 14. 

If n = 14, all the numbers 2, 22,...,214 must be odd, so let rf = 
16a, +1. Then az = is S$ ae henseay SOP BUAGO 2 and 
ay + a2 +-+++ a4 = 124. It follows that a, € {0,5,39} for all k = 1,14, 
and since 124 = 5- 24+ 4, the number of the terms az equal to 39 is 1 or 


at least 6. A simple analysis show that the claim fails in both cases, hence 
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n> 15. Any of the equalities 
19908 95" he 3 oP Br BA St Bt at Be 
+ {4414414 
Sh ht aa? gh BA Bt Bt Be 
-j44+14414414414+14 


proves that n = 15. 
Problem 8.3.10. Find all integer and positive solutions (x,y, z,t) of the 
equation 
(c+ y)ytz)(2+2) = tryz 


such that (x,y) = (y,z) = (z, 2) =1. 
(1995 Romanian Mathematical IMO Team Selection Test) 


Solution. It is obvious that (z,z+y) = (z,x +z) =1, then «x divides 
yt z, y divides z+ and z divides x + y. Let a,b, and c be integers such 
that 


ety=c 
ytz=ax 
z+u = by. 


We may assume that « > y > z. If y = z, then y = z = 1 and then 
x € {1,2}. If x = y, then « = y= 1 and z = 1. So, assume that x > y > z. 
Since a = ve < 2, we have a = 1 and x = y +z. Thus, yly + 2z and 
y|2z. Since y > Z, y = 2z and since gcd(y, z) = 1, one has z = 1, y = 2, 
r=3. 

Finally the solutions are (1,1, 1,8), (2,1,1,9), (3,2,1,10) and those ob- 
tained by permutations of a, y, z. 

Problem 8.3.11. Determine all triples of positive integers a,b,c such 
that a? +1, b? +1 are prime and (a? + 1)(b? +1) =c? +1. 


(2002 Polish Mathematical Olympiad) 


Solution. Of course, we may assume that a < b. Since a?(b? +1) = (c- 
b)(c+b) and b?+1 is a prime, we have b? +1|c—b or b?+1|c+0. If b?+1|c—b, 
then a? > c+b > 6?+2b+1, impossible since a < b. So there is k such that 
+b = k(b2-+1) and a2 = k(b2-+1)—20. Thus, b2 > &(b2-+1)—2b > kb2—28, 
from where k < 2. If k = 2, then b? > 2b? — 2b+ 2, thus (6-1)? +1 <0, 
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false. Thus k = 1 and a = b—1. But then 6? +1 and (b— 1)? +1 are primes 
and at least one of them is even, forcing b—1=1 and b=2,a=1,c=3. 
By symmetry, we find (a, b,c) = (1, 2,3) or (2,1,3). 


Proposed problems 


Problem 8.3.12. Prove that there are no positive integers x and y such 
that 
a ty? +1=(¢+2)? + (y—3)°. 


Problem 8.3.13. Prove that the equation y? = x° — 4 has no integer 


solutions. 
(1998 Balkan Mathematical Olympiad) 


Problem 8.3.14. Let m,n > 1 be integer numbers. Solve in positive 
integers the equation 
ey ty” =2”™. 


(2003 Romanian Mathematical Olympiad) 


Problem 8.3.15. For a given positive integer m, find all pairs (n, x, y) of 
positive integers such that m, n are relatively prime and (x?+y?)"™ = (xy)”, 
where n, x,y can be represented in terms of m. 


(1995 Korean Mathematical Olympiad) 


8.3.3 Exponential Diophantine equations 


Problem 8.3.16. Find the integer solutions to the equation 


97 — 37 = y* + Qy? + y? + Qy. 


Solution. We have successively 
4((3”)? — 37) +1 = 4y* + 8y? + 4y? + 8y +1, 


then 
(2t — 1)? = 4y* + 8y? + 4y? + 8y +1, 


where 3” =t > 1 since it is clear that there are no solutions with x < 0. 
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Observe that 
(2y? + 2y)? < BE < (2y? + 2y4+1)?. 
Since E = (2t — 1)? is a square, then 
E = (2y* + 2y+1)? 


if and only if 
4y(y— 1) =0, 

soy=Oory=1. 

Ify=Othent=1landx=0. 

Ify=1, thent=3 andze=1. 

Hence the solutions (x, y) are (0,0) and (1,1). 

Problem 8.3.17. The positive integers x,y, z satisfy the equation 22” = 
y¥ + 2%. Prove thatx=y=z. 


(1997 St. Petersburg City Mathematical Olympiad) 


Solution. We note that (2 + 1)?! > a®*! + (x + 1)x® > 22%. Thus we 
cannot have y > x or z > @, else the right side of the equation will exceed 
the left. But then 22” > y¥ + z*, with equality if and only if r= y= <z. 

Problem 8.3.18. Find all solutions in nonnegative integers x,y, z of the 
equation 

2” + 3Y = 2”, 


(1996 United Kingdom Mathematical Olympiad) 


Solution. If y = 0, then 27 = 2? -—1 = (z+1)(z—-1), so z+1 and 
z—1 are powers of 2. The only powers of 2 which differ by 2 are 4 and 2, 
so (x,y, 2) = (3,0, 3). 

If y > 0, then taking the equation mod 3 it follows that x is even. Now 
we have 3¥ = 22 — 2 = (z + 2*/?)(z — 2*/?). The factors are powers of 3, 
say z+27/? = 3” and z—2*/? = 3”, but then 3” — 3” = 2°/2+1, Since the 
right side is not divisible by 3, we must have n = 0 and 


Ss Sieger, 


If x = 0, we have m = 1, yielding (x, y, z) = (0,1, 2). Otherwise, 3" — 1 
is divisible by 4, so m is even and 2?/2+1 = (3/2 + 1)(3”/? — 1). The two 
factors on the right are powers of 2 differing by 2, so they are 2 and 4, 
giving x = 4 and (a, y, z) = (4, 2,5). 
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Proposed problems 


Problem 8.3.19. Determine all triples (a, k,n) of positive integers such 
that 
3* -1=2". 


(1999 Italian Mathematical Olympiad) 


Problem 8.3.20. Find all pairs of nonnegative integers x and y which 
satisfy the equation 
ph 
where p is a given odd prime. 


(1995 Czech-Slovak Match) 
Problem 8.3.21. Let x,y, z be integers with z > 1. Show that 
(@+1)? + @+2)?+.++4+ (+99) Zy’. 
(1998 Hungarian Mathematical Olympiad) 


Problem 8.3.22. Determine all solutions (x,y,z) of positive integers 
such that 
(+ 1)9t1 4.1 = (2 +2)771. 


(1999 Taiwanese Mathematical Olympiad) 


9 


Some special problems in number 
theory 


9.1 Quadratic residues. Legendre’s symbol 


Let a and m be positive integers such that m 4 0 and gcd(a,m) = 1. We 
say that a is a quadratic residue mod m if the congruence x? = a (mod m) 
has a solution. Otherwise we say that a is a nonquadratic residue. 

Let p be an odd prime and let a be a positive integer not divisible by p. 
The Legendre’s symbol of a with respect to p is defined by 


a\ jl if a quadratic residue pmod p 
—1 otherwise 


It is clear that the perfect squares are quadratic residues mod p. It is nat- 
ural to ask how many integers among 1,2,...,p—1 are quadratic residues. 
The answer is given in the following theorem. 

Theorem 9.1.1. Let p be an odd prime. There are = 
residues in the set {1,2,...,p—1}. 


quadratic 


-—1 
Proof. Consider the numbers k?, k = ae These are 
quadratic residues and moreover, they are distinct. Indeed, if i? = j? 
(mod p), then it follows that p|(i — 7)(i +7) and, since i+ 7 < p, this 


implies pli — 7, hence i = j. 
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Conversely, if gcd(a,p) = 1 and the congruence x 


—1 
solution xz, then x = gp +7, where ae <i< 5 and so 1“ = q 


(mod p). 


The basic properties of Legendre’s symbol are: 
1) (Euler’s criterion) If p is an odd prime and a an integer not divisible 


at = (<) (mod p). 
2) If a=b (mod p), then (2) = (2). 
3) (auttipticny) (=) = (2). (4), 


by p, then 


For Euler’s criterion, suppose that (<) = 1. Then i? =a (mod p) for 


some integer 7. We have gcd(i,p) = 1 and from Fermat’s Little Theorem, 
i?-' =1 (mod p). Hence or = 1 (mod p) and we are done. 


If (<) = —1, then each of the congruences 
Pp 


p-1 p-1 
x= —1=0 (modp) and «2? +1=0 (mod p) 


p-l po 


has quadratic 


distinct solutions in the set {1,2,...,p—1}. The 


residues correspond to the first congruence and the a nonquadratic 


residues correspond to the second. Hence if a is nonquadratic residue, we 
have a’s = —1 (mod p) and we are done. 

Remark. From Fermat’s Little Theorem, a?~! = 1 (mod p), hence 
p\(a2= — 1)(a*> +1). From Euler’s criterion, plat — 1 if and only if 
a is a quadratic residue mod p. 

Property 2) is clear. For 3) we apply Euler’s criterion: 


Ay pol 
(=) =a% (mod p), i=1,...,n. 
Pp 


Therefore 


aN 
3/2 
eee 4 
a 
= 
3 |§ 
Sy 
III 
i=) 
Lame bs} 
fi 
ini 
s 
* i 
HI 
ll 
Pgs 
Q 
= 
S 
3 
Na 
fi 
I 
Ni 
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p= —1 
In order to prove 4) note that (—1)*=, (=) € {-1,1}. Hence 
Pp 


p\(—1)°= - = reduces to Euler’s criterion. 


The following theorem gives necessary and sufficient conditions under 
which 2 is a quadratic residue. 


Theorem 9.1.2. For any odd prime p, 


8) cae 


Proof. We need the following lemma. 
Lemma. (Gauss!) Jf a is a positive integer that is not divisible by p, 


then from the Division Algorithm, 


-—1 
ka=pqet+rr, k= 1. =. 
Let by,...,bm be the distinct remainders r1,...,rp-1 that are less than 
2 
and let cy,...,Cn be the distinct remaining remainders. Then 
(s)-c0 
Pp 
Proof of Lemma. We have 
pol pal pal 
m n 2 2 2 pei Dp _ 1 
We IIe = II Th = [| ée—pax) = II ka=a > (2): (mod p). 
i=l g=l k=1 k=1 k=1 
Because 2 <¢;<p—1,j=1 have 1 < Joes aki 
Se a a a »>J=A,...,n, we have |S p—cj; < ——. 1S 


not possible to have p—c,; = b; for some 2 and j. Indeed, if b; +c; = p, then 


-1 
p = as—pqst+at— pq, so p|s +t, which is impossible, since 1 < s,t < rae 


Therefore the integers b;,...,bm,p—1,---,;P — Cn are distinct and 


—1 
(Pry sossbms P= C1se--sP~ On} = {125-00 PS} 


1 Karl Friedrich Gauss (1777-1855), German mathematician who is sometimes called 
the ”prince of mathematics”. Gauss proved in 1801 the fundamental theorem of arith- 
metic and he published one of the most brilliant achievements in mathematics, ” Disqui- 
sitiones Arithmeticae”. In this book he systematized the study of number theory and 


developed the algebra of congruences. 
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We obtain ed 
p-1l 
bi —c;)={——}! 
Ho T]e-e9 = (75) 
t=1 j=l 
Finally, 
m n _ 1 
(-1)" II b; II c= (2): (mod p) 
t=1 j=l 
hence a’= = (—1)” (mod p). The conclusion now follows from Euler’s 
criterion. 


In order to prove the theorem we use Gauss Lemma for a = 2. We have 
{ri,72,-..,%p-1} = {2,4,...,p—1}. The number of integers k such that 
2 


5 <2k<pisn=|2| -[F]. 


pl 


If p = 4u+ 1, then n = 2u—u = u and = 2u? + u. We have 


p?- 


1 
(mod 2) and we are done. 


2 
a4 
z = Wy? +3041 


If p = 4v+ 3, then n = 20+1—v=v+1 and 


2 
-1 
and again n = = (mod 2). 
The central result concerning Legendre’s symbol is the so-called 


Quadratic Reciprocity Law of Gauss. 
Theorem 9.1.3. If p and q are distinct odd primes, then 


Proof. In Gauss Lemma we take a = q and we get (2) = (-1)”. Let 
Pp 


S- b; = b and S- c; =c. Then using the equality 


i=1 j=l 


-1 
(Pisses P= C15-+-9P~ en} = {12s PS} 


it follows that 


pol 


5 p—1 
b+np—c=) k= ae 
k=1 


k 
But from Gauss Lemma we have q, = Fat k=1,2,...,p—1, hence 
Pp 
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Summing up the last two relations gives 


pol 

“| kq pl 
2ce+p>_ r + 3 (1-—q)—np=0. 
k=1 


Because 2c and 1 — q are even, it follows that 


pl 


=> “| nas) 


k=1 
and applying Gauss Lemma again we obtain 


p-1 


Similarly, we derive the relation 


(4) - Bll 


Multiplying the last two equalities and taking into account the Landau’s 


identity in Problem 18 of Chapter 3, the conclusion follows. 
Problem 9.1.1. Let k = 2?” +1 for some positive integer n. Show that 
k is a prime if and only if k is a factor of 3°°—)/? +1. 


(1997 Taiwanese Mathematical Olympiad) 


Solution. Suppose k is a factor of 34—)/? + 1. This is equivalent to 
3(F-1)/2 = _] (mod k). Hence 3"! = 1 (mod k). Let d be the order of 3 
mod k. Then d { (k—1)/2 but d|(k—1), hence (k —1)|d, so d = k—1 (since 
d must be smaller than k). Therefore & is prime. 

Conversely, suppose & is prime. By Quadratic Reciprocity Law 


3 k 2 
z= 2 a Wares 
(=) = (3) =G) 
By Euler’s criterion, 3@-))/? = =—1 (mod k), as claimed. 


Problem 9.1.2. Prove that if n is a positive integer such that the equa- 
tion x3 — 3xy? + y? =n has an integer solution (x,y) then it has at least 


three such solutions. 


(23"¢ IMO) 
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Solution. The idea of the solution is to find a non-singular change of 
coordinates with integer coefficients 


(x,y) > (ax + by, cx + dy), 


such that the polynomial 2? — 3xry? + y? does not change after changing 
coordinates. Such a transformation can be found after remarking the iden- 
tity: 


a? — 3ay? +? = (y— 2)? — 3a7y + 2° = (y — )° — 3(y — a)2* + (-2)°. 


Thus, such a transformation is T(#,y) = (y — v,—2). It can be repre- 
sented like a linear transformation 


and 


Thus, T?(z,y) = (—y,2 — y). Moreover, it is easy to see that if 2? — 
3ry? + y? =n, n> 0, then the pairs (x, y), (-y, x — y) are distinct. 

For the second part, observe that 2819 = 7? - 59. Suppose that x,y are 
integer numbers such that «° — 3ry? + y? = 2891. Then x,y are pairwise 
prime, because from d = (x, y) we obtain d?|2891. The numbers 2, y are not 
divisible by 7, then they are inversible modulo 7. Thus, from the equation 


we obtain xe v2 
(4) -3(2) +1=0 (mod 7). 


This proves that the congruence 
3 2 ~ 
a” —3a°+1=0 (mod 7) 


has a solution, a € Z. Since 7 is not a divisor of a, by Fermat’s Little 
Theorem one has a® = 1 (mod 7). There are two possibilities: a? = 1 
(mod 7) or a? = —1 (mod 7). When a® = 1 (mod 7) we obtain: 


a? —3a7+1=0 (mod7) > 3a7=2 (mod 7) > a*?=3 (mod 7). 
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Using Legendre’s symbol and the Quadratic Reciprocity Law: 


(f= ()-c()-— 


This proves that 3 is not a square modulo 7. When a? = —1 (mod 7) 
we obtain the contradiction from: 3a? = 0 (mod 7). Thus, the equation 
x — 3xry? + y? = 2891 has no solution in integers (2, y). 

Problem 9.1.3. Let m,n be positive integers such that 
(m+3)"+1 
8m 


A = 
is an integer. Prove that A is odd. 
(1998 Bulgarian Mathematical Olympiad) 


Solution. If m is odd, then (m+ 3)” +1 is odd and A is odd. Now we 
suppose that m is even. Since A is an integer, 


0=(m+3)"+1=m"+1 (mod 3), 


so n = 2k+1 is odd and m = —1 (mod 3). We consider the following cases. 


(a) m = 8m’ for some positive integer m’. Then 


(m+3)"+1=3°**141=4 (mod 8) 


and 3m = 0 (mod 8). So A is not an integer. 
(b) m = 2m’ for some odd positive integer m’, i.e., m = 2 (mod 4). Then 


(m+ 3)"+1= (24+3)+1=2 (mod 4) 


and 3m = 2 (mod 4). So A is odd. 
(c) m = 4m’ for some odd positive integer m’. Because m = —1 (mod 3), 
there exists an odd prime p such that p = —1 (mod 38) and p|m. Since A 


is an integer, 


0=(m+3)"+1=37*4141 (mod m) 


and 324+! = —] (mod p). Let a be a primitive root modulo p; let b be a 
positive integer such that 3 = a? (mod p). Thus a(?*+0 = —1 (mod p). 
Note that (p/3) = (—1/3) = —1. We consider the following cases. 

(i) p=1 (mod 4). From the Quadratic Reciprocity Law, (—1/p) = 1, so 


26 S| = Gerry (mod p) 


a 
Il 
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for some positive integer c. Therefore b is even and (3/p) = 1. Again, from 
the Quadratic Reciprocity Law, 


~1 = (3/p)(p/3) = (-1)@-D@-YA = 1, 


a contradiction. 
(ii) p = 3 (mod 4). From the Quadratic Reciprocity Law, (—1/p) = —1, 
so 


oS eager (mod p) 


for some positive integer c. Therefore b is odd and (3/p) = —1. Again, from 
the Quadratic Reciprocity Law, 
1 = (3/p)(p/3) = (-1)-VO-9/4 = 1, 


a contradiction. 

Thus for m = 4m’ and m’ is odd, A is not an integer. 

From the above, we see that if A is an integer, A is odd. 

Problem 9.1.4. Prove that 2" +1 has no prime factors of the form 
8k + 7. 


(2004 Vietnamese IMO Team Selection Test) 

Solution. Assume that we have a prime p such that p|2”+1 and p= —1 
-1 

(mod 8). If n is even, then p = 3 (mod 4) and | — ]} = 1, a contradiction. 
Pp 


1 


=, fe be 
If n is odd, then (=) = 1 and we get (—1)°3 a (hb eo = 1, again a 
Pp 


contradiction. 

Problem 9.1.5. Prove that 2°" +1 has at least n prime divisors of the 
form 8k +3. 

Solution. Using the result of the previous problem, we deduce that 2”+1 
does not have prime divisors of the form 8k +7. We will prove that if n is 
odd, then it has no prime divisors of the form 8k + 5 either. Indeed, let p 
be a prime divisor of 2” + 1. Then 2” = —1 (mod p) and so —2 = (27)? 
(mod p). Using the same argument as the one in the previous problem, we 


21 -—1 
deduce that 2 3 + ue is even, which cannot happen if p is of the form 


8k + 5. 
Now, let us solve the proposed problem. We will assume n > 2 (otherwise 


the verification is trivial). The essential observation is the identity: 


oo" ep (4.1)? = 941) (0? = 2? 4 1)1., 28" = 08 4.4) 
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Now, we will prove that for alll <i<j<n-1, 
Gd OPP OP eo ao ey Ss. 


Indeed, assume that p is a prime number dividing ged(22°" oS ee 
1,273’ — 23’ + 1) We will then have p|22"' + 1. Thus, 


eS Cesae saeae = ay =-1 (mod p), 
implying 


0 = 27% _ 93 41=1-(-1)+1=3 (mod p). 


This cannot happen unless p = 3. But since 
v3(gcd(22> — 23° 41,278 — 297 4.1))=1 
(as one can immediately check), it follows that 
ged ao ie So 


and the claim is proved. 

It remains to show that each of the numbers 273" — 23° +1,withl<i< 
n—1 has at least a prime divisor of the form 8k+3 different from 3. It would 
follow in this case that 23" + 1 has at least n — 1 distinct prime divisors of 
the form 84 +3 (from the previous remarks) and since it is also divisible by 
3, the conclusion would follow. Fix 7 € {1,2,...,n— 1} and observe that 
92:3" 


any prime factor of —23' +1 is also a prime factor of 23” +1 and thus, 


from the first remark, it must be of the form 8k + 1 or 8k + 3. Because 
v3(223' — 23° + 1) = 1, it follows that if all prime divisors of 273° — 23° +1 
except for 3 are of the form 8k+1, then 273° — 23° +1 = 8 (mod 8), which is 
clearly impossible. Thus at least a prime divisor of 2? — 23" +1 is different 
from 3 and is of the form 8k +3 and so the claim is proved. The conclusion 
follows. 

Problem 9.1.6. Find a number n between 100 and 1997 such that n|2” + 
2: 


(1997 Asian-Pacific Mathematical Olympiad) 


Solution. The first step would be choosing n = 2p, for some prime 
number p. Unfortunately this cannot work by Fermat’s little theorem. So 
let us try setting n = 2pq, with p,q different prime numbers. We need 
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—2 —2 
pq|27?2-+ + 1 and so we must have (=) = (=) = 1. Also, using 
Pp qd 
Fermat’s little theorem, p|2?7~' + 1 and q|2??~! +1. A small verification 
shows that g = 3,5,7 are not good choices, so let us try gq = 11. In this 
case we find p = 43 and so it suffices to show that pq|2???-1+ 1 for q= 11 
and p = 43. This is immediate, since the hard work has already been 
completed: we have shown that it suffices to have p|q?7~', q|2??-!+ 1, and 
—2 —2 
— } = ( — } =1 in order to have pq|2??4~! + 1. But as one can easily 


q 
check, all these conditions are verified and the number 2- 11- 43 is a valid 


answer. 


Proposed problems 


Problem 9.1.7. Let f,g: Z* — Z* functions with the properties: 

i) g is surjective; 

ii) 2f?(n) = n? + g?(n) for all positive integers n. 

If, moreover, |f(n) — n| < 2004,/n for all n, prove that f has infinitely 
many fixed points. 


(2005 Moldavian IMO Team Selection Test) 


Problem 9.1.8. Suppose that the positive integer a is not a perfect 
square. Then ©) = -1 for infinitely many primes p. 


Pp 
Problem 9.1.9. Suppose that a1, a2,...,@2004 are nonnegative integers 
such that a} + a} +--++ a3o94 is a perfect square for all positive integers 


n. What is the minimal number of such integers that must equal 0? 
(2004 Mathlinks Contest) 
Problem 9.1.10. Find all positive integers n such that 2” — 1|3” — 1. 
(American Mathematical Monthly) 


Problem 9.1.11. Find the smallest prime factor of i yaa 


9.2 Special numbers 


9.2.1 Fermat’s numbers 


Trying to find all primes of the form 2” +1, Fermat noticed that m must 
be a power of 2. Indeed, if m equaled k-h with k an odd integer greater 
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than 1, then 
De (Sus fe (OMe OME) 2 OP 2h ose oh ea, 


and so 2” + 1 would not be a prime. 
The integers f, = 2?” +1, n> 0, are called Fermat’s numbers. We have 


fo=3, fi=5, fo=17, fs =65,573, fe = 4,294,967, 297. 


After checking that these five numbers are primes, Fermat conjectured 
that f, is a prime for all n. But Euler proved that 641|f5. His argument 
was the following: 


fs = 2°? + 1 = 278 (5* + 2°) — (5- 2")*+.1 = 278 -641 — (6404 = 1) 


= 641(2?8 — 639(640? + 1)). 


It is still an open problem if there are infinitely many Fermat primes. 
The answer to this question is important because Gauss proved that a 
regular polygon Q1Q2...Q, can be constructed by using only a ruler and 
a compass if and only if n = 2p, ...pz, where k > 0 and pj,...,px are 
distinct Fermat primes. Gauss was the first to construct such a polygon for 
n=17. 

Problem 9.2.1. Prove that 

(i) fn = fo-.- fms +2, n2 1; 

(ti) ged(fr, fr) =1ifk Fh; 

(itt) fr ends in 7 for alln > 2. 

Solution. (i) We have 


f= 2 +1= (27°)? +1= (fea —1)? +1= fey —2fea $2, 
hence 
fe —2 = fr-i(fr-1 — 2), k 21. (1) 
Multiplying relations (1) for k = 1,...,n yields 
Sn —2= fo--- fn—1(fo — 2) 


and the conclusion follows. 


For a different proof we can use directly the identity 


ol =] @* +4) 


k=0 
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(ii) From (i) we have 


gced( fn; fo) = ged( fn, fr) = +++ = ged(fns fn—-1) = 1 


for all n > 1, hence gcd(fx, fr) = 1 for all k # h. 

(iii) Because f; = 5 and fo... fn—1 is odd, using (i) it follows that f,, 
ends in5+2=7 for all n> 2. 

Problem 9.2.2. Find all Fermat’s numbers that can be written as a sum 
of two primes. 

Solution. All Fermat’s numbers are odd. If f, =p-+q for some primes 
pand q, p <q, then p= 2 and q > 2. We obtain 


q= 2" -1= (2)? -1 = (2?"" -1)(2?"" +1), 


hence 22" * — 1 must equal 1. That isn = 1 and f; = 2+ 3 is the unique 
Fermat’s number with this property. 

An alternative solution uses Problem 1 (iii): ifm > 2, then f, ends in 
7, so q must end in 5. Hence q = 5 and 2+54 f, for n > 2. The only 
Fermat’s number with the given property is f1. 

Problem 9.2.3. Show that for any n > 2 the prime divisors p of fn are 
of the form p= s-2"+? +1. 

Solution. Because p| fn, it follows that 2?” = —1 (mod p). Let i be the 
least positive integer such that 2‘ = 1 (mod p). By squaring the congruence 
2"*" = 1 (mod p), hence i|2"*1, that is i = 2* 


for some nonnegative integer k. If k <n, then 22° =1 (mod p), implying 


2?" = —1 (mod p) we get 2 


2?" = 1 (mod p), which contradicts the congruence 2?” = —1 (mod p). 
Therefore k = n+ 1. From Fermat’s Little Theorem, 2?~! = 1 (mod p), 
hence 2"+1|p — 1, that is p = h- 2"*1 +1 for some positive integer h. We 


2 2 
get p = 8t+1 and -) = (-1)*% —_ 1, so 2 is a quadratic residue 
Pp 


mod p. Using Euler’s criterion, it follows that fe Sa (mod p). Finally, 
-—1 
= 5-2"! that is p= s-2"+?7 +1. 


-1 
ante, hence 7 


Proposed problems 


Problem 9.2.4. Find all positive integers n such that 2”—1 is a multiple 
n 


2 
of 3 and is a divisor of 4m? + 1 for some integer m. 


(1999 Korean Mathematical Olympiad) 
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Problem 9.2.5. Prove that the greatest prime factor of fr, n > 2, is 
greater than 2"t+?(n + 1). 


(2005 Chinese IMO Team Selection Test) 


9.2.2 Mersenne’s numbers 


2’ numbers. It is 


The integers M,, = 2” —1, n > 1, are called Mersenne 
clear that if n is composite, then so is M,,. Moreover, ifn = ab, where a and 
b are integers greater than 1, then M, and M, both divide M,,. But there 
are primes n for which M,, is composite. For example 47|Mo3, 167|Mgs3, 
263|Mj3, and so on. 

It is not known if there are infinitely many primes with this property. 


The largest known prime is 


932582657 iy 


and it a Mersenne’s number. Presently, we know 42 Mersenne’s numbers 
which are primes. 

Theorem 9.2.1. Let p be an odd prime and let q be a prime divisor of 
M,. Then q = 2kp+ 1 for some positive integer k. 

Proof. From the congruence 2? = 1 (mod q) and from the fact that 
p is a prime, it follows that p is the least positive integer satisfying this 
property. By using Fermat’s Little Theorem, we have 27~' = 1 (mod q), 
hence p|q—1. But g—1 is an even integer, so g—1 = 2kp and the conclusion 
follows. 

Problem 9.2.6. Let p be a prime of the form 4k +3. Then 2p+ 1 is a 
prime if and only if 2p+1 divides Mp. 

Solution. Suppose that q = 2p+ 1 is a prime. Then 


(=) = (-1)=* = (-1)°FP = (-1)2 +443) — 1, 


hence 2 is a quadratic residue mod gq. 
Using Euler’s criterion it follows that eal (mod q), that is 2? 
(mod q) and the conclusion follows. 


Il 
e 


? Marin Mersenne (1588-1648), French monk who is best known for his role as a 
clearing house for correspondence eminent philosophers and scientists and for his work 


in number theory. 
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If q is composite, then it has a prime divisor q; such that q. < ,/@. 
Using Fermat’s Little Theorem, we have 2%~! = 1 (mod q). But 2? = 1 
(mod qi) with p prime implies that p is the least positive integer with the 
property. Hence p|q; — 1, thus q, > p+1> \/p, contradicting the choice of 
qi. Therefore g must be a prime and the conclusion follows. 


Proposed problems 


Problem 9.2.7. Let P* denote all the odd primes less than 10000, and 
suppose p € P*. For each subset S = {pi,po,...,pe} of P*, with k > 2 
and not including p, there exists a gq € P* \ S such that 


(¢+1)|(p1 +1)(p2 +1)... (pe + 1). 


Find all such possible values of p. 


(1999 Taiwanese Mathematical Olympiad) 


9.2.3. Perfect numbers 


An integer n > 2 is called perfect if the sum of its divisors is equal to 2n. 
That is o(n) = 2n. For example, the numbers 6, 28, 496 are perfect. The 
even perfect numbers are closely related to Mersenne’s numbers. 

Theorem 9.2.2. (Euclid) If M, is a prime, then n = 2*-1My is a 
perfect number. 

Proof. Because gcd(2*—!,2* — 1) = 1, and the fact that o is a multi- 
plicative function, it follows that 


a(n) = 0(2*)o(2" = 1) = (2 — 1) -2* = 2n. 


There is also a partial converse, due to Euler. 

Theorem 9.2.3. If the even positive integer n is perfect, then n = 
2'-1M;, for some positive integer k for which My, is a prime. 

Proof. Let n = 2¢u, where t > 1 and u is odd. Because n is perfect, we 
have o(n) = 2n, hence o(2*u) = 2't1u. Using again that o is multiplicative, 
we get 

o(2'u) = 0(2")a(u) = (2°*" — 1)o(u). 


This is equivalent to 


(2°t! — 1)o(u) = 2°*1u. 
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Because gced(2‘t+ — 1, 2'+') = 1, it follows that 2’+!|o(u), hence o(u) = 
2'+1y for some positive integer v. We obtain u = (2°t! — 1)v. 
The next step is to show that v = 1. If v > 1, then 


o(u) > 1l+ut+2 14 022° — 1) 5 (vy + 1)2*** >: 2*? = ou), 


a contradiction. We get v = 1, hence u = 2't'—1 = M4, and o(u) = 2°*1. 
If M41 is not a prime, then o(u) > 2‘*+, which is impossible. Finally, 
n=2*-!M,, wherek =t+1. 

Remark. Recall that MM; is a prime only if k is a prime. This fact reflects 
also in Theorem 9.2.2 and Theorem 9.2.3. 


Problem 9.2.8. Show that any even perfect number is triangular. 


Solution. Using Theorem 9.2.3, we have 


2k 1 


where m = 2" — 1 and we are done. 


Proposed problems 


Problem 9.2.9. Prove that if n is an even perfect number, then 8n + 1 
is a perfect square. 

Problem 9.2.10. Show that if k is an odd positive integer, then 2*~!M, 
can be written as the sum of the cubes of the first 22 odd positive integers. 
In particular, any perfect number has this property. 


9.3 Sequences of integers 


9.3.1 Fibonacci and Lucas sequences 


Leonardo Fibonacci® introduced in 1228 the sequence F, = Fy = 1 and 
Fra. = Fy t+ Fr-1i, n => 2. It is not difficult to prove by induction that the 
closed form for Fy, is given by the Binet’s formula 


ra; 


3 Leonardo Pisano Fibonacci (1170-1250) played an important role in reviving ancient 


1 


==> 
V5 


mathematics and made significant contributions of his ”Liber abaci” introduced the 


Hindu-Arabic place-valued decimal system and the use of Arabic numerals into Europe. 
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for all n > 1. As a consequence of the recursive definition or of formula 
above, it is a convention to define Fo = 0. 

In what follows we give some arithmetical properties of the Fibonacci 
numbers. 

1) If mn, then F,,,|F,. If n > 5 and F;, is a prime, then so is n. 

2) For any m,n > 1, ged( Fim, Fn) = Foca(m,n): 

3) If gcd(m,n) = 1, then Fm Fr|Emn- 

In order to prove 1) suppose that n = mk for some integer k > 1 and 


1 5 1—-¥v5 
denote a = < B= = Using (1), we have 
Fn en a” par oe = (aye a (o™)* _ ,m(k—-1) m(k—2) am m(k—1) 
FE, a™_Bm qm—pm  ~° +a p+ +B 


Because a + 3 = 1 and a = —1 it follows by induction that a’ + 3° is 
an integer for all integers 7 > 1 and the conclusion follows. 

It is now clear that ifn = kh, k > 3, then F;, divides F;, hence F;, is not 
a prime. 

For 2) let d = gcd(m,n) and suppose that n > m. Applying Euclid’s 
Algorithm, we get 


n=mn tri 


m=11g2 7 T2 


ry = 17293 +73 


Ti-1 = MiG 
and so d= r;. We have 
gcd Fim, Fn) = ged(Fin, Far) = gcd( Fin, Fing—1F ry, + Fg Fr +41) 
= gcd(Fin, Frngi—1F 11) = gcd( Fin, F) 
because it is not difficult to check that for any positive integers m,n, 
Fm+n = m—-1F'n + Fin Fn+1 (2) 


property 1), and the fact that gcd(Fink-1, Fm) = 1. 
By applying repeatedly this procedure, we arrive at 


gcd( Fim, Fn) = gcd( Fim, Fr) = ged( Fr; Fry) 
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=--- = gcd(F,,-1, F,;) = Fr, = Fa. 


Property 3) follows from 2) by observing that 
gcd( Fm, Fy) = Pged(m,n) =F, =1 


and then by using 1). 

Lucas’ sequence is defined by Lo = 2, Ly = 1, and Lnyy = Lyn + Ln-1, 
n > 1. The Lucas numbers are the companions to the Fibonacci numbers 
because they satisfy the same recurrence. 


The analog of Binet’s Fibonacci number formula for Lucas numbers is 


m= (454) (54) , n>0. (3) 


Problem 9.3.1. Show that there is a positive number in the Fibonacci 


sequence which is divisible by 1000. 
(1999 Irish Mathematical Olympiad) 


Solution. In fact, for any natural number n, there exist infinitely many 
positive Fibonacci numbers divisible by n. 

Consider ordered pairs of consecutive Fibonacci numbers (Fo, Fi), 
(F\, F2),... taken modulo n. Because the Fibonacci sequence is infinite 
and there are only n? possible ordered pairs of integers modulo n, two 
such pairs (F;, Fj}+1) must be congruent: F; = Fim and Fi41 = Fitm4i 
(mod n) for some i and m. 

Ifi > 1 then Fy) = Fig. — Fj = Fitmii — Fitm = Fi¢m-1 (mod n). 
Likewise, Fig = Figi + Fi = Fitm4i t+ Fitm = Fito4m (mod n). Con- 


tinuing similarly, we have F; = Fj4m (mod n) for all 7 > 0. In particular, 
0 = Fo Fin Foam (mod n), so the numbers Fi,, Fom,... are all 
positive Fibonacci numbers divisible by n. Applying this to n = 1000, we 


are done. 

Problem 9.3.2. Prove that 

(i) The statement ”"Fy+%— Fy, is divisible by 10 for all positive integers 
n” is true if k = 60 and false for any positive integer k < 60; 

(it) The statement ”F4+—F, is divisible by 100 for all positive integers 
n” is true if t = 300 and false for any positive integer t < 300. 


(1996 Irish Mathematical Olympiad) 
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Solution. A direct computation shows that the Fibonacci sequence has 
period 3 modulo 2 and 20 modulo 5 (compute terms until the initial terms 
0, 1 repeat, at which time the entire sequence repeats), yielding (a). As for 
(b), one computes that the period mod 4 is 6. The period mod 25 turns out 
to be 100, which is awfully many terms to compute by hand, but knowing 
that the period must be a multiple of 20 helps, and verifying the recurrence 
Fnig =tFn44+ Fr, where t is an integer congruent to 2 modulo 5, shows 
that the period divides 100; finally, an explicit computation shows that the 
period is not 20. 

Problem 9.3.3. Let (Gn)n>0 be the sequence defined by aj = 0, a, = 1 
and 

An+1 — sn + @An—1 = (-1)" 


for all integers n > 0. Prove that ay is a perfect square for alln > 0. 


Solution. Note that a2 = 1, ag = 4, a4 = 9, a5 = 25, so ag = FQ, 
a, = FP, ag = FF, ag = FR, ag = F?, a5 = F?, where (Fn)n>o is the 
Fibonacci sequence. 

We induct on n to prove that a, = F? for alln > 0. Assume that a, = F? 
for all k < n. Hence 


Qi Te Mg Ee Ope ae oF (1) 
From the given relation we obtain 
An+1 — 3A + Gn—1 = 2(—-1)” 


and 
Gn — 3@n—1 + G__2 = 2(-1)""", n>2, 


Summing up these equalities yields 


An41 — 2dn — 2an_-1 +Gn_2 =0, n> 2. (2) 


Using the relations (1) and (2) we obtain 


Qn-1 = 2F?4+2F? , — F?_,= (Fat Fo-1)? + (Pa —- Fra? - Fn = 


=i t Fe Fy = Po, 


as desired. 


Problem 9.3.4. Define the sequence (an)n>0 by ao = 0, a1 = 1, ag = 2, 


a3 = 6 and 


an+4 = 24n43 + Gn4+2 — 2an41 an, 1 2 0. 
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Prove that n divides ay, for alln > 0. 
Solution. From the hypothesis it follows that a4 = 12, a5 = 25, ag = 48. 
We have “1, & i ieee gc es 8 so “* = F, for all 
n 


n= 1,2,3,4,5,6, where (F;,)n>1 is the Fibonacci’s sequence. 


We prove by induction that a, = nF), for all n. Indeed assuming that 
ap = kFy for k <n+3, we have 


Ana = 2(n+ 3) Fagg + (n+ 2)Froe — 2(n + 1) Fay — nF, = 
= 2(n+ 3)Fag3 + (n+ 2) Fuge — 2(n + 1)Frgi — 2(Faee — Fat) = 
= 2(n+ 3) Pris + 2Faeo —(n +2) Fay = 
= 2(n + 3)Frts3 + 2Fn42 — (n+ 2)(Fn43 — Fn+2) = 


= (n+ 4)(Frts + Fate) = (n+ 4) Fina, 


as desired. 


Proposed problems 


Problem 9.3.5. Determine the maximum value of m? + n?, where m 


and n are integers satisfying 1 < m,n < 1981 and (n? — mn — m?)? = 1. 
(224 IMO) 


Problem 9.3.6. Prove that for any integer n > 4, F,, + 1 is not a prime. 
Problem 9.3.7. Let & be an integer greater than 1, a9 = 4, a1 = ag = 
(k? — 2)? and 


An+1 = AnAn—1 — 2(dn + Gn—1) — Qn—2 + 8 for n > 2. 


Prove that 2+ ,/a, is a perfect square for all n. 


9.3.2 Problems involving linear recursive relations 


A sequence 29,21, 22,... of complex numbers is defined recursively by a 


linear recurrence of order k if 
Ly = A1En—1 + A2En—2 +++ + OnEn-~, Nk (1) 


where Qj, @2,...,@z are given complex numbers and xp = ag, 21 = Q},..., 


Lp-1 = Ap_-1 are also given. 
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The main problem is to find a general formula for x, in terms of 
Q1,42,...,Ak, Ao,Q1,...,Q@z~—1 and n. In order to solve this problem we 


attach to (1) the algebraic equation 
at Sao = et Sg = 0; (2) 


which is called the characteristic equation of (1). 
Theorem 9.3.1. If the characteristic equation (2) has distinct roots 
1; ta, een bhp then 


Ln = cit} + cots +--+ + cpth (3) 
where the constants c,,C2,...,ck are determined by the initial conditions 
T= a0, T1 = AY,.--, Ve-1 = Ak-1- 

Proof. Consider the sequence yo, y1, y2,-.. given by 


Yn = Cit} + cot} +-+-+ ent. 


It is not difficult to prove that the sequence (Yyp)n>0 satisfies the linear 
recurrence (1), since ft), ta,...,t,% are the roots of the characteristic equation 
(2). Consider the following system of linear equations: 


Cy + Cg +++ + Ce = AO 
city +4 Cote fee fp Crete =a 
erty) + egth* ++ texte) = ap 


whose determinant is the so-called Vandermonde determinant 


Viti,te,..-.th) = J] (t;- ti). 


1<i<j<k 

This determinant is nonzero, because fy, tz,...,t, are distinct. 
Hence c1,¢2,...,cCx are uniquely determined as solution to system (4). 
Moreover, Yo = Qo = Yo, Yr = Q1 = X1,---, Yk-1 = Ak-1 = Lp-1. Using 


strong induction, from (1) it follows that yn = 2%, for all n. 


The case when the roots of the characteristic equation (2) are not distinct 
is addressed in the following theorem. 

Theorem 9.3.2. Suppose that the equation (2) has the distinct roots 
ti,..-,tpn, with multiplicities s,,...,5n, respectively. Then tp 1s a linear 
combination of 

Pme rane! hee 


n n Sp—lyn 
po ntp,..., neh tp 
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The proof of this result uses the so-called Hermite’s interpolation poly- 
nomial or formal series. 

The most frequent situation is when k = 2. Then the linear recurrence 
becomes 


Ln = A%p-1 + AQ%p_-2, NZ 


where a1, a2 are given complex numbers and 29 = ao, £1 = Q}. 
If the characteristic equation ¢? — at — az = 0 has distinct roots #1, ta, 
then 


In =Cyt} +coth, n>O, 


where cj, C2 are solutions to the system of linear equations 
Cy + C2 = a0, City + cote = 1, 


that is 
Q1 — aote aot) — ay 
EES SS, 2 SSS 
ty = to ty = to 


If the characteristic equation has the nonzero double root t,, then 
Ln = Cyt} + cont} = (cr + cant}, 


where cy, C2 are determined from the system of equations 49 = Qo, 21 = 1, 


that is 
ay, — aot 


ty 
Example. Let us find the general term of the sequence 


Cy =QA0, C2= 


Po = 0, PL=1,...,P, =2P,-1+ Ph-a, n> 2. 


The characteristic equation is t? — 2t— 1 = 0, whose roots are t; = 1+ V2 
and tz = 1— 2. We have P, = c:t? + cot#, n > 0, where c, + cz = 0 and 
e1(1+ V2) + co(1 — V2) = 1, hence 

1 
P, = —=[(1+ V2)" — (1- V2)"],_ n>0. 
split v2" — V2)", n> 

This sequence is called the Pell’s sequence and it plays an important part 
in Diophantine equations. 


In some situations we encounter nonhomogeneous recurrences of order k 
of the form 


Ln = A1Xn—-1 + A2%n—2 +++ + aRen-~ +b, n>k, 
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where a1, 42,...,@,%,6 are given complex numbers and #1 = aj, ®2 = 
Q2,..-, Le-1 = Qz—-1. The method of attack consists of performing 
a translation %, = Yn + G, where @ is the solution to the equation 
(1 — ay — ag — +++ — ag) = b when a; + ag +--- + az #1. The sequence 


(Yn)n>o Satisfies the linear recurrence (1). 
Example. Let us find x, if tp =a, tn = a%n_-1 +b, n> 1. 
If a = 1, we have an arithmetical sequence whose first term is a and 


whose common difference is b. In this case x, = a+ nb. 

b 

—_ a ‘ 
this case (Yn)n>o satisfies the recurrence yo = a — 3, Yn = GYn-1, n> 1, 


In 


If a £ 1, we perform the translation 2, = yy, + 3, where G = i 


which is a geometric sequence whose first term is a — 7 and whose ratio is 
a. We obtain y, = (a — B)a”, hence 


= b me >0 
In = la = a To? n> 0. 


Problem 9.3.8. Let a and b be positive integers and let the sequence 


(fn)n>0 be defined by xo = 1 and tn41 = ax, + 6 for all nonnegative 
integers n. Prove that for any choice of a and b, the sequence (%n)n>0 


contains infinitely many composite numbers. 
(1995 German Mathematical Olympiad) 


Solution. Assume on the contrary that x, is composite for only finitely 
many n. Take N large than all such n, so that x is prime for alln > N. 
Choose such a prime 2,, = p not dividing a — 1 (this excludes only finitely 
many candidates). Let t be such that ¢(1 — a) = b (mod p); then 


Inti —t Sat, +b—b=al(a,—t) (mod p). 
In particular, 
Imtp-1 =t+(m+p-1 —t) =t+a?-\(am—t)=0 (mod p). 


However, %m+p—1 is a prime greater than p, yielding a contradiction. 
Hence infinitely many of the x, are composite. 

Problem 9.3.9. Find ay, if ap = 1 and an41 = 2a, + ./3a2 —2,n> 0. 

Solution. We have (an41 — 2a,)? = 3a? — 2, so 


ed — Aan41An +a? 4+2=0, n>0. 


Then 


a — 4anan—1 + a4 +2=0, n2>1, 
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hence, by subtraction, 


2 2 
Gn41 — On —1 — 4An(Gn41 — Gn—1) = 0 


for all n > 1. Because it is clear that (an )n>0 is increasing we have an41 — 
dn—1 #0, for all n > 1, so 
An41 + Gn—1 — 44n, = 0, nz 1, 


that is Gn41 = 4an — dn—1, n > 1. Moreover, ag = 1 and a, = 3. The 
characteristic equation is t? — 4t + 1 = 0, whose roots are ty = 2+ V3 and 
to = 2— V3. We obtain 
1 
Gn = Wie + V3)(2+ V3)" — (1— V3)(2— V3)"],_ n>0. 


We can also write a, as follows: 


2n4+1 2n+1 

1 14+ 73 ee) 

an, = —— _ , n>O0. 
J3 2 2 


Note that from ap = 1, a, = 3, and apn41 = 4an — Gn_1 it follows by 


strong induction that a, is a positive integer for all n. 

Problem 9.3.10. Consider the sequence {ay} such that ag = 4, a, = 22 
and an —6An—1+Gn—2 = 0 for n > 2. Prove that there exist sequences {xp} 
and {yn} of positive integers such that 
ye+7 


Zn — Yn 


An = 
for any n > 0. 
(2001 Bulgarian Mathematical Olympiad) 


Solution. Consider the sequence {c,,} of positive integers such that co = 
2, ¢, = 1 and cy = 2cyn_1 + Cn_2 for n > 2. 

We prove by induction that a, = can+2 for n > 0. We check the base 
cases of dg = 4 = cg and a, = 9 = cy. Then, for any k > 2, assuming the 
claim holds for n =k-—2 andn=k-—1, 

Cok+2 = 2C2K41 + CoK 
= 2(2cox + Con—1) + Ok-1 
= 4co~ + (Cor — Cok—2) + Oe-1 
= 6aK-1 — Gp—2 


= Qk; 
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so the claim holds for n = k as well, and the induction is complete. 


For n> 1, 
Qn+1 an 0 1 an an—1 
= 9 
Qn+2 Gn4+1 1 2 An+1 an 
and 
An+1 an _ 0 1 an Qn-1 a an an—-1 
Qn4+2 An4+1 1 2 Qn+1 an an+1 an 


Thus, for n > 0, 
Cha — En€n+2 = (—1)" (ct — eoc2) = (-1)"(1? — 2-4) = (-1)"(—7). 


In particular, for all n > 0, 


2 2 2n 
Conti — C2n4n = Con4+1 — C2n€2n4+2 = (=) (—7) mae © 
and , 
— COnt1 7 7 
an = ——_. 
Con 


We may therefore take yn = can41 and Lp = Can + Yn- 
Problem 9.3.11. The sequence a1,a2,... 1s defined by the initial con- 
ditions a, = 20, a2 = 30 and the recursion Gn+42 = 3dn41 — Qn forn > 1. 


Find all positive integers n for which 1+ 5anan+1 ts a perfect square. 
(2002 Balkan Mathematical Olympiad) 


Solution. The only solution is n = 3. We can check that 20-30-5+1= 
3001 and 30-70-5+1 = 10501 are not perfect squares, while 70-180-5+1 = 
63001 = 251? is a perfect square. Then we must only prove that 1+5anan41 
is not a perfect square for n > 4. First, we will prove a lemma. 


Lemma. For any integer n > 2, 
a? + 500 = an_1dn41- 
Proof. We will prove this by induction on n. In the base case, 30?-+500 = 
1400 = 20-70. Now assume that ae + 500 = a@n—14n41. Then 


OnOn42 = (3an41 — An)(Gn) = 3an41dn — a 


= 3an41@n — (€n—14n41 — 500) = 500 + an41(3an — an—1) = 5004 a2, 
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proving the inductive step. Therefore the desired statement is true from 


induction. 


Now, for n > 4, (an + @n41)? = a? + eT + 2andn41. But 
2 2 2 
An41 = 9a; + ay, — 6an—-14n, 


sO 


2 2 2 
(Qn + Qn41)° = 2dnGn41 + 3an(8an — Gn—1) + G59 +05, — 3anan_1 


2 
= 5dndn41 + G1 — Ann — 2 


(a2_, +500) = 5andn41 — 500, 


n-1 


= 5AnAn+1 } aes. 
by the lemma and the definition of a. 
Therefore (ay) + @n41)? = 5a@nQn41 — 500 < 5anan41 +1. Since ap is 


increasing and n > 4, 
Gn + QAn41 > 180+ 470 = 650, 


sO 


(Qn + Gn4i1 + 1)? = (an + Gi) + 2(@n + Qn4i) +1 
> (an + Qn41)? + 501 = 5andn4i + 1. 


Because two adjacent integers have squares above and below 5anan41+1, 
that value is not a perfect square for n > 4. 


Proposed problems 


Problem 9.3.12. Let a,b be integers greater than 1. The sequence 71, 
X2,... is defined by the initial conditions xp = 0, x; = 1 and the recursion 


L2n = AXQn—-1 — T2n-2,  T2n4+1 = bien — Lan—1 


for n > 1. Prove that for any natural numbers m and n, the product 


IntmEn+m—1---Ln+1 is divisible by ry2my-1. 
(2001 St. Petersburg City Mathematical Olympiad) 


Problem 9.3.13. Let m be a positive integer. Define the sequence 


2an —Gn—1 for n > 1. Prove that 


{an}n>o by ag = 0, ay=m and An+1 =™ 
an ordered pair (a,b) of nonnegative integers, with a < b, is a solution of 
the equation 

a2 ae b2 _ . 

ab+1 
if and only if (a,b) = (Gn, dn41) for some n > 0. 
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(1998 Canadian Mathematical Olympiad) 


Problem 9.3.14. Let b,c be positive integers, and define the sequence 
@1,Q2,... by a, = b, ag =c, and 


an+2 = |Ban41 _ 2a,,| 


for n > 1. Find all such (0, c) for which the sequence aj, a2,... has only a 
finite number of composite terms. 


(2002 Bulgarian Mathematical Olympiad) 


9.3.3 Nonstandard sequences of integers 


Problem 9.3.15. Let k be a positive integer. The sequence ay is defined 
by ay = 1, and a, is the n-th positive integer greater than an—1 which is 


congruent ton modulo k. Find ay is closed form. 


(1997 Austrian Mathematical Olympiad) 


2 —l1)k 
Solution. We have a, = ne ee If k = 2, then a, = n?. First, 


observe that a; = 1 (mod k). Thus, for all n, a, = (mod k), and the first 
positive integer greater than a,—1 which is congruent to n modulo k must 
be an-1 +1. The n-th positive integer greater than a,_; that is congruent 
to n modulo k is simply (n—1)k more than the first positive integer greater 
than a,—1 which satisfies that condition. Therefore, a, = @n—1+1+(n—1)k. 


Solving this recursion gives 


2 
Problem 9.3.16. Let a; = 19, ag = 98. Forn > 1, define an+2 to be the 
remainder of Qn + Gn41 when it is divided by 100. What is the remainder 
when 
at + az +--+ + Azgg 
is divided by 8? 
(1998 United Kingdom Mathematical Olympiad) 


Solution. The answer is 0. Consider a, (mod 4) which is not changed 
by taking the remainder divided by 100, there’s the cycle 3, 2, 1, 3, 0, 3 
which repeats 333 times. Then 


a? +03 +++: + arog = 333(1+4+1+14+0+1)=0 (mod 8), 
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as claimed. 
Problem 9.3.17. A sequence of integers {an}n>1 satisfies the following 


recursive relation 
Qn41 = a2 +1999 forn =1,2,... 
Prove that there exists at most one n for which an is a perfect square. 
(1999 Austrian-Polish Mathematics Competition) 
Solution. Consider the possible values of (an, @n+41) modulo 4: 


Qn |O/1)/2)43 
Qn41]3]0] 3] 2 


No matter what a; is, the terms a3,a4,... are all 2 or 3 (mod 4). How- 
ever, all perfect squares are 0 or 1 (mod 4), so at most two terms (a; and 
az) can be perfect squares. If a; and ag are both perfect squares, then 
writing a, = a?, az = b? we have a® + 1999 = b? or 1999 = b? — (a3)? = 
(b+a3)(b—a?). Because 1999 is prime, b—a® = 1 and b+a? = 1999. Thus 
a® = — = 999, which is impossible. Hence at most one term of the 
sequence is a perfect square. 

Problem 9.3.18. Determine if there exists an infinite sequence of posi- 
tive integers such that 

(i) no term divides any other term; 

(it) every pair of terms has a common divisor greater than 1, but no 


integer greater than 1 divides all the terms. 
(1999 Hungarian Mathematical Olympiad) 


Solution. The desired sequence exists. Let po,p1,... be the primes 
greater than 5 in order, and let q3; = 6, q3i41 = 10, dsi¢2 = 15 for 
each nonnegative integer 7. Then let s; = p,q; for all i > 0. The sequence 
S80, 81, $2,... Clearly satisfies (i) because s; is not even divisible by p; for 
i # j. For the first part of (ii), any two terms have their indices both in 
{0,1}, both in {0,2}, or both in {1,2} (mod 3), so they have a common 
divisor of 2, 3, or 5, respectively. For the second part, we just need to check 
that no prime divides all the s;. Indeed, 2 { s2, 34 51, 5 { 89, and no prime 
greater than 5 divides more than one 5;. 

Problem 9.3.19. Let a,,a2,... be a sequence satisfying a, = 2, ag =5 
and 

Opie = (2 — 17 )onss + 2+ 07 )an 
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for alln > 1. Do there exist indices p,q andr such that apag = Gr ? 
(1995 Czech-Slovak Match) 


Solution. No such p,q,r exist. We show that for all n, a, = 2 (mod 3). 
This holds for n = 1 and n = 2 by assumption and follows for all n by 
induction: 

Qns2 = (2—n* Jans + (2+n7)an 


= 2(2 —n”)+2(2+n?)=8=2 (mod 3). 


Hence for any p,q,7, @p@q = 1 (mod 3) while a, = 2 (mod 3), so apa, A 
Gr. 

Problem 9.3.20. Is there a sequence of natural numbers in which every 
natural number occurs just once and moreover, for any k = 1,2,3,... the 
sum of the first k terms is divisible by k? 


(1995 Russian Mathematical Olympiad) 


Solution. We recursively construct such a sequence. Suppose aj,..., @m 
have been chosen, with s = aj +---+@m, and let n be the smallest number 
not yet appearing. By the Chinese Remainder Theorem, there exists t such 
that t = —s (mod m+ 1) and t= —s—n (mod m+ 2). We can increase t 
by a suitably large multiple of (m+ 1)(m + 2) to ensure it does not equal 
any of a1,...,@m. Then a,...,@m,t,n also has the desired property, and 


the construction assures that 1,...,m all occur among the first 2m terms. 


Proposed problems 
Problem 9.3.21. Let {a,,} be a sequence of integers such that for n > 1 
(n —1)any1 = (n+ L)an — 2(n — 1). 
If 2000 divides ayg99, find the smallest n > 2 such that 2000 divides a,. 
(1999 Bulgarian Mathematical Olympiad) 


Problem 9.3.22. The sequence (an)n>o0 is defined by ag = 1, a1 = 3 
and 
Gn41+9an, if n_ is even, 
an+2 = ‘i : 
9ant4it+5a, if nis odd. 


Prove that 
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2000 
(a) S© aj is divisible by 20, 
k=1995 
(b) dan41 is not a perfect square for every n = 0,1,2,... 


(1995 Vietnamese Mathematical Olympiad) 


Problem 9.3.23. Prove that for any natural number a, > 1, there exists 
an increasing sequence of natural numbers a1, qa2,... such that a? + a3 + 
--- + a2 is divisible by ay + a2 +--+ + ax for all k > 1. 


(1995 Russian Mathematical Olympiad) 


Problem 9.3.24. The sequence ag, a1, d2,... satisfies 


Am+n + dm—n = ~(dom + aon) 


2 


for all nonnegative integers m and n with m > n. If a; = 1, determine a. 
(1995 Russian Mathematical Olympiad) 


Problem 9.3.25. The sequence of real numbers aj, d@2,a3,... satisfies 
the initial conditions a, = 2, ag = 500, a3 = 2000 as well as the relation 


Qn+2 7 An4+1 = an+1 


An+1 7 An-1 Qn-1 


for n = 2,3,4,... Prove that all the terms of this sequence are positive 
integers and that 2?9°° divides the number azogo. 


(1999 Slovenian Mathematical Olympiad) 


Problem 9.3.26. Let k be a fixed positive integer. We define the se- 
quence aj,da2,... by a, = k+ 1 and the recursion an41 = az —ka, +k 
for n > 1. Prove that a, and a, are relatively prime for distinct positive 
integers m and n. 

Problem 9.3.27. Suppose the sequence of nonnegative integers aj, 


aQ,--++, 41997 satisfies 
a, + aj S ai4; <ajt+aj+1 


for all 7,7 > 1 with i+ 7 < 1997. Show that there exists a real number x 
such that a, = |na| for all 1 <n < 1997. 


(1997 USA Mathematical Olympiad) 
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Problem 9.3.28. The sequence {a,,} is given by the following relation: 


Given that ag is a positive integer, a, # 2 for each n = 1,2,...,2001, 
and 42002 = 2. Find ag. 


(2002 St. Petersburg City Mathematical Olympiad) 


Problem 9.3.29. Let x1 = rg = 73 = 1 and Ypt3g = Fn + Ln41Fn+2 
for all positive integers n. Prove that for any positive integer m there is an 
integer k > 0 such that m divides x». 

Problem 9.3.30. Find all infinite bounded sequences ay, a2,... of pos- 
itive integers such that for all n > 2, 


An-1 + Gn—-2 


dn = —————_.. 
" ged(an—1, An—2) 
(1999 Russian Mathematical Olympiad) 
Problem 9.3.31. Let a1, a2,... be a sequence of positive integers satis- 


fying the condition 0 < an+1 —a@y < 2001 for all integers n > 1. Prove that 
there exist an infinite number of ordered pairs (p,q) of distinct positive 
integers such that ap is a divisor of aq. 


(2001 Vietnamese Mathematical Olympiad) 


Problem 9.3.32. Define the sequence {tn}n>0 by to = 0 and 


grtl _ 
Ln-1 + pe if n=3"(3k+4 1), 
Ln = 
r+l 1 
Ln-1 — a if n=3"(3k +4 2), 


where k and r are nonnegative integers. Prove that every integer appears 
exactly once in this sequence. 


(1999 Iranian Mathematical Olympiad) 


Problem 9.3.33. Suppose that a,,a2,... is a sequence of natural num- 
bers such that for all natural numbers m and n, gcd(am,@n) = Aged(m,n)- 
Prove that there exists a sequence 61, bz,... of natural numbers such that 


an = II ba for all integers n > 1. 
d|n 
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(2001 Iranian Mathematical Olympiad) 
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10 


Problems Involving Binomial 
Coefficients 


10.1. Binomial coefficients 


One of the main problems leading to considering binomial coefficients 
is the expansion of (a + b)”, where a,b are complex numbers and n is a 


positive integer. It is well-known that 


integers a (") aera (") are called binomial coefficients. They can be 
n 


obtained recursively by using Pascal! ’s triangle: 


where k = 0,1,...,n with the convention 0! = 1. The 


1 Blaise Pascal (1623-1662) was a very influencial French mathematician and philoso- 


phers who contributed to many areas of mathematics. 
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1 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 
1 5 10 10 5 1 


in which every entry different from 1 is the sum of the two entries above 
adjacent to it. 


The fundamental properties of the binomial coefficients are the following: 


1) (symmetry) & = mn ; 


-—1 -1 
2) (Pascal’s triangle property) ? : :) = C ? & i i: 


4 
3) (monotonicity) |) < @ <i (, w= 3 :) = 


4) (sum of binomial coefficients) i) + (") ee (") = 2": 


0 1 


5) (alternating sum) (5) = (") Bree eed it 6 = 0; 


k 
6) (Vandermonde property) S- fe) é n ) = & . " 
1 —4 


i=0 


7) If p is a prime, tien pi(2), k=1,...,p—1. 
Problem 10.1.1. Let n be an odd positive integer. Prove that the set 


(1) G))} 


contains an odd number of odd numbers. 


Solution. For n = 1 the claim is clear, so let n > 3. 


Define $;, = (") Gs (5) foe Gar Then 
1 2 on 


=e) 


or S, = 2”-! — 1. Because S,, is odd it follows that the sum S,, contains 


an odd number of odd terms, as desired. 
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Problem 10.1.2. Determine all the positive integers n > 3, such that 


27009 is divisible by 


(1998 Chinese Mathematical Olympiad) 


Solution. The solutions are n = 3,7, 23. Since 2 is a prime, 


for some positive integer k < 2000. We have 


14 @ (5) (3) = (n+ 1)(n? —n+6)/6, 


ie., (n+ 1)(n? —n +6) = 3 x 2*+!, Let m = n+1, then m > 4 and 
m(m? — 3m +8) =3 x 2*+!. We consider the following two cases. 
(a) m = 2%. Since m > 4, s > 2. We have 


27 —3 x 2° +8 =m? —3m+8=3 x 2 
for some positive integer t. If s > 4, then 


8=3x2' (mod 16) > 2°=8 > m?-3m+8=24 > m(m—3) = 16, 


which is impossible. Thus either s = 3, m = 8, t = 4, n = 7, or s = 2, 
m=4,t=2,n=3. 
(b) m = 3x 2". Since m > 4, m > 4 and u> 1. We have 


9x 22% 9x 2% 4+ 8 =m? —3m+8=2” 


for some positive integer v. It is easy to check that there is no solution 
for v when u = 1,2. If u > 4, we have 8 = 2” (mod 16) > v = 3 and 
m(m — 3) = 0, which is impossible. So u = 3, m = 3 x 23 = 24,u = 9, 
n= 23. 

Problem 10.1.3. Let m and n be integers such that 1 < m <n. Prove 


that m is a divisor of 
m— 1 


n ye (f). 


k=0 
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(2001 Hungarian Mathematical Olympiad) 


Solution. We can write the given expression as follows: 


The final expression is clearly divisible by m. 
Problem 10.1.4. Show that for any positive integer n, the number 


2 1 2 1 2 1 
Sn = ne Fa) AL ae ci aae a? 9 a or .3n 
0 2 an 


is the sum of two consecutive perfect squares. 
(1999 Romanian IMO Team Selection Test) 
Solution. It is easy to see that: 


Sin = [(2 fhe /3)2t1 ae (2 = V3, 


Cd ee 


The required property says: there exists k > 0 such that S, = (k —1)?+ 
k?, or, equivalently, 
2k? — 2k+1-S, =0. 


The discriminant of this equation is A = 4(2S,, — 1), and, after usual 


computations, we obtain 


hen (2 ie afayrnet 4 (1 _ Ary 
2” ; 


After solving the equation, we find that 


Be gn+1 fe (1 a af a) of (1 = yan 
+ Qn+2 . 
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Therefore, it is sufficient to prove that k is an integer number. Let us 
denote Ey», = (1+V3)™+(1—V3)™, where m is a positive integer. Clearly, 
Ey, is an integer. We shall prove that al#] divides E,,, For Eg = 2, Fy = 
2, E, = 8, the assertion is true. Moreover, the numbers E,,, satisfy the 


relation: 


Em = 2Em-1 ae 2Em—2: 


The property now follows by induction. 
Problem 10.1.5. Prove that for every pair m,k of natural numbers, m 


has a unique representation in the form 
ak Ak-1 at 
oa ye) 


Qk > Ap-1 > ++ >a StS. 


where 


(1996 Iranian Mathematical Olympiad) 


Solution. We first show uniqueness. Suppose m is represented by two 
sequences az,...,a, and by,...,b;. Find the first position in which they 
differ; without loss of generality, assume this position is k and that az > bx. 


Then 
by by — 1 by —k +1 by +1 
< ox < 
me) Grae rTP) < CH) sm 


a contradiction. 


To show existence, apply the greedy algorithm: find the largest a, such 
that & ) <m, and apply the same algorithm with m and k replaced by 


m— ey and k—1. We need only make sure that the sequence obtained is 


: : : ; ap+1 
indeed decreasing, but this follows because by assumption, m < ( : ) ; 


m 
ak Qk 
d - : 
and so m k < k—1 
Problem 10.1.6. Show that for any positive integer n > 3, the least 
common multiple of the numbers 1,2,...,n is greater than 2°-'. 


(1999 Czech-Slovak Match) 
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Solution. For any n > 3 we have 


ger -> (e ‘) : = (=) =n( fa): 


-1 
Hence it suffices to show that n ( oa divides lem(1,2,...,n). Using 


2 
an argument involving prime factorizations, we will prove the more gen- 


eral assertion that for each k < n, lem(n,n —1,...,n —k) is divisible by 
n—-1 
"\ 
Let k and n be fixed natural numbers with k < n, and let p< n be an 
arbitrary prime. Let p®* be the highest power of p which divides lem(n, n — 


1,...,n —k), where p*|n — 1 for some !. Then for each i < a, we know 
l 

that p'|n — 1. Thus exactly | of {n—14+1,n—1+2,...,n} and exactly 
p 


k- 
— of {n—1—1,n—1-2,...,n—k} are multiples of p', so p’ divides 


l k-l k 

=| + a < =| of the remaining k numbers, that is, at most the 
Pp Pp 

number of multiples of p’ between 1 and k. It follows that p divides 


a("21) n(n—1)...(n—-141)(n—1-1)...(n—k) 


jee eS. tiita-) 


k} 


-1 
at most a times, so that indeed n(" k ) llem(n,n —1,...,n—k). 


Proposed problems 


Problem 10.1.7. Show that the sequence 


2002 2003 2004 
2002/7’ \2002/’ \2002/’ °°” 
considered modulo 2002, is periodic. 


(2002 Baltic Mathematical Competition) 


Problem 10.1.8. Prove that 


for any prime number p. 
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Problem 10.1.9. Let k,m,n be positive integers such that m+k+1 
is a prime number greater than n + 1. Let us denote C, = s(s +1). Show 
that the product 


(Cm+1 = Cr) (Cm+2 = Ck) tee (Cm+n ~~ Cx) 
is divisible by C1 C2...Cy. 
(18*" IMO) 


Problem 10.1.10. Let n,k be arbitrary positive integers. Show that 
there exists positive integers a, > ag > a3 > a4 > a5 > k such that 


n=#(3)4(3)* (2) *(@)*(). 


(2000 Romanian IMO Team Selection Test) 


Problem 10.1.11. Prove that if n and m are integers, and m is odd, 
then 


is an integer. 
(2004 Romanian IMO Team Selection Test) 


Problem 10.1.12. Show that for any positive integer n the number 
“. (2n+1 
93k 
> (es) 


k=0 


is not divisible by 5. 
(16*” IMO) 


Problem 10.1.13. Prove that for a positive integer k there is an integer 
n > 2 such that (") totes ( " :) are all divisible by k if and only if k is 
i 


a prime. 
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10.2 Lucas’ and Kummer’s Theorems 


The following theorems by E. Lucas? (1878) and E. Kummer? (1852) are 
very useful in number theory. Let n be a positive integer, and let p be a 
prime. Let %mNm—1--- 0p denote the base p representation of n; that is, 


———— m 
2 =TNmNm—-1---MWp, = No + N1p + +++ + Imp ; 


where 0 < no, 71,---,%m <p—landn, #0. 
Theorem 10.2.1. (Lucas) Let p be a prime, and let n be a positive 
integer with n =TimNm—1---N0,- Let i be a positive integer less than n. If 


t=io tiypt+-:--+imp™, where 0 < io, %1,.--,4m <p—1, then 


(;)=f1(9) coin 0 


j=0 


Here : =1 and : =0 ifn; <4;. 

To prove this theorem, we need some additional techniques. Let p be a 
prime, and let f(x) and g(x) be two polynomials with integer coefficients. 
We say that f(a) is congruent to g(a) modulo p, and write f(x) = g(x) 
(mod p) if all of the coefficients of f(x) — g(x) are divisible by p. (Note 
that the congruence of polynomials is different from the congruence of the 
values of polynomials. For example, x(a + 1) # 0 (mod 2) even though 
x(a +1) is divisible by 2 for all integers x.) The following properties can 
be easily verified: 

(a) f(x) = f(x) (mod p); 

(b) if f(x) = g(x) (mod p), then (=) 

(c) if f(x) = g(x) (mod p) and g(z) = 


f(x) = h(x) (mod p); 


(d) if f(x) = g(x) (mod p) and f(x) = gi(a) (mod p), then 


= f(x) (mod p); 
h(a) (mod p), then 


f(z) = fi(z) = g(@) + 91(2) (mod p) 


2Ernst Eduard Kummer (1810-1893), German mathematician who’s main achieve- 
ment was the extension of results about integers to other integral domains by introducing 
the concept of an ideal. 

3 Frangois Edouard Anatole Lucas (1842-1891), French mathematician best known 
for his results in number theory. He studied the Fibonacci sequence and divised the test 


for Mersenne primes. 
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and 


f(x) fi(@) = g(a) gi(x) (mod p). 


Proof. By property 7), the binomial coefficients (i). where 1 <k< 
p—1, are divisible by p. Thus, 


(1+a)? =1+4+ 2? (mod p) 


and 
(l4+a)? =[(14+<2)?]? =[1l4+a?)P=1 + oP (mod p), 


and so on; so that for any positive integer r, 
(L4+a)" =1+4+2”" (mod p) 


by induction. 
We have 
(L4+a)" =(14+g)rotrpttrmp™ 
=(1+a)"[(1+a)?]"... [+ x)P™ |rm 
= (1 + xv)?°(1+aP)™ 2. (L4aP™ rm (mod 6: 


The coefficient of x’ in the expansion of (1 + 2)” is @ On the other 
i 
hand, because i = ig +ijp+-:-+imp™, the coefficient of x* is the coefficient 


ies n n n 
of x(x?) ... (a? )'™, which is equal to ( ( .) ...(.’" ]. Hence 
20 al im 


(= (2) (ie) aoa, 


Theorem 10.2.2. (Kummer) Let n and i be positive integers with i <n, 


as desired. 


and let p be a prime. Then p' divides (") if and only if t is less than or 
a 
equal to the number of carries in the addition (n — 7) +14 in base p. 
Proof. We will use the formula 
n — Sp(n) 
p-1l 


€p(n) = (2) 


where e, is the Legendre’s function and S,(n) is the sum of digits of n in 
base p (see Section 6.5). We actually prove that the largest nonnegative 


220 10. PROBLEMS INVOLVING BINOMIAL COEFFICIENTS 


integer ¢ such that p* divides (") is exactly the number of carries in the 
i 
addition (n — i) +7 in base p. 

Let n! = GnGn-1-- Ap» i! = bpbp_1... boy: (n — 1)! = (G@G=7..- GH) p. 
Because 1 <i < n, it follows that k,l < m. Without loss of generality, 
we assume that k < 1. Let a,b,c, and t’ be integers such that p%||n!, p?||i!, 
p'||(n — 4)!, and p* | ") ‘Then t’=a—b-c. 

i 

From formula (2) we have 

n— (dm + @m—1+++++ 49) 
p-l 

i — (by + be-1 +--+ + bo) 
p-l 


az 


Thus 


f= alam ++ +40) + (H+ tbo) (At 400) gy 
p-l 


On the other hand, if we add n — 7 and 7 in base p, we have 


be Dect. xo. br “bo 
Cl Cl-1 sae Ck Ck-1 sae C1 Co 
Gm Am-1 wee ay al-1 soe Qk Ak-1 soe a, ago 


Then we have either 6) + co = ao (with no carry) or bp + co = an + p 


(with a carry of 1). More generally, we have 
bo +Co =a0+ Q1p, 


by +e, +a, = a1 + Ap, 


bg + co + a2 = a2 + agp, 


bm + Cm + Am = Am, 


where a; denotes the carry at the (i— 1)” digit from the right. (Note also 
that b; = 0 for j > k and that c; = 0 for 7 > 1.) Adding the above equations 


together yields 


(bo ++ +++ bg) + (Co +++: +E) = (Co +++: HOm) + (p— 1)(a1 +--+ + Om). 
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Thus, equation (3) becomes 


ti =a, +-::+am, 


as desired. 


Problem 10.2.1. Let n be a positive integer. Prove that the number of 
k € {0,1,...,n} for which (;) is odd is a power of 2. 


Solution. Let the base 2 expansion of n be 2°ng + 2!ny +--+ + 2%nq, 
where n; € {0,1} for each i. Then for any k = 2°ko + 24k; +---+2%ka, we 


ave (") = ("°) ee _ ) (mod 2) 


by Lucas’ theorem. Thus 6 is odd if and only if k; < n; for each i. Let m 
be the number of n;’s equal to 1. Then the values of k € {0,1,...,2*1—1} 
for which () is odd are obtained by setting k; = 0 or 1 for each of the m 
values of 7 such that n; = 1, and k; = 0 for the other values of i. Thus there 


are 2” values of k in {0,1,...,2¢*!—1} for which @ is odd. Finally, note 


that for k > n, & 


= 0 is never odd, so the number of k € {0,1,...,n} 


for which i is odd is 2™, a power of 2. 


Problem 10.2.2. Determine all positive integers n, n > 2, such that 


Ce) is even fork =1,2,...,[ 5]. 


(1999 Belarussian Mathematical Olympiad) 


Solution. Suppose that p = 2, a = 2°—1, and ag_) = Gs_2 = ++: = 


1. For any b with 0 < b < 2° —1, each term @ in the above equation 


equals 1. Therefore, (5) = 1 (mod 2). 
This implies that n+ 1 is a power of two. Otherwise, let s = |log,n| and 
let 
n on 
n— ( jJ=n Sas os 


Then % — 4 =) is odd, a contradiction. 


Conversely, suppose that n = 2° — 1 for some positive integer s. For 
KS Oa tay E , there is at least one 0 in the binary representation of 
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a =n-—k (not counting leading zeros, of course). Whenever there is a 0 in 
the binary representation of n — k, there is a 1 in the corresponding digit 


of b= k. Then the corresponding (*') equals 0, and by Lucas’ Theorem, 


n—k\. 
k is even. 


Therefore, n = 2° — 1 for integers s > 2. 


Problem 10.2.3. Prove that : , A =1,2,...,2" —1, are all even 


and that exactly one of them is not divisible by 4. 


Solution. All these numbers are even, since 


2P\ 2" (2" — 1 
kk) k\k-1 
and 2”/k is different from 1 for all k =1,2,...,2"—1. 


ar 
From the same relation it follows that ( k ) is a multiple of 4 for all k 


different from 2”~!. For k = 2”—! we have 


2” Qe 
=2 ‘ 
= es _ i) 


2” —1 
But from Lucas’ theorem it follows that (= :) is odd, since 2” — 1 
1 
contains only 1’s in its binary representation and 6 =lifk=Oorl. 


This solves the problem. 


Proposed problems 


Problem 10.2.4. Let p be an odd prime. Find all positive integers n 


such that " ‘ i pics are all divisible by p. 
1 2 n—1 


Problem 10.2.5. Let p be a prime. Prove that p does not divide any 

of (‘") Baths ( : :) if and only if n = sp* — 1 for some positive integer k 
n- 

and some integer s with 1<s<p-—1l. 


Problem 10.2.6. Prove or disprove the following claim: For any integer 
k, > 2, there exists an integer n > 2 such that the binomial coefficient : 
a 


is divisible by & for any 1<i<n-1. 


(1999 Hungarian-Israel Mathematical Competition) 


11 


Miscellaneous Problems 


Problem 11.1. Find all positive integers x,y,z which satisfy conditions: 
x+y > 2z anda? 4+ y? — 227 =8. 


(2003 Romanian Mathematical Olympiad) 


Solution. There are two possible cases: 

Case Il. 2 >y>z. 

We denote x—z=a>0,y—z=b>0,a> b. One obtains the equation 
2z(a+ b) +a? +b? = 8. When z > 3, there are no solutions. For z = 2, 
we get (a + 2)? + (b+ 2)? = 16, which again has no solution. When z = 1 
we obtain solutions (x,y,z) = (3,1,1) or (a, y, z) = (1,3,1). When z = 0, 
a? + b? = 8 and we get the solution (x, y, z) = (2, 2,0). 
Case II. x > z> y. 
Note again that « — z = a, y— z = b and obtain the solution (x, y, z) = 
(n+ 2,n —2,n) or (x,y, z) = (n — 2,n+2,n). 

Problem 11.2. Let n be a positive integer. Find all integers that can be 


written as: 


for some positive integers a,,Q2,...,@n.- 
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1 1 
Solution. First, observe that k = — +—+---+ = then 
ay, ag an 


n(n +1) 


RS1+2434-¢n= > 


1 
We prove that any integer k © {1 2 ses “at can be written as 


requested. 
1 
For k = 1, put a, = ag =--- =n sa 
For k = n, set aj = 1, ag = 2,..., Qn = 7. 
1 
For 1<k <n, let ay =Land a; = "49 _ py y fori ee —1. 
Thus 
n(n +1) 
. ———. -k+]1 
1 2 n k-1 i 
pope poet YH =k-14—4—_ _ =k. 
a, a An 1 f4 a; n(n +1) 
a ae 
‘ 2 
1 
force ED huis 
k=n-+ pit pot-+++ Dis 
Setting @p,41 = Gps41 = +++ = Gp,41 = 1 and else a; = j we are done. 


Problem 11.3. Find all the positive integers a < b< c < d with the 
property that each of them divides the sum of the other three. 
Solution. Since d|(a+b+c) and a+b+c < 3d, it follows that at+b+c=d 
ora+b+c=2d. 
Case i). Ifa+b+c=d, as a|(b+c+d), we have a|2d and similarly 6|2d, 
c|2d. 
Dede ® old, ol 
Let 2d = ax = by = cz, where 2< z<y <a. Thus —+-+-=-. 
Gr y z 2 


1° If z =3, then = + - = . The solutions are 
zc y 6 
(x,y) = {(42, 7), (24, 8), (18, 9), (15, 10)}, 
hence 
(a,b, c,d) € {(k, 6k, 14k, 21k), (k, 3k, 8k, 12k), (k, 2k, 6k, 9k), 


(2k, 3k, 10k, 15k), (k, 3k, 8k, 12k)}, 
for k > 0. 
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1 1 1 
2° If z= 4, then — + — = -, and 
ze sy 4 


(x,y) = {(20, 5), (12, 6)}. 
The solutions are 
(a, b,c, d) = (k, 4k, 5k, 10k) and (a,b,c, d) = (k, 2k, 3k, 6k), 


for k > 0. 
3° If z =5, then : + ; = =, and (3x — 10)(3y — 10) = 100. 
As 3a — 10 = 2 (mod 3), it follows that 3x — 10 = 20 and 3y — 10 = 5. 
Thus y = 3, false. 
1 1 1 1 


1 1 1 ; 
4° If z>6 then —-+-—-+-<=+—+-—=-= so there are no solutions. 
ec y z 6 6 6 2 


Case ii). If a+b6+ c= 2d, we obtain al3d, b|3d, c|3d. 
1.22 
Then. 3d = a= by = cd, with «> y > 2 > 3-and:— fo sp a. Since 
GY 2 
1 1 1 1 37 
= +—-— = — < -, so there 
z 


1 1 
PAYS Da Ove have aie ae 


are no solutions in this case. 
Problem 11.4. Find the greatest number that can be written as a product 


of some positive integers with the sum 1976. 
(18*” IMO) 


Solution. Let x1, 22,...,2%p be the numbers having the sum «2; + x2 + 
+--+ +2, = 1976 and the maximum value of the product 71 -72---%, = p. 

If one of the numbers, say x1, is equal to 1, then 71 +42 =1+22 > 42 = 
2149. Hence the product (41+ 22)-x%3-+--a@py is greater than 71-22...Un =P, 
false. Therefore x, > 2 for all k. 

If one of the numbers is equal to 4 we can replace him with two numbers 
2 without changing the sum or the product. 

Suppose that x, > 5 for some k. Then x, < 3(a~ — 3), so replacing the 
number x, with the numbers 3 and x; — 3, the sum remains constant while 
the product increases, contradiction. 

Therefore all the numbers are equal to 2 or 3. If there are more than 
3 numbers equal to 2, we can replace them by two numbers equal to 3, 
preserving the sum and increasing the product (as 2-2-2 < 3-3). Hence 
at most two terms equal to 2 are allowed. Since 1976 = 3- 658+ 2 the 


maximum product is equal to 2 - 3%. 
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Problem 11.5. Prove that there exist infinitely many positive integers 
that cannot be written in the form 


c+as tolt+el+at 
for some positive integers x1, 22,23, 04,25. 
(2002 Belarussian Mathematical Olympiad) 


Solution. For each integer N, we consider the number of integers in 
[1, N] that can be written in the above form. Because 7; < N?, there are 
at most N23 ways to choose x1. Similar argument applies to the other z;s. 
Therefore, there are at most N3N3N7N3Nu = N25 combinations. So 
there are at least N — N 3105 integers not covered. It is easy to see that this 
value can be arbitrarily large as N approaches infinity. Therefore, there 
exist infinitely many positive integers that cannot be written in the form 


ret+a3+as+a}tal. 


Proposed problems 


Problem 11.6. Let a, b be positive integers. By integer division of a? +b? 
to a+b we obtain the quotient gq and the remainder r. Find all pairs (a, b) 
such that q? +r = 1977. 


(19*” IMO) 


Problem 11.7. Let m,n be positive integers. Show that 25” — 7™ is 
divisible by 3 and find the least positive integer of the form |25”—7™—3™|, 


when m,n run over the set of non-negative integers. 
(2004 Romanian Mathematical Regional Contest) 
Problem 11.8. Given an integer d, let 
S = {m? + dn?|m,n€ Z}. 
Let p,q € S be such that p is a prime and r = 4 is an integer. Prove 
that re S. . 
(1999 Hungary-Israel Mathematical Competition) 


Problem 11.9. Prove that every positive rational number can be rep- 


resented in the form 
a? ie b3 


O+ a 
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where a,b, c,d are positive integers. 
(1999 IMO Shortlist) 


Problem 11.10. Two positive integers are written on the board. The 
following operation is repeated: if a < b are the numbers on the board, then 
a is erased and ab/(b—a) is written in its place. At some point the numbers 
on the board are equal. Prove that again they are positive integers. 


(1998 Russian Mathematical Olympiad) 


Problem 11.11. Let f(x) + a9 + aya +--+ + @m2™, with m > 2 and 
Gm # 0, be a polynomial with integer coefficients. Let n be a positive 


integer, and suppose that: 

i) a2, @3,...,@m are divisible by all the prime factors of n; 

ii) a, and n are relatively prime. 

Prove that for any positive integer k, there exists a positive integer c 
such that f(c) is divisible by n”. 


(2001 Romanian IMO Team Selection Test) 


Problem 11.12. Let z,a,b be positive integers such that 2+? = ab. 
Prove that a = x and b= 2”. 


(1998 Iranian Mathematical Olympiad) 


Problem 11.13. Let m,n be integers with 1 < m < n. In their decimal 
representations, the last three digits of 1978” are equal, respectively, to 
the last three digits of 1978”. Find m and n such that m+n is minimal. 


(20¢” IMO) 
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Part II 


SOLUTIONS TO 
PROPOSED PROBLEMS 
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12 
Divisibility 


12.1 Divisibility 
Problem 1.1.10. Show that for any natural number n, between n? and 


(n+1)? one can find three distinct natural numbers a, b,c such that a? +b? 


is divisible by c. 
(1998 St. Petersburg City Mathematical Olympiad) 
Solution. (We must assume n > 1.) Take 
a=n?+2, b=n?+n41, cH=n?4+1. 


Then a? + b? = (2n? + 2n+5)c. 
Problem 1.1.11. Find all odd positive integers n greater than 1 such 
that for any relatively prime divisors a and b of n, the number a+ b—1 ts 


also a divisor of n. 
(2001 Russian Mathematical Olympiad) 


Solution. We will call a number ” good” if it satisfies the given condi- 
tions. It is not difficult to see that all prime powers are good. Suppose n is 
a good number that has at least two distinct prime factors. Let n = p's, 
where p is the smallest prime dividing n and s is not divisible by p. Be- 
cause n is good, p +s —1 must divide n. For any prime gq dividing s, 
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s<p+s-—1<s+4q, 80 q does not divide p+s-—1. Therefore, the only 
prime factor of p+s—1 is p. Then s = p° —p+1 for some c > 1. Because 
p® must also divide n, p° + s — 1 = 2p° — p divides n. Because 2p°-! — 1 
has no factors of p, it must divide s. But a simple computation shows that 
Dal 0 Hie Pte 


5 pet < aed therefore 2p 


Problem 1.1.12. Find all positive integers n such that 3"~+ + 5"~1 
divides 3" + 5”. 


e-1 _ 1 cannot divide s. 


(1996 St. Petersburg City Mathematical Olympiad) 
Solution. This only occurs for n = 1. Let s, = 3" + 5” and note that 
8, = (3 + 5)8n—1 —3-5- Syn _2 


sO S,_1 must also divide 3-5-s,_9. If n > 1, then s,_1 is coprime to 3 


and 5, so $,_; must divide s,_2, which is impossible since s,_ 1 > Sn_2. 


ort ape 5” 
Remark. Alternatively, note that 1 < ees < 5 so we can only 
have aoe € {2,3,4} cases which are easily checked. 


Problem 1.1.13. Find all positive integers n such that the set 


{n,n+1,n+2,n+3,n4+4,n+4+ 5} 


can be split into two disjoint subsets such that the products of elements in 


these subsets are the same. 
(12*" IMO) 


Solution. At least one of six consecutive numbers is divisible by 5. From 
the given condition it follows that two numbers must be divisible by 5. 
These two numbers are necessarily n and n+ 5. Therefore n and n+ 5 
are in distinct subsets. Since n(n + 1) > n+5, it follows that a required 
partition cannot be considered with subsets of different cardinality. Thus 
each subset must contain three numbers. The following possibilities have 
to be considered: 

a) {n,n+2,n+ 4} U {n+1,n+3,n+4+ 5} 

b) {n,n+3,n+ 4} U{n4+1,n+2,n4 5}. 

In case a), n<n+l1l,n+2<n+3andn+4<n+5. 

In case b), the condition of the problem gives: 


n(n +3)(n +4) = (n+ 1)(n+3)(n+5). 
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We obtain n? + 5n+ 10 =0 and this equation has no real solution. 

Remark. One can prove that if p is a prime of the form 4k + 3, then 
one cannot partition p — 1 consecutive integers in two classes with equal 
product. This problem is the particular case p = 7. 

Problem 1.1.14. The positive integers d,,d2,...,dy divide 1995. Prove 
that there exist dj and dj; among them, such that the numerator of the 
reduced fraction d;/d; is at least n. 


(1995 Israeli Mathematical Olympiad) 


Solution. Note that 3-5-7-19 = 1995. If the chosen divisors include 
one divisible by 19 and another not divisible by 19, the quotient of the two 
has numerator divisible by 19, solving the problem since n < 16. If this is 
not the case, either all divisors are or divisible by 19 or none of them has 
this property, and in particular n < 8. Without loss of generality, assume 
the divisors are all not divisible by 19. 

Under this assumption, we are done if the divisors include one divisible 
by 7 and another not divisible by 7, unless n = 8. In the latter case all of 
the divisors not divisible by 19 occur, including 1 and 3-5-7, so this case 
also follows. We now assume that none of the chosen divisors is divisible 
by 4, so that in particular n < 4. 

Again, we are done if the divisors include one divisible by 5 and another 
not divisible by 5. But this can only fail to occur ifn = 1 or n = 2. The 
former case is trivial, while in the latter case we simply divide the larger 
divisor by the smaller one, and the resulting numerator has at least one 
prime divisor and so is at least 3. Hence the problem is solved in all cases. 

Problem 1.1.15. Determine all pairs (a,b) of positive integers such that 
ab? +b+7 divides a2b+a+t+b. 


(39%" IMO) 


Solution. From the divisibility ab? + b + 7|a2b + a + 6 we obtain: 


ab* + b+ 7|b(a2b + a+b) —a(ab? ++b+7) > ab? +6+7|b? — 7a. 


When b? — 7a = 0, it follows b? = 7k, a = 7k?. Observe that all pairs 
(7k?, 7k), k > 1 are solutions for the problem. 
Suppose b?—7a > 0. Then ab?+b+7 < b?—7a and we get a contradiction: 


b? —7a < 0? < ab? +547. 
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Suppose b? — 7a < 0. Then ab? + b+ 7 < 7a — b?. This is possible only 
for b? < 7, ie. either b= 1 or b = 2. If b= 1, we obtain a = 11 or a= 49. 

If b = 2, we obtain 4a + 9ja+22 > 4a+9<a4+22 > 3a< 13. This 
case cannot give a solution. 

Hence, the solutions of the problem are: (7k, 7k), (11,1) and (49, 1). 

Problem 1.1.16. Find all integers a,b,c with 1 <<a< 6b <c such that 
(a — 1)(b— 1)(c—1) is a divisor of abc — 1. 


(3374 IMO) 


Solution. It is convenient to note a—1 = x, b—1 = y and c—1 = z. Then 


we have the conditions: 1<a«<y<zand ryz|eyt+yz+2a+a+y+z. 
The idea of the solution is to point out that we cannot have xyz < 
sy tyz+22+a+y+4 2 for infinitely many triples (x,y,z) of positive 
integers. Let f(x,y, z) be the quotient of the required divisibility. 
From the algebraic form: 


1 1 1 1 1 1 
f(t,y2)=—+—+- 
x z 


y ay yz 28 


we can see that f is decreasing function in one of the variables x,y, z. By 


symmetry and because 2, y, 2 are distinct numbers, 
5 


Thus, if the divisibility is fulfilled we can have either f(z,y,z) = 1 or 
f(x,y, z) = 2. So, we have to solve in positive integers the equations 


cy tyz+zat+atyt+2z=kryz (1) 


where k = 1 or k= 2. 

Observe that f(3,4,5) = <1. Thus z € {1,2}. Also f(2,3,4) = ~ < 
2. Thus, for « = 2, we necessarily have k = 1. The conclusion is that only 
three equations have to be considered in (1). 

Case 1. x = 1 and k = 1. We obtain the equation: 


1+2(y+z2)+ yz = yz. 


It has no solutions. 


Case 2. x = 1 and k = 2. We obtain the equation: 


1+2(y+ 2) = yz. 
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Write it under the form: (y—2)(z—2) = 5 and obtain y—2 = 1, z-2=5. 
It has a unique solution: y = 3, z = 7. 
Case 3. x = 2 and k = 1. We obtain the equation: 


2+ 3(y +z) = yz. 


By writing it under the form: (y — 3)(z — 3) = 11 we find y — 3 = 1, 
z—3= 11. Thus, it has a unique solution: y = 4, z = 15. 
From Case 2 and Case 3 we obtain respectively: a = 2, b= 4, c= 8 and 
a=3,b=5,c=16. These are the solutions of the problem. 
Problem 1.1.17. Find all pairs of positive integers (x,y) for which 
a+y? 
| 
is an integer which divides 1995. 


(1995 Bulgarian Mathematical Olympiad) 


Solution. It is enough to find all pairs (x,y) for which x > y and 2? + 
y? = k(x — y), where k divides 1995 = 3-5-7-19. We shall use the 
following well-known fact: if p is prime of the form 4q + 3 and if it divides 
x? + y? then p divides x and y. (For p = 3, 7, 19 the last statement can be 
proved directly). If & is divisible by 3, then # and y are divisible by 3 too. 
Simplifying by 9 we get an equality of the form x? +y? = ki(@1—y1), where 
k, divides 5- 7-19. Considering 7 and 19, analogously we get an equality 
of the form a? + 6? = 5(a— b), where a > b. (It is not possible to get an 
equality of the form a? + b? = a—). From here (2a — 5)? + (2b+ 5)? = 50, 
ie.a=3,b=1, ora=2, b=1. The above consideration implies that the 
pairs we are looking for are of the form (3c, c), (2c,c), (c, 3c), (c, 2c), where 
c=1, 3, 7, 19, 3-7, 3-19, 7-19, 3-7-19. 

Problem 1.1.18. Find all positive integers (x,n) such that «” +2” +1 
is a divisor of e™t} 4+ 2"*1+1. 


(1998 Romanian IMO Team Selection Test) 


Solution. The solutions are (x,n) = (4,1) and (11,1). If n = 1, we need 
r+3=24+241la?7+441= 2745 = (x+3)(x—-3)+14, so x4+3 divides 
14 and « = 4 or 11. Suppose n > 2. For x € {1,2,3} we have 


142%41<142%741< 2(14+2"+4+1), 


rporepcomtt pontl i 2 9/2" +9" +1), 
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2(3" + 2” +1) < 3771 42771 41 < 3(38" 4 2" 4:1), 


so 2” +2"+1 does not divide 2771 +2"+1+1. For x > 4,2" = 2" /2+2"/2 > 
22” /2 + x /2, so 


(2” + 1)a < ((2" +1)? +27) /2 
= (277 + 271 4 1 4?) /2< oh 4 oe 4 9 48. 
Therefore 


(2 —1)(x? +2" +1) =a"! 4 2%¢+r—-—2"—-2"-1 


<oghthgrla < x(a" +2" +1); 


again x” +2” + 1 does not divide ”*! + 2”! + 1. So the only solutions 
are (4,1) and (11,1). 

Problem 1.1.19. Find the smallest positive integer K such that every 
K-element subset of {1,2,...,50} contains two distinct elements a,b such 
that a+ 6 divides ab. 


(1996 Chinese Mathematical Olympiad) 


Solution. The minimal value is k = 39. Suppose a,b € S' are such that 
a+b divides ab. Let c = gcd(a, b), and put a = cay, b = cb;, so that a; and 
b; are relatively prime. Then c(a; + b;) divides c?a1b1, so a, +b; divides 
ca b;. Since a; and 6; have no common factor, neither do a, and a; + 01, 
or b; and a; + b;. In short, a; + 0; divides c. 

Since S C {1,...,50}, we have a+b < 99, so c(a; + b1) < 99, which 
implies a, +6; < 9; on the other hand, of course a, +6; > 3. An exhaustive 
search produces 23 pairs a, b satisfying the condition: 


a, +b, =3 (6, 3), (12, 6), (18, 9), (24, 12), 
(30, 15), (36, 18), (42, 21), (48, 24) 
a, +b, =4 (12, 4), (24, 8), (36, 12), (48, 16) 
a, +b,=5 (20,5), (40, 10), (15, 10), (30, 20), (45, 30) 
a, +b, =6 (30, 6) 
ay +b, =7 (42, 7), (35, 14), (28, 21) 
a, +b, =8 (40, 24) 
a, +b, =9 (45, 36) 
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12.2. Prime numbers 


Problem 1.2.10. For each integer n such that n = pipop3p4, where 


P1,P2,p3, pa are distinct primes, let 
dj =1<dg<dg<::-<dig=n 


be the sixteen positive integers which divide n. Prove that if n < 1995, then 
dg — dg # 22. 


(1995 Irish Mathematical Olympiad) 


Solution. Note that 35-57 = 1995 = 2-3-7-19. Suppose that n < 1995 
and dg — dg = 22; then dgdg = n, so dg < 35. Moreover, dg cannot be 
even since that would make n divisible by 4, whereas n has distinct prime 
factors. Hence dg, dg and n are odd. 

The divisors d;,...,dg each are the product of distinct odd primes, since 
they divide n. Since 3-5-7 > 35, none of d,,...,dg is large enough to 
have three odd prime factors, so each is either prime or the product of two 
primes. Since n only has four prime factors, four of the d; must be the 
product of two odd primes. But the smallest such numbers are 


15,21, 33, 35,... 


and so we must have dg > 35, contrary to assumption. 
Problem 1.2.11. Prove that there are infinitely many positive integers 
a such that the sequence (Zn)n>1, 2n =n* +a, does not contain any prime 


number. 
(1 qth IMO) 


Solution. To consider all positive integers of the form n+ + a, n > 1, 
means to consider all values of the polynomial P(X) = X*+ a in the 
positive integers. A decomposition of the polynomial P(X) gives us de- 
compositions of the numbers n* +a, unless the case of factors taking values 
1. 

The polynomial P(X) can have a decomposition in integer polynomials 
only into quadratic factors: 


P(X) =(X?+mX +n)(X? +m'X +7’). 
Such a decomposition is possible if and only if: 


mt+m =0, mm’+n+n'=0, mn’ +m'n =0 and nn’ =a. 
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We obtain: m’ = —m, n =n’, m? — 2n =0 and n? =a. 
Therefore, there is a unique possibility: 


X*+as (X? +mX +n)(X? —mX +n). 


This case may fulfill when m = 2k, n = 2k? and a = 4k*, with k > 1. 
Problem 1.2.12. Let p,q,r be distinct prime numbers and let A be the 
set 
A={p%qr°: 0< a,b,c < 5}. 
Find the smallest integer n such that any n-element subset of A contains 


two distinct elements x,y such that « divides y. 
(1997 Romanian Mathematical Olympiad) 


Solution. Define an order relation on A by setting p%q?ro < p%qr™ 
iff a < ay, b < bi, c < cy. We must find thus the longest antichain with 
respect to this relation, that is the maximal number n such that there is 


Bc Awith |B| =n and no two elements of B are comparable. The answer 
will then be n+ 1. 

From now on, identity p%q’r° with (a,b,c) and regard it as a laticial 
point in R°. One can easily check that the set 


B= {(a,b,c) | a,b,c € {0,1,...,5}, a+ b+c= 8} 


has 27 elements and that it is an antichain. We will prove that any set with 
28 elements contains two comparable elements. Of course, it suffices to find 
27 chains which partition {(a,b,c) | 0 < a,b,c < 5} and such that each 
chain has a unique representation from B. Take A = {(a,b) | 0 < a,b < 5} 
and partition it into 6 chains (draw a picture!) 


A; = {(0,0), (0,1),..., (0,5), (1,5),..., (5, 5)}, 


Ao = {(1,0), (1,1),---, (1,4), (2,.4),--- (5, D}, 
Az = {(2,0), (2, 1),--+) (2,3), (3,3),---, (5, 8)}, 
Aa = {(3,0), (3,1), (3,2), (4,2), (5,2)5, 
As = {(4,0), (4,1), (5, Df, 

Ag = {(5,0)}. 


Next define Aj; = {(a,0,7) | (a,6) € Ai} and similarly for Az, A3. We 


have found 18 chains till now. 
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For (a,b) € AgUA5UAe we define the chain A(g.4) = {(a, 6,7) |0< 7 < 5} 
and we have 9 chains, for a total of 27 chains. 
Problem 1.2.13. Prove Bonse’s inequality: 


P1p2---Pn > ae 


for n > 4, where py = 2, po = 3,... is the increasing sequence of prime 
numbers. 

Solution. Let us define Ay = pipo...pp and ay = kAn—1 — pn for 
1<k <p, —1. Observe that these numbers are relatively prime. Indeed, 
a prime common divisor of az, and az, would divide (ki — k2)An—1 and 
since gcd(az,,Pn) = 1, this divisor would be pj,...,Pn—1, which is clearly 
impossible. Of course, this implies that a, > Pniz (since az is relatively 
prime with pi,...,pPn—1). Thus for k = p, — 1 we have A, — An—1 — Pn > 
Ppntn—1 and SO pip2-.-Pn > Ppn+n—1 > P3n—1 for n > 5. From here we 
find that for n > 6 we have p,...pn > @ bs -P13)) > P3ig)—1 > pra. 
For n = 5 one can easily check the inequality. 

Problem 1.2.14. Show that there exists a set A of positive integers with 
the following property: for any infinite set S of primes, there exist two 
positive integers m € A andn¢ A each of which is a product of k distinct 
elements of S' for some k > 2. 


(35" IMO) 


Solution. There are several constructions for such A, involving different 
ideas about the decomposition of integer numbers. 

First example. Let pi < po < ++: < pn < ... be the increasing se- 
quence of all prime numbers. Define A being the set of numbers of the 
form pj, Pir... Pi, Where ty < tg < +++ < i, and 7% = p;,. For example 
3:5-7€A;3-11-18€ Aand5-7-11¢A;3-5-7-11€¢A. 

We will see that A satisfies the required condition. Let S be an infinite 
set of prime numbers, say q1 < q2 <-+: <<... Take m= qiq2...dq 
and n = q1q2---dq41- Then m € A and n¢ A. 

oo 


Second example. Define A = U A; where A; is the set of numbers 
i=1 
which are product of 7+ 1 distinct primes which are different from p;. For 


example 3-5-7 € Ao, 2-3-7-11 € As and 2-3-7¢ Ag, 3-5-7-13 ¢ Az. 
Let S be an infinite set of prime numbers, say qi < q2 <-:'<@n<... 
Suppose that q = p;i,. If 7; > 1, note 7) = k. Then n = mqo... desi ¢ 
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A, because it contains prime factor q = pi, = pr. The number m = 
4293 ---k+2 contains k+ 1 factors, all different from pz, = q,. Thus m € A. 
If 1; = 1, take k = ig and the same construction will answer the question. 

Third example. Let P be the set of all positive primes and let P, C 
P,c---CP, C... be an ascending chain of finite distinct subsets of P, 


such that P = U P;. Define A to be the set of elements of the form 
i=1 


a =Ppip2.--Pk 


k= <tg<s++ <p and p; € P;, \ Pi,-1, p2 € Pin,---, Dk © Pi,- 
Let S be an infinite set of prime numbers and let S; = SM P;. It is 


obvious that Sy C Sg C --: C S, Cc... This chain is not stationary 
[oe 


because S = U S;. Then, it contains an infinite subchain with distinct 


i=l 
sets: 


5S, Deg SPOS Eves 


Suppose that $;, = Si, = +++ = Sing,-1 C Si,4,. Set i, =k > 1 
and choose Pre Six \ Si,-1, p2€ Sin \ D1) aeige DEAE Si, \ S5,—1 and 
Proi © Six, \Si,- Then m = pipo...py € A and n = pop3... peri ¢ A 
because po ¢ Si, = Sk. 

Problem 1.2.15. Let n be an integer number, n > 2. Show that if 


k?+k-+n is a prime number for any integer number k, 0<k < 4/ 7 then 


k?+k+n is a prime number for anyk, 0<k<n-2. 
(28 IMO) 


Solution. It is not difficult to check that the property is verified for 
n = 2,3. So, we may suppose n > 5 and assume the contrary: k? +k+n 


is prime for0O <k < V5 and there exists 1, V5 <I <n-—2 such that 
1?+1+4n is not prime. Let p be the least number / such that [? +1+n is 


composed number and let p? + p+ n= ab be a nontrivial decomposition, 
such that 1 < a < b. Then, /? +1 + is a prime for all 1, | < p. 

We prove first that a > p+ 1. 

Assuming the contrary, one obtains 0 < p—a< p and 


tp+n+a(a—2p—1)=a(b+a—2p—1). 
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Since (p—a)?+(p—a)+n is a prime number, it follows that b+a—2p—1 = 1 
and then, a+ b = 2(p +1). By AM-GM inequality, 


(a+b)? 
< 
ab< 7 


= (p+ 1). 
Since ab = p?++p-+n, it follows that: p? +p+n < (p+1)?. From the last 
inequality, p > n— 1 and this contradicts the choice of p. The conclusion 
isa>pt+l. 

Since n < 3p”, p? +pt+n < 4p? +p < (2p+1)?. Taking in account that 
p?+pt+n=ab, we have ab < (2p +1)? and thus, a < 2p +1. 


We may repeat the previous argument: 0 < a—p—1 < p and then 


(a—p—1)?+(a—p—1)+nis prime a number. A standard computation 
gives: 


2 +9+n+a(a—2p—1) = a(b+a—2p—1). 


(a—p—1)*+(a—p—1)+n=p 


We obtain, again b+ a = 2p +2 = 2(p+1). 
On the other hand: 


atb>2Vab=2V/p?+ptn>2/p?+pt+p+1=2(pt1). 


Thus, we obtain a contradiction, so our initial assumption was incorrect. 

Remark. The problem is related to the famous example of Euler of a 
polynomial generator of primes: 2? +2+41 produces primes for 0 < x < 39. 
The problem shows that it suffices to check the primality only for the first 
4 values of x. 

Problem 1.2.16. A sequence q1,q2,... of primes satisfies the following 
condition: for n > 3, dn is the greatest prime divisor of dn—1 +Gn—2 + 2000. 


Prove that the sequence is bounded. 
(2000 Polish Mathematical Olympiad) 


Solution. Let b,, = max{qn,dn+1} for n > 1. We first prove that b,41 < 
bn + 2002 for all such n. Certainly gn41 < bn, so it suffices to show that 
Gn+2 < by + 2002. If either g, or gn4+i equals 2, then we have gdn+i2 < 
dn + Gn+1 + 2000 = 6, + 2002. Otherwise, gp, and gn+1 are both odd, so 
dn + Qn41 + 2000 is even. Because gn+2 4 2 divides this number, we have 


1 1 
Gn42 S 5 (dn + dna + 2000) = 5(dn + dnt) +1000 < by + 1000. 


This proves the claim. 
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Choose k large enough so that 6; < k-2003!+ 1. We prove by induction 
that b, < k-2003!+ 1 for all n. If this statement holds for some n, then 
baat < by + 2002 < k - 2003! + 2003. If bn41 > &- 2003! +1, then let 
m = basi — k- 2003!. We have 1 < m < 2003, implying that m|2003!. 
Hence, m is a proper divisor of & - 2003! + m = 6,41, which is impossible 
because b,+41 is prime. Thus, dn < by, < k- 2003!+ 1 for all n. 


Problem 1.2.17. Leta >b>c> d be positive integers and suppose 
ac+ bd = (b+d+a-—c)(b+d—a+c). 
Prove that ab+ cd is not prime. 
(424 IMO) 


Solution. The given equality is equivalent to a? —ac+c? = b?+bd+d?. 
Hence 


(ab + cd)(ad + be) = ac(b? + bd + d”) + bd(a? — ac +c’), 
or equivalently, 
(ab + cd)(ad + bc) = (ac + bd)(a? — ac +c”). (1) 
Now suppose that ab+ cd is prime. It follows from a > b > c > d that 
ab + cd > ac+ bd > ad + be; (2) 


hence ac + bd is relatively prime with ab + cd. But then (1) implies that 
ac + bd divides ad + bc, which is impossible by (2). 


12.3 The greatest common divisor and the least 
common multiple 
Problem 1.3.9. The sequence a,,a2,... of natural numbers satisfies 
gced(a;,a;) = ged(i,j) for alli F j. 
Prove that a; =1 for alli. 
(1995 Russian Mathematical Olympiad) 


Solution. For any integer m, we have (dm, @2m) = (2m,m) and so m|am. 


This means that for any other integer n, m divides a,, if and only if it divides 
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(Gm, Gn) = (m,n). Hence a, has exactly the same divisors as n and so must 
equal n for all n. 


Problem 1.3.10. The natural numbers a and b are such that 


a+l1 b41 
a 
b a 


is an integer. Show that the greatest common divisor of a and b is not 


greater than /a+ 6. 
(1996 Spanish Mathematical Olympiad) 
Solution. Let d = gcd(a,b) and put a = md and b = nd. Then we have 


md+1  nd+1_ m@d+m+n?d+n 


nd md mnd 


is an integer, so that in particular, d divides m?7d+m+n?d+n and also 
m+n. However, this means d< m+n, and sod < Jd(m +n) =VJatb. 

Problem 1.3.11. The positive integers m,n,m,n are written on a black- 
board. A generalized Euclidean algorithm is applied to this quadruple as 
follows: if the numbers x,y, u,v appear on the board and x > y, then x—y, 
y, ut», v are written instead; otherwise x, y—x, u, v+u are written in- 
stead. The algorithm stops when the numbers in the first pair become equal 
(they will equal the greatest common divisor of m and n). Prove that the 
arithmetic mean of the numbers in the second pair at that moment equals 


the least common multiple of m and n. 
(1996 St. Petersburg City Mathematical Olympiad) 


Solution. Note that xv + yu does not change under the operation, so it 
remains equal to 2mn throughout. Thus when the first two numbers both 
equal gcd(m,n), the sum of the latter two is 2mn/gcd(m, n) = 2lcem(m,n). 

Problem 1.3.12. How many pairs (x,y) of positive integers with x < y 
satisfy gcd(x, y) = 5! and lem(a, y) = 50!? 


(1997 Canadian Mathematical Olympiad) 
Solution. First, note that there are 15 primes from 1 to 50: 
(2, 3,5, 7,11, 13, 17, 19, 23, 29, 31, 37, 41, 43, 47). 


To make this easier, let us define f(a, b) to be greatest power of b dividing 
a. (Note g(50!, b) > g(5!, 6) for all b < 50.) Therefore, for each prime p, we 
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have either f(z,p) = f(5!,p) and f(y,p) = f(50!,p) or f(y,p) = f(5!,p) 
and f(x,p) = f(50!,p). Since we have 15 primes, this gives 2° pairs, and 
clearly x # y in any such pair (since the gcd and lcm are different), so there 
are 214 pairs with x < y. 

Problem 1.3.13. Several positive integers are written on a blackboard. 
One can erase any two distinct integers and write their greatest common di- 
visor and least common multiple instead. Prove that eventually the numbers 


will stop changing. 
(1996 St. Petersburg City Mathematical Olympiad) 


Solution. If a,b are erased and c < d are written instead, we have 
c < min(a,b) and d > max(a,b); moreover, ab = cd. From this we may 
conclude a+b < c+d writing ab +a? = cd+ a? < ac+ ad (the latter 
since (d — a)(c — a) < 0) and dividing both sides by a. Thus the sum of 
the numbers never decrease, and it is obviously bounded (e.g. by n times 
the product of the numbers, where n is the number of numbers on the 
board); hence it eventually stops changing, at which time the numbers 
never change. 

Problem 1.3.14. (a) For which positive integers n do there exist positive 
integers x,y such that 


Iem(z,y) =n!, gcd(x,y) = 1998? 


(b) For which n is the number of such pairs x,y with x < y less than 
1998? 


(1998 Hungarian Mathematical Olympiad) 


Solution. (a) Let « = 1998a, y = 1998b. So a, b are positive integers such 
that a < b, gcd(a,b) = 1. We have lem(z, y) = 1998ab = 2- 3° - 37ab = nl. 
Thus n > 37 and it is easy to see that this condition is also sufficient. 

(b) The answers are n = 37, 38, 39, 40. We only need to consider positive 
integers n > 37. For 37 < n < 41, let k = ab = n!/1998. Since gcd(a, b) = 1, 
any prime factor of k that occurs in a cannot occur in b, and vice-versa. 
There are 11 prime factors of k, namely 2, 3, 5, 7, 11, 18, 17, 19, 23, 29, 31. 
For each of those prime factors, one must decide only whether it occurs in 
a or in b. These 11 decisions can be made in a total of 2!' = 2048 ways. 
However, only half of these ways will satisfy the condition a < b. Thus 
there will be a total of 1024 such pairs of (a, y) for n = 37, 38, 39, 40. Since 
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41 is a prime, we can see by a similar argument that there will be at least 
2048 such pairs of (x, y) for n > 41. 

Problem 1.3.15. Determine all positive integers k for which there exists 
a function f :N — Z such that 

(a) f(1997) = 1998; 

(b) for alla,be N, f(ab) = f(a) + f(b) + kf (ged(a, 6)). 


(1997 Taiwanese Mathematical Olympiad) 


Solution. Such f exists for k = 0 and k = —1. First take a = 6 in (b) 
to get f(a”) = (k + 2) f(a). Applying this twice, we get 


f(a*) = (k + 2) f(a?) = (k + 2)? f(a). 
On the other hand, 
f(a’) = f@) + f(a?) +kf(@ = (E+ 1 F(@ + fF) 


= (k+1)f(a) + f(a) + f(a’) +kf(a) 
= (2k +2)f(a) + f(a?) = (8k +4) f(a). 


Setting a = 1997 so that f(a) 4 0, we deduce (k + 2)? = 3k +4, which 
has roots k = 0,—1. For k = 0, an example is given by 


f (pi ...pa") = e1g(p1) +--+ + eng(pn), 


where m is a prime factor of 1997, g(m) = 1998 and g(p) = 0 for all primes 
p#m. For k = 1, an example is given by 


f (pt ---Ph”) = g(p1) + +++ + g(Pn)- 
Problem 1.3.16. Find all triples (x, y,n) of positive integers such that 


gced(z,n+1)=1 anda” +1=y"t". 


(1998 Indian Mathematical Olympiad) 


Solution. All solutions are of the form (a? — 1,a,1) with a even. We 
have 2” = y™1 —1 = (y—1)m with m = y* +y™14+---+y4+1. Thus 
mlz” and gcd(m,n+ 1) = 1. Rewrite m as 


14 
T 


m = (y— 1)(y" 
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Thus we have gcd(m, y—1)|n+1. But gcd(m, n+1) = 1, so ged(m, y-1) = 1. 
Since 2” = (y — 1)m, m must be a perfect n-th power. But 


for n > 1. So m can be a perfect n-th power only ifn = 1 and x = y? — 1. 
Since x and n+ 1 = 2 are relatively prime, y must be even, yielding the 
presented solutions. 

Problem 1.3.17. Find all triples (m,n,1l) of positive integers such that 


m+n=gced(m,n)*?, m+l=gced(m,l)?, n+l = gced(n,l)?. 


(1997 Russian Mathematical Olympiad) 


Solution. The only solution is 1 = m = n = 2. Let d = gcd(l,m,n), 
and put 1 = diy, m = dm, n = dni. Then d(m, + 1) = d?d? 


mn? 


where 


dmn = gcd(m1,n1), 80m, +n, = dd?,,,. Defining diy, and dj likewise, we 


get 
2(ly + mi + 11) = d(din, + din + dian): 
d 
Since ———— divides |, +m, +n, as well as m1 +71, it divides J; and 
gcd(d, 2) 

likewise m , and n,. As these three numbers are relatively prime, we have 
——— =landsod< 2. 
ena) and sod < 


Note that dim,din,dmn are pairwise relatively prime; therefore we can 


write 1, = ledimdin, M1 = M2dimdmn, 11 = N2dindmn. Then we have 
dimdmnM2 + dindmnn2 = dd?,,, 


and so m2dim + Nedin = ddmn and so forth. Assuming without loss of 
generality that dy», is no larger than djm, din, we get 


2dmn 2 ddmn = dimmz + dinn2 2 dim + din 2 2dmn- 


Thus we have equality throughout: d = 2, mz = ng = 1 and dim, = din = 


dinn- But these three numbers are pairwise relatively prime, so they are all 


2 


im: 41 = 1 as well. Therefore 


1. Then m; = n, = 1 and from J; +m, = dd 


l=m=n=2. 
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12.4 Odd and even 


Problem 1.4.5. We are given three integers a,b,c such that a,b,c, a+ 
b—c, a+c—b, b+c—a anda+b+c are seven distinct primes. Let d be the 
difference between the largest and smallest of these seven primes. Suppose 
that 800 € {a+ b,b+c¢,c+a}. Determine the maximum possible value of 
d. 

Solution. Answer: 1594. 

First, observe that a,b,c must all be odd primes; this follows from the 
assumption that the seven quantities listed are distinct primes and the fact 
that there is only one even prime, 2. Therefore, the smallest of the seven 
primes is at least 3. Next, assume without loss of generality that a+b = 800. 
Because a+b—c > 0, we must have c < 800. We also know that c is prime; 
therefore, since 799 = 17-47, we have c < 797. It follows that the largest 
prime, a+b+c, is no more than 1597. Combining these two bounds, we can 
bound d by d < 1597 —3 = 1594. It remains to observe that we can choose 
a = 13, b = 787, c = 797 to achieve this bound. The other four primes are 
then 3, 23, 1571 and 1597. 

Problem 1.4.6. Determine the number of functions f : {1,2,...,n} 
{1995, 1996} which satisfy the condition that f(1)+ f(2)+---+ f(1996) is 
odd. 


(1996 Greek Mathematical Olympiad) 


Solution. We can send 1,2,...,n — 1 anywhere, and the value of f(n) 
will then be uniquely determined. Hence there are 2”~! such functions. 

Problem 1.4.7. Is it possible to place 1995 different natural numbers 
along a circle so that for any two these numbers, the ratio of the greatest 
to the least is a prime? 


(1995 Russian Mathematical Olympiad) 


Solution. No, this is impossible. Let ao,...,@1995 = ao be the integers. 
Then for i = 1,...,1995, az_1/ay is either a prime or the reciprocal of a 
prime; suppose the former occurs m times and the latter 1995 — m times. 
The product of all of these ratios is ag/ai995 = 1, but this means that the 
product of some m primes equals the product of some 1995—m primes. This 
can only occurs when the primes are the same (by unique factorization), 
and in particular there have to be the same number on both sides. But 
m = 1995 — m is impossible since 1995 is odd, contradiction. 
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Problem 1.4.8. Let a,b,c, d be odd integers such thatO<a<b<c<d 
and ad = be. Prove that ifa+d=2" andb+c= 2" for some integers k 


andm, thena=1. 
(25¢” IMO) 

Solution. Since ad = bc, we have 

a((a + d) — (b+ c)) = (a—b)(a—c) > 0. 

Thus a+d>b+e, 2* > 2™ and k > m. Since ad = a(2* — a) = be = 

b(2™ — b) we obtain 
2") — 2*a = b? — a? = (b—a)(b +2). 

By the equality 2”(b — 2*-™a) = (b— a)(b+ a), we infer that 2”|(b — 
a)(b+ a). But b—a and b+<a differ by 2a, an odd multiple of 2, so either 
b—a or b+a is not divisible by 4. Hence, either 2”~1|b—a or 2 +|b+<a. 
But 0<b-—a<b<2™"!, so it must be that 2-1|b +a. 

Since 0 < bt+a < b+e = 2”, it follows that b+a = 2”! and b = 2" ~!—a. 


Then é=2"" and ad = be= (2""*— a)?! hah 
From this equality we obtain a(a + d) = 2?”~?, hence a = 1. 


12.5 Modular arithmetics 


Problem 1.5.7. Find all integers n > 1 such that any prime divisor of 


n® — 1 is a divisor of (n3 — 1)(n? — 1). 
(2002 Baltic Mathematics Competition) 


Solution. We show that n = 2 is the only such integer. It is clear that 
n = 2 satisfies the conditions. For n > 2, write 


n® —1= (n? — 1)(n? +1) = (n3 —1)(n+1)(n? —n +1); 


hence, all prime factors of n? — n+ 1 must divide n? — 1 or n? —1 = 
(n—1)(n+1). Note, however, that (n?-—n+1,n3—1) < (n3+1,n3-1) < 2; 
on the other hand, n? —n +1 = n(n —1)+1 is odd, so all prime factors of 
n? —n+1 must divide n + 1. But n? —n +1 = (n+1)(n— 2) +3, so we 
must have n? —n+1 = 3" for some k. Because n > 2, we have k > 2. Now 
3|(n? —n +1) gives n = 2 (mod 3); but for each of the cases n = 2,5,8 
(mod 9), we have n? —n+1= 3 (mod 9), a contradiction. 
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Problem 1.5.8. Let f(n) be the number of permutations aj,...,@n of 
the integers 1,...,n such that 

(i) ay =1; 

(tt) ja; — aiga| < 2, @=1,...,n—-1. 

Determine whether f (1996) is divisible by 3. 


(1996 Canadian Mathematical Olympiad) 


Solution. Let g(n) be the number of permutations of the desired form 
with a, = n. Then either a,_, = n—1 or an_1 = n — 2; in the latter 
case we must have an_2 = n— 1 and an_3 = n — 3. Hence g(n) = g(n — 
1) + g(n — 8) for n > 4. In particular, the values of g(n) modulo 3 are 
g(1) = 1,1,1,2,0,1,0,0,... repeating with period 8. 

Now let h(n) = f(n)—g(n); h(n) counts permutations of the desired form 
where n occurs in the middle, sandwiched between n—1 and n—2. Removing 
n leaves an acceptable permutation, and any acceptable permutation on 
n—1 symbols can be so produced except those ending in n— 4, n—2, n-3, 
n—1. Hence h(n) = h(n — 1) + g(n—- 1) — g(n— 4) = h(n — 1) + g(n - 2); 
one checks that h(n) modulo 3 repeats with period 24. 

Since 1996 = 4 (mod 24), we have f(1996) = f(4) = 4 (mod 3), so 
f (1996) is not divisible by 3. 

Problem 1.5.9. For natural numbers m,n, show that 2” —1 is divisible 
by (2™ — 1)? if and only if n is divisible by m(2™ — 1). 


(1997 Russian Mathematical Olympiad) 
Solution. Since 
pene = Ses a Gnd 21), 


we have 2” — 1 divides 2” — 1 if and only if m divides n. Thus in either 


case, we must have n = km, in which case 


gkm = 


1 


The two conditions are now that k is divisible by 2” — 1 and that m is 
divisible by m(2 — 1), which are equivalent. 
Problem 1.5.10. Suppose that n is a positive integer and let 


dy <dg<dg<dy4 
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be the four smallest positive integer divisors of n. Find all integers n such 
that 
n=di+d3+d3 + dj. 


(1999 Iranian Mathematical Olympiad) 


Solution. The answer is n = 130. Note that x? = 0 (mod 4) when z is 
even and that 2? = 1 (mod 4) when z is odd. 

If n is odd, then all the d; are odd and n = d?+d3+d3+d} = 14+1+14+1= 
0 (mod 4), a contradiction. Thus, 2|n. 

If 4|n then d; = 1 and dz = 2, andn=1+0+4d3 +d} #0 (mod 4), a 
contradiction. Thus, 4 {n. 

Therefore {d1, dz, dg, d4} = {1, 2, p, gq} or {1, 2, p, 2p} for some odd primes 
p,q. In the first case, n = 3 (mod 4), a contradiction. Thus n = 5(1 + p?) 
and 5|n, so p = dg = 5 and n = 130. 

Problem 1.5.11. Let p be an odd prime. For each i = 1,2,...,p—1 


denote by r; the remainder when i? is divided by p?. Evaluate the sum 


Ty +172 +++: +1p-1- 


(Kvant) 


Solution. Denote the sum in question by S. Combine the first summand 
with the last, the second one with the next-to-last, and so on, to get 


29 = (r1 + Tp-1) + (r2 + Tp-2) +++ + (Tp-1 +11). (1) 


We have rj + rp-i = i? + (p — i)? (mod p*) by the definition of the 


numbers 71,72,.-.,Tp—1- Furthermore, because p is odd, 


P _3)P — pp — {P)\,p-1, P\ p22 P aa 
® + (p—iP =p (1)» i+ (|p “a + (7 )peP. 


Since p is a prime, each binomial coefficient above is divisible by p, which 
yields the conclusion that rj + rp; is divisible by p?. But 0 < r; < p?, 
0 < rp-i <p, because p is a prime (so neither one equals 0), and now we 


may claim that 


rit?p-i =p’ fori=1,2,...,p—1. (2) 
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The equalities (1) and (2) show that 


=] 3 at 
foe ee a 
2 2 


Problem 1.5.12. Find the number of integers x with |a| < 1997 such 
that 1997 divides x? + (x +1)?. 


(1998 Indian Mathematical Olympiad) 


Solution. There are 4 such integers. With congruences all taken modulo 
1997, we have 


ge (e+ 1)? = 22? 4 2a + 1 = do? +4 +2 = 0, 


ie., (2x + 1)? = —1. Since 1997 is a prime of the form 4k + 1, there are 


exactly two distinct solutions to u? = —1. Each corresponds to a different 
solution to (2x +1)? = —-1. 
Also, the two solutions to (2x + 1)? = —1 are nonzero since 0 does not 


satisfy the equation. Therefore, there are exactly two satisfactory integers 
x from —1997 to —1 and two more from 1 to 1997, for a total of four integer 


solutions, as claimed. 


12.6 Chinese remainder theorem 


Problem 1.6.3. Let P(x) be a polynomial with integer coefficients. Sup- 
pose that the integers aj,a2,...,Qn have the following property: For any 
integer x there exists ani € {1,2,...,n} such that P(x) is divisible by aj. 
Prove that there is an io € {1,2,...,n} such that a;, divides P(x) for any 


integer x. 
(St. Petersburg City Mathematical Olympiad) 


Solution. Suppose that the claim is false. Then for each 7 = 1,2,...,n 
there exists an integer x; such that P(«;) is not divisible by a;. Hence, 
there is a prime power p** that divides a; and does not divide P(a;). Some 
of the powers pe, ps, ...,pk» may have the same base. If so, ignore all 
but the one with the least exponent. To simplify notation, assume that 
the sequence obtained this way is pk, pk?, pho, m <n (p1,p2,--+;Dm 
are distinct primes). Note that each a; is divisible by some term of this 


sequence. 
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. % k Or : P : ° 
Since p}', p>’,...,pk™ are pairwise relatively prime, the Chinese Remain- 


der Theorem yields a solution of the simultaneous congruences 
z=2, (mod p¥), ©=22 (mod p§?),...,2=2m (mod p*), 


Now, since P(x) is a polynomial with integer coefficients, the congruence 
x = x; (mod py’) implies P(x) = P(ax;) (mod py’) for each index j7 = 
1,2,...,m. By the definition of By the number P(z,;) is never divisible 
by Bris j = 1,2,...,m. Thus, for the solution x given by the Chinese 
Remainder Theorem, P(2) is not divisible by any of the powers pst And 


because each a; is divisible by some ps j=1,2,...,m, it follows that no 
a; divides P(x) either, a contradiction. 

Problem 1.6.4. For any positive integer set {a1,a2,...,@n} there exists 
a positive integer b such that the set {bay, baz,..., ban} consists of perfect 
powers. 

Solution. There is a finite number of primes p),p2,..., px that partici- 
pate in the prime factorization of a1, a2,...,@n. Let 


lig Pris? Suir lor’ S12 
some of the exponents aj; may be zeros. A positive integer with prime 
factorization pj'p5?...p,z* is a perfect g-th power if and only if all the 
exponents u,; are divisible by g. Thus it suffices to find positive integers 


G1; 92;--+;Qn greater than 1, and nonnegative integers 11, l2,...,/, such that 
ly + Q11, lo + Qa Lss3 l; + ai, are divisible by 1; 
ly + Q21; ly VT W22,-+-, li, + Q2k are divisible by q2; 
ly + Qn1,l2 + An2,-.--,lk + Ang are divisible by qn. 


Now it is clear that we have lots of choices; let, for example, q; be the 
i-th prime number. As far as 1; is concerned, the above conditions translate 
into 

l,=-a;; (modq;), j=1,2,...,n. 


This system of simultaneous congruences has a solution by the Chinese 
Remainder Theorem, because qi, q2,---,Qn are pairwise relatively prime. 
Analogously, each of the systems of congruences 


lo =—aj2 (modgq;), j=1,2,...,n 
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lj =—aj3 (modgq;), j=1,2,...,n 


ly =—ajz (modq;), jg =1,2,...,n 


is solvable by the same reason. Take 11, ]o,...,J, such that all these con- 
gruences are satisfied. Multiplying each a; by b = pipe ie: pe yields a 
set {ba1, baz,...,ban} consisting of perfect powers (more exactly, ba; is a 
perfect q;-th power). 

Remarks. 1) The following problem is a direct consequence of the above 
result: 

Prove that for every positive integer n there exists a set of n positive 
integers such that the sum of the elements of each of its nonempty subsets 


is a perfect power. 
(Korean proposal for the 33"¢ IMO) 


Indeed, let {x1,22,...,%m} be a finite set of positive integers and 
S1,S2,..., 5, the element sums of its nonempty subsets (r = 2” — 1). 
Choose a } so that 051, bS2,...,0S5; are all perfect powers. Then the set 
{bx , brg,..., bam} yields the desired example. 

2) Another consequence is the following: There are arithmetic progres- 
sions of arbitrary finite length consisting only of powers. Yet, no such infi- 


nite progression exists. 


12.7 Numerical systems 


Problem 1.7.12. The natural number A has the following property: the 
sum of the integers from 1 to A, inclusive, has decimal expansion equal to 


that of A followed by three digits. Find A. 
(1999 Russian Mathematical Olympiad) 
Solution. We know that 


k=(1+2+---+A)—1000A 


= Aas) —1000A=A (42 - 1000) 


is between 0 and 999, inclusive. If A < 1999 then k is negative. If A > 2000 


then : — 1000 > ; and k > 1000. Therefore A = 1999, and indeed 
14+2+---+ 1999 = 1999000. 
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Problem 1.7.13. A positive integer is said to be balanced if the number 
of its decimal digits equals the number of its distinct prime factors. For 
instance, 15 is balanced, while 49 is not. Prove that there are only finitely 


many balanced numbers. 
(1999 Italian Mathematical Olympiad) 


Solution. Let p; = 2, po = 3,... be the sequence of primes. If x is 
balanced and it has n numbers, then 


10” > pip2...Pn > 2-3-5...(Q2n-—1) > 2-2-4...(2n—-2) > (n- 1), 


which implies that n is bounded and so is x, since x < 10”. 
Problem 1.7.14. Let p > 5 be a prime and choose k € {0,...,p— 
1}. Find the maximum length of an arithmetic progression, none of whose 


elements contain the digit k when written in base p. 
(1997 Romanian Mathematical Olympiad) 


Solution. We show that the maximum length is p— 1 if k 4 0 and p 
is k = 0. In a p-term arithmetic progression, the lowest nonconstant digit 
takes all values from 0 to p— 1. This proves the upper bound for k # 0, 
which is also a lower bound because of the sequence 1,...,p — 1. However, 
for k = 0, it is possible that when 0 occurs, it is not actually a digit in the 
expansion but rather a leading zero. This can only occur for the first term 
in the progression, so extending the progression to p+ 1 terms would cause 
an honest zero to appear. Thus the upper bound for k = 0 is p, and the 
sequence 1,p+1,...,(p—1)p+1 shows that it is also a lower bound. 

Problem 1.7.15. How many 10-digit numbers divisible by 66667 are 


there whose decimal representation contains only the digits 3, 4, 5, and 6? 
(1999 St. Petersburg City Mathematical Olympiad) 


Solution. Suppose that 66667n had 10 digits, all of which were 3, 4, 5, 
and 6. Then 


3333333333 < 66667n < 6666666666 = 50000 < n < 99999. 
Now consider the following cases: 
(i) n = 0 (mod 3). Then 


2 1 
66667n = ae -10° + Pus 
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the five digits of 3 - 5 followed by the five digits of z These digits are all 


3, 4, 5, or 6 if and only if ” = 33333 and n = 99999. 
(ii) n = 1 (mod 3). Then 


2 1 
66667n = F(n — 1)- 10° + 5(n +2) + 66666, 


2 1 
the five digits of 3" — 1) followed by the five digits of 3" + 2) + 66666. 


1 
Because 3(" + 2) + 66666 must be between 66667 and 99999, its digits 
cannot be 3, 4, 5, or 6. Hence there are no satisfactory n = 1 (mod 3). 


1 
(iii) n = 2 (mod 3). Let a= 3" — 2). Then 


2 1 
66667n = (Fw ee 1) 10° + 3(n — 2) + 33334, 


the five digits of ¢ = 2a+1 followed by the five digits of y = a+33334. The 
units digits in 2 and y are between 3 and 6 if and only if the units digit in 
ais 1 or 2. In this case the other digits in x and y are all between 3 and 
6 if and only if the other digits in a are 2 or 3. Thus there are thirty-two 
satisfactory a - we can choose each of its five digits from two options - and 
each a corresponds to a satisfactory n = 3a + 2. 

Therefore there is exactly one satisfactory n = 0 (mod 3), and thirty-two 
satisfactory n = 2 (mod 3) - making a total of thirty-three values of n and 
thirty-three ten-digit numbers. 

Problem 1.7.16. Call positive integers similar if they are written using 
the same set of digits. For example, for the set 1, 1, 2, the similar numbers 
are 112, 121 and 211. Prove that there exist 3 similar 1995-digit numbers 


containing no zeros, such that the sum of two them equals the third. 
(1995 Russian Mathematical Olympiad) 


Solution. Noting that 1995 is a multiple of 3, we might first trying to find 
3 similar 3-digit numbers such that the sum of two of them equals the third. 
There are various digits arrangements to try, one of which is abe-+acb = cba. 
The middle column must have a carry or else we would have c = 0 and no 
integer can begin with a 0. If there is a carry, we must have c = 9, which 
implies a = 4 by looking at the first column. From the third column, we 
find b = 5 and discover that indeed 459 + 495 = 954. Now to solve the 
original problem, simply write 459...459+495...495 = 954...954, where 
each three-digit number is repeated 1995/3 times. 
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Problem 1.7.17. Let k and n be positive integers such that 
(re +.2)°"?, (a .4)"*4, (ob eyes... Ge aR 
end in the same digit in decimal representation. At most how large is k? 
(1995 Hungarian Mathematical Olympiad) 


Solution. We cannot have k > 5, since then one of the terms would be 
divisible by 5 and so would end in a different digit than those not divisible 
by 5. Hence k < 4. In fact, we will see that k = 3 is best possible. 

Since 2° = x (mod 10) for all x, z* (mod 10) only depends on x 
(mod 20). Hence it suffices to tabulate the last digit of x” for z =0,...,19 


and look for the longest run. For the evens, we get 
0, 4, 6, 6, 6, 0, 6, 6, 6, 4 
while for the odds we get 
1,7,5,3,9,1,3,5, 7,9. 


Clearly a run of 3 is best possible. 
Problem 1.7.18. Let 


1996 
a k k km 
[[ Gt ne’ y= 1+ aya" + ann +--+ + am0"™, 
n=1 
where @1,@2,..-,@m are nonzero and ky < ko <---<km, Find ayjoge. 


(1996 Turkish Mathematical Olympiad) 


Solution. Note that k; is the number obtained by writing 7 in base 2 and 
reading the result as a number in base 3, and a; is the sum of the exponents 
of the powers of 3 used. In particular, 1996 = 21° +29 +28 +27+42619349?, 
Se) 


ai999 = 10+9+84+74+64+34+2=45. 


Problem 1.7.19. For any positive integer k, let f(k) be the number of 
element in the set {kK +1,k+2,...,2k} whose base 2 representation has 
precisely three 1s. 

a) Prove that, for each positive integer m, there exists at least one positive 
integer k, such that f(k) =m. 

b) Determine all positive integers m for which there exists exactly one k 
with f(k) =m. 
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(35*" IMO) 


Solution. a) Let g : N — N be the function defined as follows: g(k) is 
the number of elements in the set {1,2,...,&k} having three digits 1 in their 


binary representation. The following equalities are obvious: 


f(k) = g(2k) — g(k) 


and 


F(R +1) — f(k) = g(2k + 2) — g(2k) — (g(k + 1) — g(k)). 
The binary representation of 2k + 2 is obtained by adding a final 0 in 
the binary representation of k + 1. Thus, we have the following result: 


1 if binary representation of 2k + 1 
f(k+1)-f(k)= contains three digits 1 (1) 
0 otherwise 


It proves that the function f increases with at most a unit from k to 


k+l. 
Since g(2”) = (5) and f(2”) = (" “ ; - (5) = (5). it follows that 


f is unbounded function. If combine with the above property and observe 
that f(4) = 1 one obtains that the range of f is the set of all positive 
integers. 

b) Let suppose that the equation f(k) = m has a unique solution. It 
follows that 

f(R+1) — f(k) = f(k) — f(R+1) =1. 

By (1), it follows that binary representations of 2k +1 and 2k—1 contain 
three digits 1. Then the binary representation of k contains two digits 1. 
From 2k — 1 = 2(k — 1) +1 one obtains that the binary representation of 
k — 1 also contains two digits 1. Hence, the last digit of k — 1 is 1 and the 
last but one digit is 0. Thus, k — 1 = 2"”+1 and k = 2” +2, where n > 2. 

For such a number we have: 


F(2" +2) = (241 +4) — g(2” +2) =1 4 g(2"*) — g(2") = 14 (5): 


Thus, we have proved that the equation f(k) =m has unique solution if 


and only if m is a number of the form m = 1 + . ,n> 2. 


Problem 1.7.20. For each positive integer n, let S(n) be the sum of 


digits in the decimal representation of n. Any positive integer obtained by 
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removing several (at least one) digits from the right-hand end of the decimal 
representation of n is called a stump of n. Let T(n) be the sum of all stumps 
of n. Prove that n = S(n) + 9T(n). 


(2001 Asian Pacific Mathematical Olympiad) 


Solution. Let d; be the digit associated with 10’ in the base 10 repre- 
sentation of n, so that n = dmdm_1...do for some integer m > 0 (where 
m 


dm # 0). The stumps of n are Soa lo-* for k = 1,2,...,m, and their 


jak 
sum is 
25555; 10'-* a y 10 . 
k=1 j=k j=l k=1 
m j-1 m 
=F dy 10S 279-7 Uae 
j=l k=0 a 
Hence, 
9T(n) 25% (107 — 1) = 04 “da 
j=l 
=5 10%, a, =n — S(n), 
j=0 j=0 
as desired. 


Problem 1.7.21. Let p be a prime number and m be a positive integer. 
Show that there exists a positive integer n such that there exist m consec- 


utive zeroes in the decimal representation of p”. 
(2001 Japanese Mathematical Olympiad) 


Solution. It is well-known that if gcd(s,t) = 1, then s* = 1 (mod ft) for 
some k: indeed, of all the positive powers of s, some two s*! < s*2 must be 
congruent modulo t, and then s*2~*1 = 1 (mod ft). 

First suppose that p 4 2,5. Then gcd(p, 10*+) = 1, so there exists such 
k that p* = 1 (mod 10*+!). Then p* = a- 10+! 4+ 1, so there are m 
consecutive zeroes in the decimal representation of p*. 

Now suppose that p = 2. We claim that for any a, some power of 2 has 
the following final a digits: a— [log 2“] zeroes, followed by the [log 2] digits 
of 2°. Because gced(2,57) = 1, there exists k such that 2* = 1 (mod 5°). 
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Let b=k+a. Then 2° = 2% (mod 5%), and 2° = 0 = 2% (mod 2°). Hence, 
2° = 2% (mod 10°). Because 2% < 10°, it follows that 2° has the required 
property. 

Now, simply choose a such that a — [log 2°] > m (for instance, we could 
m+ 1 


AS ). Then 2° contains at least m consecutive zeroes, 


choose a = 


as desired. 

Finally, the case p = 5 is done analogously to the case p = 2. 

Remark. Actually, the property holds for every integer p > 2. If p is 
a power of 2, it is trivial. Otherwise, one can prove using Kronecker!’s 
theorem (stating that for a € R \ Q the set of {na} with n € N is dense 
in [0,1]) that the numbers p” can start with any combination of digits we 
may need, in particular with 100...0. 


m times 
Problem 1.7.22. Knowing 27° is an 9-digit number whose digits are 


distinct, without computing the actual number determine which of the ten 
digits is missing. Justify your answer. 

Solution. It is not difficult to see that, when divided by 9, the remainder 
is 5. The ten-digit number containing all digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 is 
a multiple of 9, because the sum of its digits has this property. So, in our 
nine-digit number, 4 is missing. 

Problem 1.7.23. It is well known that the divisibility tests for division 
by 3 and 9 do not depend on the order of the decimal digits. Prove that 3 
and 9 are the only positive integers with this property. More exactly, if an 
integer d > 1 has the property that d|n implies d|n,, where n, is obtained 
from n through an arbitrary permutation of its digits, then d = 3 ord =9. 

Solution. Let d be a k-digit number. Then among the (k + 2)-digit 
numbers starting with 10 there is at least one that is divisible by d. Denote 
it by 10a,a2... az. The assumption implies that both numbers a,a2...a,10 
and a,@2...a,01 are divisible by d, and then so is their difference. This 
difference equals 9 and the proof is finished, since d may only be some 
divisor of 9. 

Remark. The following problem given in an old Russian Mathematical 
Olympiad is much more restrictive and difficult: 


1 Leopold Kronecker (1823-1891), German mathematician with important contribu- 
tions in the theory of equations. He made major contributions in elliptic functions and 


the theory of algebraic numbers. 
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Suppose that d > 1 has the property that d\n implies d\n, where ny is 
obtained from n by reversing the order of its digits. Then d|99. Try to solve 
this problem. 


13 


Powers of Integers 


13.1 Perfect squares 


Problem 2.1.14. Let x,y,z be positive integers such that 


Let h be the greatest common divisor of x,y,z. Prove that hxyz and 


h(y — x) are perfect squares. 


(1998 United Kingdom Mathematical Olympiad) 


Solution. Let « = ha, y = hb, z = hc. Then a,b,c are positive integers 
such that gcd(a, b,c) = 1. Let gcd(a, b) = g. So a = ga’, b= gb! anda’ and 
b’ are positive integers such that 


gcd(a’', b') = gced(a’ — 0’, b') = ged(a’, a’ — b') = 1. 


We have 
1 1 1 
---=-— © c(b—a)=ab © c(b'-ad) =a'l’g. 
a be 
So g|c and gcd(a,b,c) = g = 1. Therefore gcd(a,b) = 1 and gcd(b — 
a,ab) = 1. Thus b— a = 1 and c= ab. Now 


hayz = h*abe = (h?ab)? and h(y—2) =h? 
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are both perfect squares, as desired. 
Problem 2.1.15. Let b an integer greater than 5. For each positive in- 


teger n, consider the number 


tm = 11...122...25, 
_—_—_—I— 


n-1 n 


written in base b. Prove that the following condition holds if and only if 
b = 10: There exists a positive integer M such that for every integer n 


greater than M, the number xp, is a perfect square. 
(44‘” IMO Shortlist) 


Solution. Assume that b > 6 has the required property. Consider the 
sequence y,, = (b— 1)x,. From the definition of x, we easily find that 


Yn = b?? + b"+1 4 3b 5. 


Then YnY¥ny1 = (b—1)?2n%n41 is a perfect square for all n > M. Also, 
straightforward calculation implies 


prr2 prrl 2 prr2 n+l 2 
Ga + —_ — ) <YnYni < Cas + — ae ) 


Hence for every n > M there is an integer a, such that |a,| < 6? and 


YnYnsr = (B27 + b"+! + 3b — 5) (6277? + Ort? + 3b — 5) 


ort1(b +1 
- Ga es ue 4 tn) ; (1) 


Now considering this equation modulo b” we obtain (3b — 5)? = a?, so 


that assuming that n > 3 we get a, = +(3b-— 5). 
If a, = 3b — 5, then substituting in (1) yields 


1 
ria — 145? + 45b? — 52b + 20) = 0, 


with the unique positive integer solution b = 10. Also, if a, = —3b+5, we 


similarly obtain 


1 
ae — 145? — 3b? + 28b + 20) — 2b"*1 (36? — 25-5) =0 


for each n, which is impossible. 
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10” + 5 


2 
For b = 10 it is easy to show that 7, = ( ) for all n. This proves 


the statement. 
Second solution. In problems of this type, computing z,, = \/%, asymp- 


totically usually works. 
p2r 


b” 
From lim Ces = 1 we infer that lim — = Vb—1. Furthermore, 
n—-0o _— Ln N00 Zn 


(b2n + 2n+1) (ben — 2n41) = b7an — angi = Ot? + 3b? — 2b-—5 
we obtain 
bVb—1 
5 
Since the z,,’s are integers for all n > M, we conclude that 


byb—1 
2 


lim (b2n — 2n41) = 


bzn — 2n4+1 = 


for all n sufficiently large. Hence b — 1 is a perfect square, and moreover b 
divides 2z,,+, for all large n. It follows that b|10; hence the only possibility 
is b= 10. 

Problem 2.1.16. Do there exist three natural numbers greater than 1, 


such that the square of each, minus one, is divisible by each of the others? 
(1996 Russian Mathematical Olympiad) 


Solution. Such integers do not exist. Suppose a > b > c satisfy the 
desired condition. Since a? — 1 is divisible by b, the numbers a and 6 are 
relatively prime. Hence the number c? — 1, which is divisible by a and 6, 
must be a multiple of ab, so in particular c? —1 > ab. But a > candb>c, 
so ab > c?, a contradiction. 

Problem 2.1.17. (a) Find the first positive integer whose square ends 
in three 4’s. 

(b) Find all positive integers whose squares end in three 4’s. 

(c) Show that no perfect square ends with four 4’s. 


(1995 United Kingdom Mathematical Olympiad) 


Solution. It is easy to check that 387 = 1444 is the first positive integer 
whose square ends in three 4’s. Now let n be any such positive integer. 
Then n? — 38? = (n — 38)(n + 38) is divisible by 1000 = 2? - 53. Hence at 
least one of n — 38, n + 38 is divisible by 4, and thus both are, since their 
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difference is 76 = 4-19. Since 5 { 76, then 5 divides only one of the two 
factors. Consequently n — 38 or n+ 38 is a multiple of 4-5? = 500, so we 
have n = 500k + 38. It is easy to check that the square of all numbers of 


this form (where k is a positive integer) end in three 4’s. 

Note that c) follows from Problem ??. 

Problem 2.1.18. Let m,n be a natural numbers and m +i = a,b? for 
a= 1,2,...,n, where a; and b; are natural numbers and a; is squarefree. 


Find all values of n for which there exists m such that aj+a2+---+a, = 12. 
(1997 Bulgarian Mathematical Olympiad) 


Solution. Clearly n < 12. That means at most three of the m+ are 
perfect squares, and for the others, a; > 2, so actually n < 7. 

We claim a; # a; for i = j. Otherwise, we would have m +i = ab? 
and m+ j = abs, so6 >n—1> (m+ j) — (m+ i) = a(bs — 67). This 
leaves the possibilities (b;,6;,a@) = (1,2,2) or (2,3,1), but both of those 
force aj +-+++ a, > 12. 

Thus the a’s are a subset of {1,2,3,5,6,7,10,11}. Thus n < 4, with 


equality only if {a1, a2, a3,a4} = {1, 2, 3,6}. But in that case, 


(6b; bab3b4)? = (m+ 1)(m + 2)(m+4 3)(m +4) = (m2 +5m+5)? — 1, 


which is impossible. Hence n = 2 or n = 3. One checks that the only 
solutions are then 


(m,n) = (98, 2), (3,3). 


Problem 2.1.19. For each positive integer n, denote by s(n) the greatest 


integer such that for all positive integer k < s(n), n? 


can be expressed as a 
sum of squares of k positive integers. 

(a) Prove that s(n) <n? —14 for alln > 4. 

(b) Find a number n such that s(n) =n? — 14. 


(c) Prove that there exist infinitely many positive integers n such that 


s(n) =n? — 14. 


(337¢ IMO) 


Solution. (a) Representing n? as a sum of n? — 13 squares is equivalent 
to representing 13 as a sum of numbers of the form x? — 1, x € N, such 
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as 0,3,8,15,... But it is easy to check that this is impossible, and hence 
s(n) <n? —-14, 
(b) Let us prove that s(13) = 13? — 14 = 155. Observe that 
13? = 8? +87 +47 +4? +3? 
= 87 +87 4 4744749749741? 
= 87487447 +37 4379427417417 417. 


Given any representation of n? as a sum of m squares one of which is 
even, we can construct a representation as a sum of m+ 3 squares by 
dividing the odd square into four equal squares. Thus the first equality 
enables us to construct representations with 5,8,11,...,155 squares, the 
second to construct ones with 7,10,13,...,154 squares, and the third with 
9,12,...,153 squares. It remains only to represent 13? as a sum of k = 
2,3, 4,6 squares. This can be done as follows: 


137 = 127 +57 = 1274 474.3? 
= 11? +4?+44?4 42 
= 19? + 37 4.97497 +97 +97. 


(c) We shall prove that whenever s(n) = n* — 14 for some n > 13, it also 
holds that s(2n) = (2n)? — 14. This will imply that s(n) =n? — 14 for any 
n = 2¢.13. 

If n? = x? +---+ 27, then we have (2n)? = (2x1)? +--+ + (22,)?. 
Replacing (2z;)? with x? + x? + x? + 2? as long as it is possible we can 
obtain representations of (2n)? consisting of r,r + 3,...,47 squares. This 
gives representations of (2n)? into k squares for any k < 4n? — 62. Further, 
we observe that each number m > 14 can be written as a sum of k > m 
numbers of the form 2? — 1, x € N, which is easy to verify. Therefore if 
k < 4n? — 14, it follows that 4n? — k is a sum of k numbers of the form 
x? —1 (since k > 4n?—k > 14), and consequently 4n? is a sum of k squares. 

Remark. One can find exactly the value of s(n) for each n: 


1, if n has a prime divisor congruent to 3 mod 4, 
s(n) =¢ 2, if n is of the form 5-2", k a positive integer, 
n? —14, otherwise. 


Problem 2.1.20. Let A be the set of positive integers representable in 
the form a? + 2b? for integers a,b with b # 0. Show that if p? € A for a 
prime p, then p € A. 
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(1997 Romanian IMO Team Selection Test) 


Solution. The case p = 2 is easy, so assume p > 2. Note that if p? = 
a? + 2b?, then 2b? = (p — a)(p +a), In particular, a is odd, and since a 
cannot be divisible by p, gcd(p—a,p+a) = gcd(p—a, 2p) = 2. By changing 
the sign of a, we may assume p — a is not divisible by 4, and so 


lptal=m?, |p—al =2n? 


Since |a| < |p|, both p+ a and p—a are actually positive, so we have 
2p = m? + 2n?, so p = n? + 2(m/2)?. 

Problem 2.1.21. Is it possible to find 100 positive integers not exceeding 
25000 such that all pairwise sums of them are different? 


(424 IMO Shortlist) 


Solution. Yes. The desired result is an immediate consequence of the 
following fact applied on p = 101. 

Lemma. For any odd prime number p, there exist p nonnegative integers 
less than 2p? with all pairwise sums mutually distinct. 

Proof. We claim that the numbers a, = 2np + (n”) have the desired 
property, where (2) denotes the remainder of x upon division by p. 

Suppose that az + aj = Gm + Gn. By the construction of a;, we have 


2p(k +1) < ap +a < 2p(k +141). 
Hence we must have k +1] =m-+n, and therefore also 
(k?) + (1?) = (m?) + (n”). 
Thus 
kt+l=m+n and k?+l=m?+n? (mod p). 
But then it holds that 


(k—1)? = 2(k? +17) —(k +1)? =(m—n) (mod p), 


so k —1 = +(m—n), which leads to (k,l) = (m,n). This proves the lemma. 
Problem 2.1.22. Do there exist 10 distinct integers, the sum of any 9 
of which is a perfect square? 


(1999 Russian Mathematical Olympiad) 


13.1. PERFECT SQUARES 267 


Solution. Yes, there do exist 10 such integers. Write S = a; +a2+---+ 


aio, and consider the linear system of equations 
S-a,=9-V? 


S—a,=9-2? 


S — aio = 9- 107. 
Adding all these gives 
99 =9-(17+2?4--- +107) 


so that 
ap = S — 9k? = 17427 +.---+4+ 10? — 9k?. 


Then all the a,’s are distinct integers, and any nine of them add up to 
a perfect square. 
Problem 2.1.23. Let n be a positive integer such that n is a divisor of 


n-1 
i=1 


the sum 


Prove that n is square-free. 
(1995 Indian Mathematical Olympiad) 


Solution. If n = mp? for some prime p, then 


n-1 p—-1lmp-1 
14507 =14+55 SO (kept sp)" 
i=1 j=0 k=0 
p-l 
=1+ (mp) DS ee =1 (mod p) 
j=0 


and the sum is not even a multiple of p. Hence if the sum is a multiple of n, 
n must have no repeated prime divisors, or equivalently no square divisors 
greater than 1. 

Remark. The famous Giuga’s conjecture states that if n > 1 verifies 


n—-1 
njl+ y i”, then n is a prime. 
i=1 
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The reader can prove instead that for any such n we have: for any prime 
divisor p of n, p— 1|" —land p\— —1. 

Problem 2.1.24. Let n,p be integers such that n > 1 and p is a prime. 

If n\(p — 1) and p|(n* — 1), show that 4p — 3 is a perfect square. 


(2002 Czech-Polish-Slovak Mathematical Competition) 


Solution. From n|p — 1 it follows p—1>n and p> n. Because 
pln? — 1 = (n—1)(n? +n+4+1) 


we get pln? +n+1, ie. pk =n? +n+41 for some positive integer k. 
On the other hand n|p — 1 implies p= 1 (mod n) and pk =k (mod n). 
We obtain n? +n+1=k (mod n), hence k= 1 (mod n). 
It follows that p= an+1, k = bn+1 for some integers a > 0, b > 0. We 
can write 
(an +1)(bn+1) =n? +n +1, 


sO 


abn? + (at+b)n+l=n?4+n41 


abn + (a+b) =n+1. 


If b > 1, then abn+ (a+b) >n+2>n+1.S0b=0,k=1,p=n?+n+1. 
Therefore 


4p —3 = 4n? +4n+4-—3=4n? +4n4+1 = (n+ 1). 


Problem 2.1.25. Show that for any positive integer n > 10000, there 
exists a positive integer m that is a sum of two squares and such that 
0<m-n<3¥Vn. 


(Russian Mathematical Olympiad) 


Solution. We have a? < n < (a+ 1)? for some integer a > 100. If we 
write n = a?+k, this means that k < 2a+1. We want m = a?+5? for some 
integer b. The condition 0 < m—n < 3%/n becomes k < b? < k+3Wa2 +k. 
We will show that 


ee Vk+1. ifk is a perfect square 
| [WE] if k is a perfect square 


will work. 
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Note that in both cases, k < b? < (Vk + 1)?. Thus we want 
(VE+12 <k4+3V02 +k 
wWk+1<3V/a+k 
dk +4Vk +1 < 9/02 +k. 
Since k < 2a +1, it is sufficient to prove 
4(2a+1)+4V2a+14+1<9a 
a>4/2a+1+5 
a” — 10a + 25 > 16(2a + 1) 
a’ —42a+9>0. 


Because a? — 42a +9 = a(a — 42) + 9, this last inequality is clearly true 
for a > 100. 
Problem 2.1.26. Show that a positive integer m is a perfect square if 


and only if for each positive integer n, at least one of the differences 


(m+1)? —m, (m+ 2)? —m,...,(m+n)? —m 


is divisible by n. 
(2002 Czech and Slovak Mathematical Olympiad) 


Solution. First, assume that m is a perfect square. If m = a?, then 


(m+c)? —m=(m+c)? — a =(m+e+a)(m+c—a). 


Clearly, there exists some c, with 1 < c < n, for which m+ c+a is 
divisible by n. Thus, one of the given differences is divisible by n if m is a 
perfect square. 

Now, we assume that m is not a perfect square and show that there 
exists n for which none of the given differences is divisible by n. Clearly, 
there exist a prime p and positive integer k such that p?*—! is the highest 


2k-l with b and p being 


power of p which divides m. We may let m = bp 
relatively prime. Furthermore, pick n = p?*. For the sake of contradiction, 
assume there exists a positive integer c for which (m+ c)? — m is divisible 


by n. By expanding (m +c)? — m, we note that 


p?* | (Qbep?*—1 St Ce _ bp?*-1) 
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If p?* divides the quantity, then so does p?*—!. Thus, p?*~"|c? and so 
p*\c. Let c= rp*. Then, we have 


p?*|(Qbrp?*-1 ae pk - bp?*-1) 


However, this implies that p|b, which contradicts the original assumption 
that b and p are relatively prime. Therefore, if m is not a perfect square, n 
may be chose so that none of the given differences are divisible by n. This 
completes the proof. 


13.2. Perfect cubes 


Problem 2.2.5. Find all the positive perfect cubes that are not divisible 
by 10 so that the number obtained by erasing the last three digits is also a 
perfect cube. 

Solution. We have (10m +n)? = 1000a® + b, where 1 < n < 9 and 
b < 1000. 

The equality gives 


(10m + n)? — (10a)? = b < 1000, 
so 


(10m +n —10a)[(10m + n)? + (10m + n) - 10a + 100a?] < 1000. 


As (10m+n)?+(10m+n)-10a+100a? > 100, we obtain 10m+n—10a < 
10, hence m = a. 

If m > 2, then n(300m? + 30mn + n?) > 1000 false. 

Then m = 1 and n(300 + 30n +n?) < 1000, hence n < 2. For n = 2, we 
obtain 12° = 1728 and for n = 1 we get 11° = 1331. 

Problem 2.2.6. Find all positive integers n less than 1999 such that n7 


is equal to the cube of the sum of n’s digits. 
(1999 Iberoamerican Mathematical Olympiad) 


Solution. In order for n? to be a cube, n must be a cube itself. Because 
n < 1000 we must have n = 1°,2°,..., or 9%. Quick checks show that n = 1 
and n = 27 work while n = 8,64, and 125 don’t. As for n > 6° = 216, 


2 > 216? > 277. However, the sum of n’s digits is at most 


we have n 
9+9+9 = 27, implying that no n > 6° has the desired property. Thus 


n = 1,27 are the only answers. 
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Problem 2.2.7. Prove that for any non-negative integer n the number 
A= 2" 43" 4+ 5" + 6” 


is not a perfect cube. 
Solution. We will use modular arithmetic. A perfect cube has the form 
7k, 7k +1, or 7k — 1, since 


(7a+1)? = (7a+2)? = (72+4)? =1 (mod 7), 


and 


(72 +3)? = (Te + 5)? = (72 +6)? =—-1 (mod. 7). 

Now observe that 

2°47 =1. (mod 7) 
3° =93 = 23 =1 (mod 7) 
5° = (—2)® =2®=1 (mod 7) 
6° = (—1)°=1 (mod 7). 

It follows that 2®* = 36* = 57* = 6°* = 1 (mod 7). 

Denote an = 2” + 3" + 5" + 6” for n > 0. Set n = 6h +17, with r € 
{0, 1, 2,3,4, 5,6}. As 2" = 2" (mod 7), 3" = 3" (mod 7), 5" =5" (mod 7), 
and 6” = 6” (mod 7) we have a, =a, (mod 7). 

It is easy to observe that a9 = ag = ag = 4 (mod 7), a, = a4 = 2 
(mod 7) and a3 = 5 (mod 7). Therefore, a, is not a perfect cube. 


The actual representations are given by (1) and 


6n+1=6n+1? 


6n+2=6(n—1)+2? 
6n+3=6(n — 4) +3? 
6n + 4=6(n +1) + (-2)3 
6n +5 =6(n +1) + (-1)*. 


Problem 2.2.8. Prove that any integer is a sum of five cubes. 


Solution. For any integer n we have the identity 


6n= (w+ 1)? + @— 1)? + (=n)? + (—n)?. (1) 


For an arbitrary integer m we choose the integer v such that v? = m 
(mod 6). It follows that m — v? = 6n for some integer n and we apply 
identity (1). 
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Problem 2.2.9. Show that any rational number can be written as a sum 
of three cubes. 

Solution. Let n be a rational number. We are looking for a relation of 
the form 


a?(x) + B3(x) = F(x) + ag, 


where a, b,c are rational functions and a € Q. 


2 2 
Let € = cos = +7sin a We have 


a®(x) + b°(x) = (a(x) + D(2))(a(x) + eb(a))(a(x) + €7b(a)) 


and consider 
a(x) + eb(x) = (x — 2)3 


a(x) + €7b(x) = (x — €7)8 
Solving the above system in terms of a(a) and (a) we derive the identity 
1+32—23\° 30? +30 \° 
—1e%= 
as) Ss eT Soe 


and the desired conclusion follows dividing by 9. 
Remark. There are rational numbers which are not sum of two cubes. 
We suggest to the reader to find a such example. 


13.3. k'” powers of integers, k > 4 


Problem 2.3.6. Let p be a prime number and a,n positive integers. 
Prove that if 
2? + 3? =a”, 


thenn = 1. 
(1996 Irish Mathematical Olympiad) 


Solution. If p = 2, we have 2? + 3? = 13 and n = 1. If p > 2, then p is 
odd, so 5 divides 2? + 3? and so 5 divides a. Now if n > 1, then 25 divides 
a” and 5 divides 


QP 4. 3P 
5 = = 2P-1 oP. 34... 4 9?) = 2?! (mod 5), 


a contradiction if p # 5. Finally, if p = 5, then 2°+.3° = 753 is not a perfect 
power, so n = | again. 
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Problem 2.3.7. Let x,y,p,n,k be natural numbers such that 


Prove that if n > 1 is odd, and p is an odd prime, then n is a power of p. 
(1996 Russian Mathematical Olympiad) 


Solution. Let m = gcd(x,y). Then « = maj, y = my, and by virtue of 
the given equation, m” (a? +y?) = p*, and so m = p® for some nonnegative 
integer a. It follows that 


Since n is odd, 
ve ty? 
= ae 7 = ot — gh ty 4 ot 8g? — oe ay Fp ytd, (2) 


Let A denote the right side of the equation (2). By the condition p > 2, 
it follows that at least one of x1, y; is greater than 1, so sincen > 1, A> 1. 

From (1) it follows that A(x1 + y1) = p*~%, so, since x1 + y1 > 1 and 
A > 1, both of these numbers are divisible by p; moreover, x1 + y; = p® 
for some natural number (@. Thus 


AS oi =f 2? =a) ea? ay 7 ea) 


=nat' + Bp. 


Since A is divisible by p and 2, is relatively prime to p, it follows that n 
is divisible by p. 

Let n = pq. Then x?4 + y?% = p* or (x?)4 + (y?)? = p*. If q > 1, then 
by the same argument, p divides q. If gq = 1, then n = p. Repeating this 
argument, we deduce that n = p! for some natural number I. 

Problem 2.3.8. Prove that a product of three consecutive integers cannot 
be a power of an integer. 

Solution. Let n be an integer and assume by contradiction that 


n(n + 1)(n+4+ 2) = 2” 


for some integers x and z, where z > 2. We note that n(n+2) = (n+1)?—1 
and n+ 1 and (n+ 1)? — 1 are relatively prime. It follows 


n+1=a’ 
(n+1)?-1=07 


274 13. POWERS OF INTEGERS 
for some integers a and b. It follows a?* — b? = 1, ice. 
(a? — b)((a?)?—! + (a7)? 7b +++ +1) = 1. 


We get a? — b = 1, hence a? = b+ 1. The equation (b+ 1)* — b? = 1 has 
unique solution z = 1, a contradiction. 

Remark. A famous theorem of Erdés and Selfridge, answering a conjec- 
ture of more than 150 years, states that the product of consecutive integers 
is never a power. 

Problem 2.3.9. Show that there exists an infinite set A of positive inte- 


gers such that for any finite nonempty subset BC A, S- x is not a perfect 


ceEB 
power. 


(Kvant) 


Solution. The set 
Afgan S 1h 


has the desired property. Indeed, if B = {2713™11,...,2™"*+1} is a finite 
subset of A, where n, <---: < ng, then 


a aaa Ce i ee ke ie a a Ss ef 
xEB 
where gcd(N,2) = gcd(N,3) = 1. Taking into account that ny and n; +1 


are relatively prime it follows that x: x is not a perfect power. 


zEB 
Problem 2.3.10. Prove that there is no infinite arithmetic progression 


consisting only of powers > 2. 
Solution. Assume that we have a such arithmetic progression, an + b, 
n=1,2,... It is well known that 


1 
La (1) 


n>1 


But on the other hand we have 


1 1 
a = ms <n 


n>1 m,s>2 


relation contradicting (1). 


14 


Floor Function and Fractional Part 


14.1. General problems 
Problem 3.1.10. Let n be a positive integer. Find with proof a closed 


formula for the sum: 


n+1 n+2 n+2k 
5 + yp a Bavicearal okHT Pits 


(10%" IMO) 


Solution. We rewrite the equality as 


ane n 1 n ae + 
Seg DO fecal me ed eae a) eee =n, 
203 2 22. 2 Qe+l 92 


and use a special case of Hermite’s identity (n = 2): 


je+5 = [2x] — |x]. 


This allows us to write the equality as 


UB) + U8) Ld ++ bl-bp] = 


The sum telescopes and |n/2*+!| = 0 for large enough k’s. 
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Problem 3.1.11. Compute the sum 


Alea, 


O<i<j<n 


where x is a real number. 


Solution. Denote the sum in question by S,,. Then 


ee alae 


and, according to Hermite’s identity, 
x 
Sn —- Sn-1 = n= | = |x|. 
n 


Because S$; = |x], it follows that S,, = n|a] for all n. 


Problem 3.1.12. Evaluate the difference between the numbers 
LS | 3% + 2000 : <3 | 38 2000 
oy 3h+1 and 3h | 
k=0 k=0 

Solution. We can write each term of the difference in question as 


sta|-[3-], 


where vz = 2000/3**!. Since —|u| = |—u| +1 for each nonintegral value 


of u, and since a vp 1s never an integer, we have to examine the sum 


(meal +»-a] +4) 


1 
Taking n = 3 and x =v — 3 in (1) yields 


Hence the desired difference becomes 


¥ (2el- l=) 


k=0 
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and telescopes to 


a | _ > 
3 


|2000| — a = 


-++ = 2000. 
[+ 


Problem 3.1.13. a) Prove that there are infinitely many rational posi- 


tive numbers x such that: 
{x7} + {x} = 0,99. 
b) Prove that there are no rational numbers x > 0 such that: 


{x7} 4+4o} = 1. 


(2004 Romanian Mathematical Olympiad) 


a it is natural to look for a rational x 
of the form a for some positive integer n. It is not difficult to see that 


Solution. a) Since 0,99 = 


C= 3 satisfies the given equality and then that « = 10k+ = also satisfies 
the equality for any positive integer k. 

b) Suppose that 2 = 7 with p,q positive integers, gcd(p, q) = 1, verifies 
{x7} + {x} = 1. We can see that ae aes =2°+a2—-1€Z, thus q|p? 
and since gcd(p,q) = 1, one has g = i Thus x € Z and this is obviously 
impossible. 

Problem 3.1.14. Show that the fractional part of the number V/4n? +n 


is not greater than 0.25. 
(2003 Romanian Mathematical Olympiad) 


Solution. From inequalities 4n? < 4n? +n < 4n? +n+ 1 one obtains 
2n < V4n?+n < 2n+4+ 1. So, |V4n?+n| = 2n. We have to prove that 
V4n? +n < 2n+ 0.25. 


This is obvious, since by squaring the inequality one obtains: 
1 
4n? +n <4n?4+n4+—. 
16 
Problem 3.1.15. Prove that for every natural number n, 


n?—1 
AVIS 
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(1999 Russian Mathematical Olympiad) 


Solution. We prove the claim by induction on n. For n = 1, we have 
0 < 0. Now supposing that the claim is true for n, we prove it is true for 
n+l. 


Each of the numbers Vn? + 1, Vn? + 2,...,Vn? + 2n is between n and 
n+1. Thus 


“2 . 
{Vn2 +i} = VP Fi-n< yn? tit Tyna, 2A. Oh 
nr n 


Therefore we have 


(n+1)? (n+1)? 


Vi VE} + Ff eg anil Oa 
% w= Sh + Fo vh <2 me 
_nW-1 ntl (n+1)?-1 
She se ey A, 
completing the inductive step and the proof. 
Problem 3.1.16. The rational numbers a1,...,Qn satisfy 


n 


S {kai} < 5 


i=1 


for any positive integer k. 
(a) Prove that at least one of a1,...,Qn is an integer. 
(b) Do there exist a1,...,Qn that satisfy 


n 
n 
So {kai} < 9° 
i=1 
such that no a; is an integer? 


(2002 Belarus Mathematical Olympiad) 


Solution. (a) Assume the contrary. The problem would not change if 
we replace a; with {a;}. So we oy assume 0 <a; <lforalll<i<n. 


Because a; is rational, let a; = —, and D = I qi. Because (D—1)a;+a; = 
di 


Da, is an integer, and a; is not an integer, ‘(D — lja;} + {a;}. Then 


i {(o- Waa} +d far} - oe =n 
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contradiction. Therefore, one of the a; has to be an integer. 
n 


1 
(b) Yes. Let a; = 5 for all i. Then S {kai} = 0 when fk is even and 


i=l 


S {kai} = 5 when k is odd. 


i=1 


14.2. Floor function and integer points 


Problem 3.2.3. Prove that 


for all integers n > 1. 
Solution. Consider the function f : [1,n] > [1,7], 


i) 


Using formula in Theorem 3.2.3 we obtain 


|B - > || = na(a) = watt) =o, 


k=1 k=1 


hence 


as desired. 
Problem 3.2.4. Let 6 be a positive irrational number. Then, for any 


positive integer m, 


[m8 | 


ue i H = Galil 


k=1 


Solution. Consider the function f : [1,m] — [@,m6], f(x) = @x. Because 
6 is irrational, we have n(G) = 0 and the conclusion follows from Theorem 
3.2.5 
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Problem 3.2.5. Let p and q be relatively prime positive integers and let 
m. be a real number such that 1<m < p. 


1) Ifs= kal then 


Sele) 


fat pat @ 
2) (Landau) If p and q are odd, then 


x(a) z Le] 


Solution. 1) Let f : [1,m] - E ma), f(x) = 1. Because gcd(p, q) = 
P Pp Pp 
1 and m < p, we have n(Gy) = 0 and the desired equality follows from 
Theorem 3.2.1. 
2) In the previous identity we take m = = It follows that s = 4 


and 
the conclusion follows. 


14.3. An useful result 


Problem 3.3.3. Let p be an odd prime and let q be an integer that is 
not divisible by p. Shows that 


at 


ed es ia aly 


p- 
k= 


Solution. For f : Z*, > R, f(s) = (—1)%s?, conditions i) and ii) in 
Theorem 3.3.1 are both satisfied. We obtain 


hence 


k=1 
Remarks. 1) By taking g = 1 we get 
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Using now the identity |—-z| = 1— |], x € R, the last display takes the 


form ; 
els | eet 
k=1 - 2 
2) Similarly, applying Theorem 3.3.1 to f : Zi. > R, f(s) = (—1)*s* 
yields 
p-1 2 
3 [ated _ a(p-1)*=p-1)_ p-1 
= p 2 2 


Taking gq = 1 gives 


1 ekt| _ @-2)p- DOH) 
a » a 2 


Problem 3.3.4. Let p be an odd prime. Show that 


p-l 
.kP —k t 1 
S- =P (mod p). 


p 
Solution. For f(s) = es conditions i) and ii) in Theorem 3.3.1 are also 


satisfied and for g = 1 we have 


ela eas 
p p p 2 


It follows 


P71 py 42 
2 heed 2 (Dee (mod p). 
k=1 P 2 


The conclusion follows since 


(p—1)? _ p?+1_ pti 
FS mod e 
5 5 5 (mod p) 
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Remarks. 1) For each k = 1,2,... 


when k? is divided by p?. We have 


kp 
kP = =| p +Tk, 


hence 
p-l p-l p-l 
kp 
bap = a 3 Tk 
k=1 k=1 k=1 
It follows 


Ty + Tea +-++++7%p-1 = 


14. FLOOR FUNCTION AND FRACTIONAL PART 


,p — 1 denote by rz the remainder 


k=1,2,...,p—1, 


PODS 
Foe ee 


p’(p— 1) 
2 


2) The formula in our problem shows that the sum of the quotients 


obtained when k? —k is divided by p (Fermat’s Little Theorem) is congruent 


pt+l 


to modulo p. 


15 
Digits of Numbers 


15.1 The last digits of a number 


Problem 4.1.4. In how may zeroes can the number 1” + 2” + 3" + 4” 
end forn EN? 


(1998 St. Petersburg City Mathematical Olympiad) 


Solution. There can be no zeroes (i.e., n = 4), one zero (n = 1) or two 
zeroes (n = 2). In fact, for n > 3, 2” and 4” are divisible by 8, while 1° +3” 
is congruent to 2 or 4 mod 8. Thus the sum cannot end in 3 or more zeroes. 

Problem 4.1.5. Find the last 5 digits of the number 51%". 

Solution. First, we prove that 5198! = 5° (mod 10°). We have 


51981 _ 55 _ (51976 = 1)5° a 5°[(58) 247 i) 
= M[5°(5® —1)] = M[5°(5* — 1)(5* +.1)] 
= M[5°(5 — 1)(5 + 1)(5? + 1)(5* +1) 
= M572° = M100, 000. 


Therefore 51981 = M100, 000+ 5° = M100, 000+ 3125, so 03125 are the 
last 5 digits of the number 51%°!. 

Problem 4.1.6. Consider all pairs (a,b) of natural numbers such that 
the product a%b’, written in base 10, ends with exactly 98 zeroes. Find the 


pair (a,b) for which the product ab is smallest. 
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Solution. Let az be the maximum integer such that 2%|a. Define as, ba, 
and bs similarly. Our taks translates into the following: find a,b such that 
min{asa + bsb, aga + bob} = 98 and ab is minimal. Since 5ljasa + bsb, asa + 
bsb > 98 and min{asa + bsb, aga + bob} = aga + bob = 98. Note that if 
5|gcd(a, b), then aga + bob 4 98, contradiction. Without loss of generality, 
suppose that a5 > 1 and bs = 0. Let a = 275% 2 and 2°%y. (gcd(2,x) = 
gced(5,x) = gced(2,y) = 1.) Then asa = as(2%5%x) > 98 and aga = 
a2 (2%25% 2) < 98. So as > ag. We consider the following cases. 

(a) ag = 0. Then bo(2"2y) = 98. So bg = 1, y = 49, b = 98. Since 
a5(5%2) > 98 and x is odd a = 5% > 125 for as > 3; « > 3 and a> 75 
for a5 = 2; x > 21 and a > 105 for as = 1. Hence for ag = 0, b = 98, 
a> 75. 

(b) ag > 1. Then as > 2. We have 2°75%a < 98 and 5a < 49. Thus 
a5 = 2,% = 1, a2 = 1, a = 50. Then bob = 48. Let b = 2°2y. Then 
bo (2°2y) = 48, which is impossible. 

From the above, we have (a,b) = (75,98) or (98,75). 


15.2. The sum of the digits of a number 


Problem 4.2.7. Show that there exist infinitely many natural numbers 
n such that S(3") > S(3"*1). 


(1997 Russian Mathematical Olympiad) 


Solution. If $(3") < $(3"*') for large n, we have (since powers of 3 
are divisible by 9, as are their digit sums) $(3") < $(3"t+) — 9. Thus 
S(3") > 9(n — c) for some c, which is eventually a contradiction since for 
large n, 3" < 10"~°. 

Problem 4.2.8. Do there exist three natural numbers a,b,c such that 
S(a+b) <5, S(b+c) <5, S(c+a) <5, but S(a+b+c) > 50? 


(1998 Russian Mathematical Olympiad) 


Solution. The answer is yes. It is easier to find a+b, b+c, c+a instead. 
Since a+6+c is an integer, their sum 2(a+b+c) must be even; since a, b,c 
are positive, they must satisfy the triangle inequality. Finally, a+b+c must 
have a digit sum of at least 51. 
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This leads to the solution 
a+b = 100001110000, 6&+c¢= 11110000000, c+a= 100000001110. 
These four numbers have digit sum 4, and 
a+b+c= 105555555555 
has digit sum 51. We get 
a = 105555555555 — 11110000000 = 94445555555 


b = 105555555555 — 100000001110 = 5555554445 
c = 105555555555 — 100001110000 = 5554445555. 


Problem 4.2.9. Prove that there exist distinct positive integers 


{ni}i<i<so such that 


ny + S(n1) =n2 + S(n2) =) = 150 + S(n50). 


(1999 Polish Mathematical Olympiad) 


Solution. We show by induction on k that there exist positive integers 
N1,..-,;M with the desired property. For k = 1 the statement is obvious. 
For k > 1, let m, <--- < mpz_1 satisfy the induction hypothesis for k — 1. 
Note that we can make all the m, arbitrarily large by adding some large 
power of 10 to all of them, which preserves the described property. Then, 
choose m with 1 < m < 9 and m = m, +1 (mod 9). Observing that 
S(x) = x (mod 9), we have my — m+ S(m1) — S(m) + 11 = 91 for some 
integer |. By choosing the m; large enough we can ensure 10! > mz_1. Now 
let n; = 10'+1 + m, for i < k and ny = m+ 10'+! — 10. It is obvious that 
ni + S(ni) = nj + S(n;) for 1,7 < k, and 


ny + S(n1) = (10°? + m1) + (1 + S(m +1)) = (mm + S(m) +1) +1077 


= (91+.5(m)+m-—10)+10!t! = (m+10'*4—10)+(914+S(m)) = ne +S(ng), 


as needed. 
Problem 4.2.10. The sum of the decimal digits of the natural number 
n is 100, and that of 44n is 800. What is the sum of the digits of 3n? 
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Solution. The sum of the digits of 3n is 300. 

Suppose that d is a digit between 0 and 9, inclusive. If d < 2 then 
S(44d) = 8d, and if d = 3 then S(8d) = 6 < 8d. If d> 4, then 44d < 44(9) 
has at most 3 digits so that S(44d) < 27 < 8d. 

Now write n = XE ni 10°, so that the n; are the digits of n in base 10. 
Then 


S > 8nj = 3(44n) < S~ $(44n; - 10°) 
= S> 8(44ni) < > 8, 


so equality must occur in the second inequality — that is, each of the n; 
must equal 0, 1, or 2. Then each digit of 3n is simply three times the 
corresponding digit of n, and $(3n) = 35(n) = 300, as claimed. 


Alternative solution. Using properties 3, 5, we have 
S(3n) < 3S(n) = 300 


and 
800 = S(11-3n+11n) < S(11-3n) + S(11n) 


< S(11)$(3n) + $(11)S(n) = 28(3n) + 200, 


from where $(3n) > 300. Thus, $(3n) = 300. 

Problem 4.2.11. Consider all numbers of the form 3n? +n+1, where 
nm is a positive integer. 

(a) How small can the sum of the digits (in base 10) of such a number 
be? 

(b) Can such a number have the sum of its digits (in base 10) equal to 
1999? 


(1999 United Kingdom Mathematical Olympiad) 


Solution. (a) Let f(n) = 3n?+n+1. When n = 8, the sum of the digits 
of f(8) = 201 is 3. Suppose that there was some m such that f(m) had a 
smaller sum of digits. Then the last digit of f(m) must be either 0, 1, or 
2. Because f(n) =1 (mod 2) for all n, f(m) must have units digit 1. 

Because f(n) can never equal 1, this means we must have 3m?+m-+1= 
10* + 1 for some positive integer k, and m(3m +1) = 10*. Because m 
and 3m + 1 are relatively prime, and m < 3m+1, we must either have 
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(m,3m +1) = (1,10*) — which is impossible — or (m,3m +1) = (2°,5*). 
For k = 1, 5* £3-2* +41; for k > 1, we have 


5a oP Oh OF 8 12 1) S82" 1, 


Therefore, f(m) can’t equal 10” + 1, and 3 is indeed the minimum value 
for the sum of digits. 
(b) Consider n = 10??? — 1. 


f(n) =3 +10 —6+ 10?" +3+.10777. 
Thus, its decimal expansion is 


29...950...03, 
SYS Sa 
221 221 


and the sum of digits in f(10??? — 1) is 19999. 

Problem 4.2.12. Consider the set A of all positive integers n with the 
following properties: the decimal expansion contains no 0, and the sum of 
the (decimal) digits of n divides n. 

(a) Prove that there exist infinitely many elements in A with the following 
property: the digits that appear in the decimal expansion of A appear the 
same number of times. 

(b) Show that for each positive integer k, there exists an element in A 


with exactly k digits. 
(2001 Austrian-Polish Mathematics Competition) 


Solution. (a) We can take n, = 11...1 and prove by induction that 
KS 
3* times 


3k+21193" — 1. Alternatively, one can observe that 
(oF 1 = (E10 40 yO? EO a) 0 AO ed) 


and that 9|10~! and 3/1023" + 108° +1 for0<i<k—-1. 

(b) We will need the following lemmas. 

Lemma 1. For every d > 0 there exists a d-digit number that contains 
only ones and twos in its decimal expansion and is a multiple of 2¢. 

Proof. Exactly in the same way as in the proof of Theorem 1.7.1 one 
can prove that any two d-digit numbers which have only ones and twos give 


different residues mod 2%. Since there are 2 such numbers, one of them is 


a multiple of 2%. 
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Lemma 2. For each k > 2 there exists d < k such that the following 
inequality holds: k +d < 24 < 9k — 8d. 

Proof. For 3 < k < 5, d = 8 satisfies the inequalities. For 5 < k < 10, 
d = 4 satisfies the inequalities. We will show that d = |log, 4k] satisfies for 
all k > 10. If k > 3, then logy 4k < 2*, sod < k. Additionally, k+d < 2k < 
27. If k > 10, then 16k? < 2", so 4k < 24/2 < 254/8 d < log, 4k < =n and 
8k — 8d > 4k > 27. 

Now, return to the original problem. For k = 1, n = 1 has the desired 


property. For k = 2,n = 12 has the desired property. Now, for each k > 2 we 
have some number d satisfying the condition Lemma 2. Consider a k-digit 
integer n such that the last d digits of n have the property described in the 
first Lemma. We can choose each of the other digits of n to be any number 
between zero and nine. We know that the sum of the last d digits of n is 
between d and 2d, and we can choose the sum of the other k—d digits to be 
any number between k—d and 9(k—d). Since k—d+2d < 2% < 9(k—d) +d, 
we can choose the other digits such that the sum of the digits of n is 2¢. 
This completes the proof because n is a multiple of 27. 

Remark. A number divisible by the sum of its digits is called a Niven! 


number. It has been proved recently that the number of Niven numbers 


smaller than 2 is (= log 10 + o(1)) re The courageous reader may try 
to prove that there are arbitrarily long sequences of consecutive numbers 
which are not Niven numbers (which is easily implied by the above result; 
yet there is an elementary proof of the last assertion). For more details 
one can read the article ” Large and small gaps between consecutive Niven 
numbers” , Journal of Integer Sequences, Vol.6(2003), by J.-M. Koninck and 


N. Doyon. 


15.3 Other problems involving digits 


Problem 4.3.3. A wobbly number is a positive integer whose digits in 
base 10 are alternately non-zero and zero, the units digit being non-zero. 


Determine all positive integers which do not divide any wobbly number. 


(35"” IMO Shortlist) 


lIvan Niven (1915- ), Canadian mathematician with contributions in the ones of 
Diophantine approximation, the study of irrationality and transcendence of numbers, 


and combinatorics. 
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Solution. If n is a multiple of 10, then the last digit of any multiple of n 
is 0. Hence it is not wobbly. If n is a multiple of 25, then the last two digits 
of any multiple of n are 25, 50, 75 or 00. Hence it is not wobbly. We now 
prove that these are the only numbers not dividing any wobbly number. 

We first consider odd numbers m not divisible by 5. Then gcd(m, 10) = 1, 
and we have gcd((10* — 1)m,10) = 1, for any k > 1. It follows that there 
exists a positive integer | such that 10! = 1 (mod (10*—1)m), and we have 
10* = 1 (mod (10* — 1)m). Now 


10" 4 = (1108S 100 eee 10 1), 


Hence x, = 10*(—) + 108-2) 4...410* +1 is a multiple of m for any 
k > 1. In particular, x2 is a wobbly multiple of m. If m is divisible by 5, 
then 522 is a wobbly multiple of m. 

Next, we consider powers of 2. We prove by induction on t that 27+! has a 
wobbly multiple w; with precisely t non-zero digits. For t = 1, take w; = 8. 
Suppose w; exists for some ¢t > 1. Then w,; = 27/+1d for some d. Let wi41 = 
107¢c + w,; where c € {1,2,3,...,9} is to be chosen later. Clearly, w;41 is 
wobbly, and has precisely t+1 non-zero digits. Since wy41 +27¢(57%e+2d), it 
is divisible by 27¢*° if and only if 5°’c+ 2d = 0 (mod 8) or c= 6d (mod 8). 
We can always choose c to be one of 8, 6, 4 and 2 in order to satisfy this 


congruence. Thus the inductive argument is completed. It now follows that 
every power of 2 has a wobbly multiple. 

Finally, consider numbers of the form 2'm, where t > 1 and gcd(m, 10) = 
1. Such a number has w;22; as a wobbly multiple. 

Problem 4.3.4. A positive integer is called monotonic if its digits in 
base 10, read from left right, are in nondecreasing order. Prove that for 
each n € N, there exists an n-digit monotonic number which is a perfect 


square. 
(2000 Belarussian Mathematical Olympiad) 


Solution. Any 1-digit perfect square (namely, 1, 4, or 9) is monotonic, 
proving the claim for n = 1. We now assume n > 1. 
If n is odd, write n = 2k — 1 for an integer k > 2, and let 


xp = (10* + 2)/6 = 166...67. 
k-2 


Then 
102 +4-10+4 107 10% 1 
SS As (1) 


2) 
Tk = 36 3°99 
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Observe that a 
10 = 102-2 (= cy =) 


36 36 | 36 
~ 2. 197-2 4. 197-2. or? 74h 
By * Cea! 


Thus, the right-hand side of (1) equals 


7 1 1 
277...7+—] +] 1l...l4+-—] +-—=277...788...89, 
2k—-2 k k-2  k-1 

an n-digit monotonic perfect square. 


If n is even, write n = 2k for an integer k > 1, and let 


10" +2 
Yk = 3 = 33. ..34. 
k-1 
Then 5 ‘ 

1 10 10k 4 

2 — —(107* + 4.10% +4) = -——+- 

Vie 9| or" + 0” + 4) 9 5 +5 
=/11...1 44...4 2 ea 155...56 
= sia 9 te wees 9 5 =e ...06, 

2k k k-1 


an n-digit monotonic perfect square. This completes the proof. 


16 


Basic Principles in Number Theory 


16.1 ‘Two simple principles 


Problem 5.1.7. Let ny < nz < +--+ < nagoo < 10! be positive inte- 


gers. Prove that one can find two nonempty disjoint subsets A and B of 


{ni, MQ s05 , 2000 } such that 
|A| = |B| ae ay a and * 2 =e 
@rTeEA 2eEB reEA reEB 
(2001 Polish Mathematical Olympiad) 
Solution. Given any subset S C {n1,72,..., 2000} of size 1000, we have 


0< 5° ax <1000-10', 
res 


0 Sa = 100010"; 
res 
Thus, as S varies, there are fewer than (1000-101°°)(1000- 102°) = 103°° 


values of (= x, se “| : 


cEeS x2Es 
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2000 
2000 
B 


2 92000 
( nea There are 


2 
) = 9709 and Ga is the biggest term in the sum, 


1000) ~ 2001" 


> 19306 


2000 92000 19809 
a > 3001 * 2001 


distinct subsets of size 1000. By the Pigeonhole Principle, there exist 


distinct subsets C and D of size 1000, such that S- — S- x and 
rec we D 
S- £= > x. Removing the common elements from C' and D yields sets 


wec: 2E€D 
A and B with the required properties. 


Problem 5.1.8. Find the greatest positive integer n for which there ex- 
ist n nonnegative integers 21, 22,..-,X%n, not all zero, such that for any 
SEQUENCE €1,€2,.--,En Of elements {—1,0,1}, not all zero, n° does not di- 


vide €421 + €9%q +++: +entn.- 
(1996 Romanian Mathematical Olympiad) 


Solution. The statement holds for n = 9 by choosing 1,2,27,...,2°, 
since in that case 


ler +--+ beg28] <14+24---4+2% < 9%. 


However, if n = 10, then 2'° > 10°, so by the Pigeonhole Principle, there 
are two subsets A and B of {x1,...,219} whose sums are congruent modulo 
10°. Let ¢; = 1 if x; occurs in A but not in B, —1 if x; occurs in B but not 
in A, and 0 otherwise; then be €,2; is divisible by n°. 

Problem 5.1.9. Given a positive integer n, prove that there exists e > 0 
such that for any n positive real numbers aj, a2,...,@n, there exists t > 0 
such that l 

€ < {tai}, {taz},..., {tan} < a 


(1998 St. Petersburg City Mathematical Olympiad) 


Solution. More generally, we prove by induction on n that for any real 
number 0 < r < 1, there exists 0 < € < r such that for aj,...,an any 
positive real numbers, there exists t > 0 with 


{tai},..., {tan} € (e,r). 
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The case n = 1 needs no further comment. 

Assume without loss of generality that a, is the largest of the a;. By 
hypothesis, for any r’ > 0 (which we will specify later) there exists <’ > 0 
such that for any a1,...,@n—1 > 0, there exists t/ > 0 such that 


{t'ay},...,{t’an_1} € (e', 7’). 


Let N be an integer also to be specified later, A standard argument 
using the Pigeonhole Principle shows that one of t/an, 2t/an,..., Nt/ay has 
fractional part in (—1/N,1/N). Let st’a, be one such term, and take t = 
st! +c for c= (r—1/N)/an. Then 


tan € (r—2/N,r). 


So we choose N such that 0 < r—2/N, thus making {ta,} € (r—2/N,r). 
Note that this choice of N makes c > 0 and t > 0, as well. 

As for the other ta;, for each i we have k; +e’ < t'a; < k; +r’ for some 
integer kj, so sk; + se’ < st’a; < skj+ sr’ and 


(r—1/N) 


ski te! < (st! +c)a; < ski + sr' + — <skj+ Nr’ +r—1/N. 


an 
So we choose r’ such that Nr’ —1/N < 0, thus making {ta;} € (e’,r). 
Therefore, letting « = min{r — 2/N,<’}, we have 


0<e< {ta}, {taz},..., {tan} <r 


for any choices of a;. This completes the inductive step, and the claim is 
true for all natural numbers n. 

Problem 5.1.10. We have 2” prime numbers written on the blackboard 
in a line. We know that there are less than n different prime numbers on 
the blackboard. Prove that there is a compact subsequence of numbers in 
that line whose product is a perfect square. 

Solution. Suppose that p1,p2,...,Pm (m < n) are primes which we 
met in the sequence a1, a@2,...,@2n written on the blackboard. It is enough 
to prove that there is a compact subsequence, where each prime occurs 
even times. Denote c;; the exponent of the prime p; (1 <7 < m), in the 
product of the first 7 numbers a,...a2...a; from our sequence. Let dj; be 
the residue modulo 2 of c;, then we can write cj; = 2t;; + diz, dij € {0,1}. 
Every system (d1;,d2;,...,@m,;) is formed from m zeros and ones. Number 


of possible such systems is 2” which is less than 2". Hence by Pigeonhole 
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Principle there exist two identical systems. 
(diz, dox,---,dmk) = (di, dai,...,dmi), 1<k<l< 2” 
We have dix = dj for 1 <i <_m and from here 
Cit — Cik = 2(ty — tik) + (din — dix) = 2(tar — tix) 


and cy — cz is divisible by 2 for 1 <i <™m. 

Thus the exponent of the p; in the product ag41ap42-.-- a1 = aa 
is equal to cj — cjz, SO every number p; has an even exponent is the product 
Gk414K42--- a. Hence ap414n42... a, is the perfect square. 

Problem 5.1.11. Let 7; = x2 = x3 = 1 and &pn43 = Fn + Ln41Fn+2 
for all positive integers n. Prove that for any positive integer m there is an 
integer k > 0 such that m divides xx. 

Solution. Observe that setting x) = 0 the condition is satisfied for 
n=0. 

We prove that there is integer k < m® such that x; divides m. Let r; be 
the remainder of x; when divided by m for t = 0,1,...,m° + 2. Consider 
the triples (ro, 11,72), (1, 72,73), +++ 3 (%m3s1%m3-4151m342)- Since r; can take 
m values, it follows by the Pigeonhole Principle that at least two triples 
are equal. Let p be the smallest number such that triple (rp, rp41,Tp+2) is 
equal to another triple (rq, 7941, Tq+2); P< q < m°. We claim that p = 0. 

Assume by way of contradiction that p > 1. Using the hypothesis we 
have 


lp =Pp-1 +TpTpt1 (mod m) and rg42 = rq-1 + Tq?qt1 (mod m). 


Since Tp = Tq, Tpt1 = Tqt1 and rpi2 = Tq+2, it follows that rp_1 = 
Pq—1, 80 (Tp-1,TpsTp41) = (Tq-151%q:%q+1), Which is a contradiction with 
the minimality of p. Hence p = 0, so rg = ro = O, and therefore x, = 0 


mod m. 


16.2. Mathematical induction 


Problem 5.2.7. Let p be an odd prime. The sequence (Gn)n>0 is defined 
as follows: ag = 0, a; = 1,..., dp-2 = p—2 and, for alln > p—1, ay is the 
least positive integer that does not form an arithmetic sequence of length 
p with any of the preceding terms. Prove that, for all n, an is the number 


obtained by writing n in base p—1 and reading the result in base p. 
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(1995 USA Mathematical Olympiad) 


Solution. Our proof uses the following result. 

Lemma. Let B = {bo,b1,b2,...}, where by, is the number obtained by 
writing n in base p—1 and reading the result in base p. Then 

(a) for every a ¢ B, there exists d > 0 such thata—kd € B fork = 
1,2,...,p—1; and 

(b) B contains no p-term arithmetic progression. 

Proof. Note that b € B if and only if the representation of b in base p 
does not use the digit p— 1. 

(a) Since a ¢ B, when a is written in base p at least one digit is p—1. Let 
d be the positive integer whose representation in base p is obtained from 
that of a by replacing each p— 1 by 1 and each digit other than p — 1 by 
0. Then none of the numbers a — d, a— 2d,..., a— (p—1)d hasp—lasa 
digit when written in base p, and the result follows. 

(b) Let a,a+d,a+2d,...,a+(p—1)d be an arbitrary p-term arithmetic 
progression of nonnegative integers. Let 6 be the rightmost nonzero digit 
when d is written in base p, and let a be the corresponding digit in the 
representation of a. Then a,a@ + 6,...,a@+(p—1)6 is a complete set of 
residues modulo p. It follows that at least one of the numbers a, a+d,...,a+ 
(p — 1)d has p— 1 as a digit when written in base p. Hence at least one 


term of the given arithmetic progression does not belong to B. 


Let (G@n)n>o0 be the sequence defined in the problem. To prove that a, = 
b, for all n > 0, we use mathematical induction. Clearly a9 = bo = 0. 
Assume that a, = by for 0 < k < n—1, where n > 1. Then ay, is the 
smallest integer greater than b,—1 such that {bo, b1,...,bn—1,@n} contains 
no p-term arithmetic progression. By part (i) of the proposition, a, € B 
$0 Gn > by. By part (ii) of the proposition, the choice of ay, = b, does not 
yield a p-term arithmetic progression with any of the preceding terms. It 
follows by induction that a, = 6, for all n > 0. 

Problem 5.2.8. Suppose that x,y and z are natural numbers such that 
xy = z7+1. Prove that there exist integers a,b,c andd such that x = a?+b?, 
y=c?+d?, and z=ac+ bd. 


(Euler’s problem) 


Solution. We prove the claim by strong induction on z. For z = 1, we 
have (x,y) = (1,2) or (2,1); in the former (resp. latter) case, we can set 
(a, b, Cc, d) = a 0, 1s 1) (resp. (0,1,1,1)). 
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Suppose that the claim is true whenever z < zo, and that we wish to 
prove it for (x,y,z) = (Xo, yo, 20) where xoyo = 2 + 1. Without loss of 
generality, assume that xo < yo. Consider the triple (#1, y1, 21) = (%o0,%o + 
Yo — 220, 20 — Xo), so that (xo, yo, 20) = (41,01 + yi + 221,01 + 21). 

First, using the fact that xoyo = 22 +1, it is easy to check that (a, y, z) = 
(11,41, 21) satisfies cy = z? +1. 

Second, we claim that 21,41, 2, > 0. This is obvious for x,. Next, note 
that y1 = 0 + yo — 220 = 2,/XoYo — 220 > 220 — 2z9 = 0. Finally, because 
xo < yo and xoyo = 2 + 1, we have rp < Jz +1, or %o < Zo. However, 
xo # Zo, because this would imply that zoyo = 28 + 1, but zo { (23 + 1) 
when zo > 1. Thus, z — xo > 0, or z; > 0. 

Therefore, (1,41, 21) is a triple of positive integers (x,y,z) satisfying 
xy = 2741 and with z < z. By the induction hypothesis, we can write 
xe, —a2 +07, y, =c? +d? and 2, = ac+ bd. Then 


(a* 4 
= (a*c* + bd? + 2abed) + (ad? + bc? — 2abed) — 1 
= (ac + bd)*?(ad — be)” — 1, 


so that Jad — bc| = 1. 

Now, note that 29 = 21 = a? +b? and yp = 214414221 = a? +b?2+c? +d? + 
2(ac+bd) = (a+c)?+(b+d)?. In other words, xp = a!?+b” and yo = ¢7? +d!” 
for (a’,b',c',d’) = (a,b,a+c,b+d). Then |a'd’ — b’c'| = jad — be| = 1, 
implying (by logic analogous to the reasoning in the previous paragraph) 
that z) = a’c’ +b’d’, as desired. This completes the inductive step, and the 


proof. 
Problem 5.2.9. Find all pairs of sets A, B, which satisfy the conditions: 
(i) AUB=Z; 


(it) ifa © A, thenx—1€ B; 
(it) ofc e Bandy e€ B, thenx+yeEA. 


(2002 Romanian IMO Team Selection Test) 


Solution. We shall prove that either A = B = Z or A is the set of even 
numbers and B the set of odd numbers. 

First, assume that 0 € B. Then we have x € B,x+0€ AandsoBCaA. 
Then Z = AUB C A and so A = Z. From (ii) we also find that B = Z. 
Now, suppose that 0 ¢ B, thus 0 € A and —1 € B. Then, using (ii) we find 
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2¢€ A, -3 € B, —4€ A and by induction —2n € A and —2n—1 € B, 
Vn éN. Of course, 2 € A (otherwise 2 € B and 1 = 2+ (-1) € A and 
0 =1-1€ B, false) and so 1 = 2—1 € B. Let n > 1 minimal with 
2n € B. Then 2n—1 € A and 2(n—1) € B, contradiction. This shows that 
2N c A\ B and all odd integers are in B \ A. One can also observe that 
—1 ¢ A (otherwise —2 € B implies —-1 € Bie. —1 ¢ A) and so A = 2Z, 
B=2Z+1. 

Problem 5.2.10. Find all positive integers n such that 


where GmGm—1---ao is the decimal representation of n. 
(2001 Japanese Mathematical Olympiad) 


Solution. We claim that the only such n is 18. If n = G,... @qao, then 
let 


P(n) = [[(a; +1). 


Note that if s > 1 and ¢ is a single-digit number, then P(10s +t) = 
(s + 1)P(t). Using this we will prove two following statements. 

Lemma 1. If P(s) <s, then P(10s+t) < 10s +t. 

Proof. Indeed, if P(s) < s, then 


10s+t > 10s > 10P(s) > (+ 1)P(s) = P(10s + t). 


Equality must fail either in the first inequality (if ¢ 4 0) or in the third 
inequality (if t 4 9). 

Lemma 2. P(n) <n+1 for all n. 

Proof. We prove this by induction on the number of digits of n. First, we 
know that for all one-digit n, P(n) = +1. Now suppose that P(n) <n+1 
for all m-digit numbers n. Any (m+1)-digit number n is of the form 10s +t, 


where s is an m-digit number. Then 


tP(s) —10s—t < —-s 
P(s)(t+1)-—10s—t< P(s)-s 


P(10s +t) —(10s+t) < P(s)-—s<1, 
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completing the inductive step. Thus, P(n) < n+ 1 for all n. 

If P(n) =n, then n has more than one digit and we may writen = 10s++t. 
From the first statement, we have P(s) > s+ 1. From the second one, we 
have P(s) <s+1. Thus, P(s) = s+ 1. Hence, 


(t+ 1)P(s) = P(10s +t) = 10s4+t 
(t(+1)(s+1)=10s+t 
1=(9-f)s. 


This is possible if t = 8 and s = 1, so the only possible n such that 
P(n) = nis 18. Indeed, P(18) = (1 +1)(8 + 1) = 18. 
Problem 5.2.11. The sequence (un)n>0 1s defined as follows: uo = 2, 


Uy = 3 and 


Un+1 = Un(u _,—-2)-uw forn=1,2,... 


2r_(-1)” 


Prove that [uy] = 2 
of x). 


, for alln > 0 ((x2] denotes the integer part 


(18*" IMO) 


Solution. To start, we compute a few members of the sequence. Write 
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1 ti? 1 
—_ 5 3 is= 58, eee 
1 1 1 1 
— [95 6 said 
= (08+) (+8) - (48) aoe 


Taking into account the required result, we claim that u, = 2°" + 27%, 


where a, = , Vn > 1. First, we observe that a, is a positive 


} 3 
integer, because 2" = (—1)” (mod 3). 
Then, observe that claimed formula is true for n = 1,2,3,4,5. Using 
induction and inductive formula which defined u,, we have: 
a —a a —a 1 
ung = (te MH 43-1) 3} — (24.5) 


1 
= (2% 4 2 Or \(O7an— 4 9 Ftn-1) i} (2 + 5) 


= 94n+2an-1 “ 97 4n~24n-1 + 924n-1—-An + 94n—24n—-1 = 2? — 9-1. 


We only have to consider the equalities: 
An + 2an—-1 = An+1 


2An-1 — an = (= 1)", 
which are easy to check. Hence, we obtain the general formula: 


2m —(-1)" 1 
3 


3 


The required result, 


is now obvious. 


5 
Second solution. We have up > 2, uy > 5 We prove by induction that 


Un > . for alln > 1. 


5 5B (25 5 5 (25 5 
n = Un 5 —-2)-=>=-(—-2)-==-=(—- =. 
Ung = Un(Un-1 —2)— F295 G am eee ace 


The equation 


1 
r+—-—=Un 
x 
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has a unique real solution z,, with x, > 1. Indeed, write the equation 
under the form 
x? — Unt +1=0 


and we observe that A = u2 — 4 > ae 4 > 0. The equation has two 
positive real solutions, only one being greater than 1. 
Therefore, there exists a unique real sequence (%p)n>1 such that x, > 1 
and 
1 


Ln + — = Un. 
n 


Put this formula in the definition for u,+1 and obtain 


1 1 x x 5 
2 n n—1 
Int+1 = = InLy_-1 ar 3 ar 3 Ale ae, 

In4+1 Trt _1 Tr-1 tn 2 


We claim that the sequence (%,)n>1 is uniquely defined by one the con- 


ditions: 
Int] =InEn-1 (1) 
Tn+1 _4)n-1 
OS (2) 
Tr-1 


Actually, from condition (1) and 2; = 2, 2 = 2 we deduce 


£3 = git = pas v4 = git2 : 912 = 95 


an (-1)r 


and generally, x, = 2 . After that, the solution follows like in the 


first part. 


16.3 Infinite descent 


Problem 5.3.2. Find all primes p for which there exist positive integers 
x,y and n such that p? = 23 +4. 


(2000 Hungarian Mathematical Olympiad) 


Solution. Observe 2!) = 1° + 13 and 3? = 23 + 13. We will prove that 
the only answers are p = 2 or p = 3. Assume, by contradiction that there 
exists p > 5 such that p” = 23+ y° with x,y,n positive integers and n 
of the smallest possible value. Hence at least one of x and y is greater 
than 1. We have x° + y? = (x + y)(x* — zy + y?) with e+y > 3 and 
x? —ayty? = («#—-y)?+2y > 2. It follows that both x+y and x? —xy+y? 
are divisible by p. Therefore (x+y)? — (a? —ry+y") = 3zy is also divisible 


by p. However, 3 is not divisible by p, so at least one of x or y must be 
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divisible by p. As x + y is divisible by p, both x and y are divisible by p. 
Then x? + y? > 2p and necessarily n > 3. We obtain 


Bye AG 
(5) +3) 
P Pp 
and this contradicts the minimality of n (see the remark after FMID Variant 


1). 


a oe ey 


3 
pes < pe” pe 


16.4 Inclusion-exclusion 


Problem 5.4.2. The numbers from 1 to 1000000 can be colored black or 
white. A permissible move consists of selecting a number from 1 to 1000000 
and changing the color of that number and each number not relatively prime 
to it. Initially all of the numbers are black. Is it possible to make a sequence 
of moves after which all of the numbers are colored white? 


(1999 Russian Mathematical Olympiad) 


Solution. It is possible. We begin by proving the following lemma: 

Lemma. Given a set S of positive integers, there is a subset T C S such 
that every element of S divides an odd number of elements in T. 

Proof. We prove the claim by induction on |.$|, the number of elements 
in S. If |S| = 1 then let T= S. 

If |S| > 1, then let a be the smallest element of S. Consider the set 
S’ = §\ {a}, the set of the largest |.S'|— 1 elements in S. By induction there 
is a subset TJ” C S$’ such that every element in S’ divides an odd number 
of elements in T’. 

If a also divides an odd number of elements in J’, then the set T = T’ 
suffices. Otherwise, consider the set T = T’U{a}. a divides an odd number 
of elements in T. Every other element in T is bigger than a and can’t divide 
it, but divides an odd number of elements in T’ = T \ {a}. Hence T suffices, 


completing the induction and the proof of the lemma. 


Now, write each number n > 1 in its prime factorization 
— n@1 p22 ak 
n= pips... py", 


where the p; are distinct primes and the a; ate positive integers. Notice that 

the color of n will always be the same as the color of P(n) = pip2... pr. 
Apply the lemma to the set S consisting in all P(i) for i = 

2,3,...,1000000 to find a subset T C S such that every element of S 
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divides an odd number of elements in T. For each q € S, let t(q) equal the 
number of elements in T that q divides, and let u(q) equal the number of 
primes dividing q. 

Select all the numbers in T’, and consider how the color of a number n > 1 
changes. By the Inclusion-Exclusion Principle, the number of elements in 


T not relatively prime to n equals 


Se eee). 


q|P(n),q>1 


In particular, if g|P(n) is divisible by exactly m > 0 primes, then it is 
counted @ a @ -+. = 1 time in the sum. (For example, 


1 2 3 
if m = 6 then the number of elements in T divisible by 2 or 3 equals 


t(2) + t(3) — t(6).) 

By the definition of T, each of the values t(q) is odd. Because there are 
2* — 1 divisors q > 1 of P(n), the above quantity is the sum of 2* — 1 odd 
numbers and is odd itself. Therefore after selecting T, every number n > 1 
will switch color an odd number of times and will turn white. 

Finally, select 1 to turn 1 white to complete the process. 

Note. In fact, a slight modification of the above proof shows that T is 
unique. With some work, this stronger result implies that there is in essence 
exactly one way to make all the numbers white up to trivial manipulations. 

Second solution. Yes, it is possible. We prove a more general statement, 
where we replace 1000000 in the problem by some arbitrary positive integer 
m. We also focus on the numbers divisible by just a few primes instead of 
all the primes. 

Lemma. For a finite set of distinct primes S = {pi,po,..-,Pn}, let 
Qm(S) be the set of numbers between 2 and m divisible only by primes in 
S. The elements of Qm(S) can be colored black or white. A permissible 
move consists of selecting a number in Qm(S) and changing the color of 
that number and each number not relatively prime to it. Then it is possible 
to reverse the coloring of Qm(S) by selecting several numbers in a subset 
Rin(S) © Qm(S). 

Proof. We prove the lemma by induction on n. If n = 1, then selecting 
pi suffices. Now suppose n > 1, and assume without loss of generality that 
the numbers are all black to start with. 

Let T = {p1,p2,---,Pn—1}, and define ¢ to be the largest integer such 
that tp, < m. We can assume t > 1 because otherwise we could ignore 
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Pn and just use the smaller set JT, and we’d be done by our induction 
hypothesis. 

Now select the numbers in R(T), R(T), and pp R(T) = {pnz| x € 
R:(T)}, and consider the effect of this action on a number y: 


e y is not a multiple of p,. Selecting the numbers in R,,(T) makes 
y white. If selecting x € R;(T) changes y’s color, selecting xp, will 
change it back so that y will become white. 


e y is a power of p,. Selecting the numbers in R,,(T') and R;(T) has 
no effect on y, but each of the |R,(T)| numbers in «R;(T') changes 
y’s color. 


e prly but y is not a power of py. Selecting the numbers in R,,(T) 
makes y white. Because y £ p!,, it is divisible by some prime in T so 
selecting the numbers in R;(T) makes y black again. Finally, each of 
the |R;(T)| numbers in xR,(T') changes y’s color. 


Therefore, all the multiples of p,, are the same color (black if |R,(T)| is 
even, white if |R,(T')| is odd), while all the other numbers in Q,,(S) are 
white. If the multiples of p, are still black, we can select p, to make them 


white, and we are done. 

We now return to the original problem. Set m = 1000000, and let S be 
the set of all primes under 1000000. From the lemma, we can select numbers 
between 2 and 1000000 so that all the numbers 2,3,...,1000000 are white. 
Finally, complete the process by selecting 1. 
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17 


Arithmetic Functions 


17.1 Multiplicative functions 


Problem 6.1.6. Let f be a function from the positive integers to the 
integers satisfying f(m +n) = f(n) (mod m) for all m,n > 1 (eg., a 
polynomial with integer coefficients). Let g(n) be the number of values (in- 
cluding repetitions) of f(1), f(2),...,f(n) divisible by n, and let h(n) be 
the number of these values relatively prime to n. Show that g and h are 
multiplicative functions related by 


k 


where n = pt... py" is the prime factorization of n. 


(American Mathematical Monthly) 


Solution. Let m and n be positive integers such that gcd(m,n) = 1 and 
let 1 << a<m,1< 6b <n. From Chinese Remainder Theorem and the 
properties of f it follows that m|f(a) and n|f(b) if and only if mn|f (a), 


where « = x(a,b) is the unique integer such that « = a (mod m), x = 
b (mod n), and 1 < « < min{m,n}. Thus g is multiplicative. For d|n, 
the number of values of f(1),..., f(m) divisible by d is just “9(d). By a 
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straightforward inclusion-exclusion count, 


h(n) =n-—S° ~ 4(pi) +» — (pip;) a 


j=1 Pi 1<i<j<k od 


and we get 


Problem 6.1.7. Define \(1) = 1, and ifn =p{'...p?*, define 
Mn) = (-1ystt 


1) Show that is completely multiplicative. 
2) Prove that 


0 otherwise 


l ifni 
Daw={ if n is a square 
din 


3) Find the convolutive inverse of X. 
Solution. 1) Assume m = p{'...pp* and n = pe ide where 


Q1,---, Qk, 1,---, 8x = 0. Then mn = paths “ pene and 
Aan) SL Aree eee Sat nl eer Pm eed alan); 


2) Because A is multiplicative, according to Theorem 6.1.2, it follows that 
its summation function A has also this property. Therefore, it is sufficient 
to calculate A on a power of a prime. we have 


1 if qa even 


Nl) = AC) +80) 400 4408) = | at ee wap aa 


lin =p7' ..i py”, then A(n) =A(p7"). Ae) = 1 ifall aj;.+. ja, are 
even and 0 otherwise. Hence 


A(n) = 


1 if nis a square 
0 otherwise 


3) Let g be the convolution inverse of A. From Problem 1.6.4.2) it follows 
that g is multiplicative, hence it is perfectly by its values on powers of 
primes. From g*\ = € we get (g*A)(p) = g(1)A(p) +. 9(p)A(L) = —1+9(p) = 
0, ie. g(p) = 1 for any prime p. Also, (g*A)(p?) = 0 implies 1—1+g(p?) = 0, 
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i.e. g(p?) = 0. A simple inductive argument shows that g(p%) = 0 for any 
positive integer a > 2. It follows 


1 if n=1 
g(n) = 4 0 if p?|n for some prime p > 1 
1 if n=p,...pp, where pj,...,px are distinct primes, 


ie. g = pw’, where p is the Mobius function. 

Problem 6.1.8. Let an integer n > 1 be factored into primes: n = 
prt ...p%m (p; distinct) and let its own positive integral exponents be fac- 
tored similarly. The process is to be repeated until it terminates with a 
unique ”constellation” of prime numbers. For example, the constellation 
for 192 is 192 = 223-3 and for 10000 is 10000 = 2?’ - 52. Call an arith- 
metic function g generally multiplicative if g(ab) = g(a)g(b) whenever the 
constellations for a and b have no prime in common. 

1) Prove that every multiplicative function is generally multiplicative. Is 
the converse true? 

2) Let h be an additive function (i.e. h(ab) = h(a) + h(b) whenever 
gcd(a,b) = 1). Call a function k generally additive if k(ab) = k(a) + k(b) 
whenever the constellations for a and b have no prime in common. Prove 


that every additive function is generally additive. Is the converse true? 
(American Mathematical Monthly) 


Solution. 1) Let f be multiplicative. If the constellations for a and b 
have no prime in common, then the same is true of their factorizations, so 
f(ab) = f(a) f(b). Hence f is generally multiplicative. 

The converse is not true. Indeed, define g(a) to the product of all primes 
in the constellation of a, taken once only, regardless of how many times 
they appear in the constellation. Then g is clearly generally multiplicative, 
but g(9) = 6, g(2) = 2 and g(18) = 6, so g(9- 2)  g(9)g(2). 

2) The statement ” additive implies generally additive” can be proved in 
the same way. If k(a) is the sum of all primes in the constellation of a each 
taken once only, then k is generally additive but k(9) = 5, k(2) = 2 and 
k(18) = 5. 


17.2. Number of divisors 


Problem 6.2.5. Does there exist a positive integer such that the product 


of its proper divisors ends with exactly 2001 zeroes? 
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(2001 Russian Mathematical Olympiad) 


Solution. Yes. Given an integer n with r(n) is equal to 


[[@/o ~y lle n/d) = Vnt 


d\n 


[4 
d\n 


Thus, the product of all proper positive divisors of n equals 


n2t(m-l 
k 
Ifn = [[? with the p,’s distinct primes and the q;’s positive integers, 
i=1 
re td 
then r(n) = | [(q: +1). Hence, if we set n = 21-51. 7°. 111°. 131?, then 
i=1 


1 1 
g7(m) ~1=5(2-2-7- 11-13) — 1 = 2001. 


Thus, the product of the proper divisors of n is equal to 22001 . 52001 . 


762001 , 1410-2001 , 1312-2001 an integer ending in exactly 2001 zeroes. 
Problem 6.2.6. Prove that the number of divisors of the form 4k +1 of 
each positive integer is not less than the number of its divisors of the form 


4k + 3. 
Solution. To solve the problem, consider the function 


0, if nis even 
f(n) = 1, if n=1 (mod 4) 
if n=3 (mod 4). 


It follows directly from this definition that f(n) is multiplicative. Now 
we apply (1). The even divisors of n do not influence its left-hand side. 
Each divisor of the form 44 + 1 contributes a 1, and each divisor of the 
form 4k + 3 contributes a — 1. Consequently, it suffices to prove that the 


summation function of f, Se f(d) is nonnegative for each positive integer 


d|n 
n. 


Take any prime divisor p; of n. If p; = 1 (mod 4), then the same congru- 
ence holds for all powers of p;, so the ith factor in the right-hand side of 
(1) is positive. If p; is congruent to 3 modulo 4, then so are its odd powers 
while the even powers are congruent to 1 modulo 4. In this case the ith 
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factor in the right-hand side has the form 1—1+1—1+..., and it equals 
1 or 0 according as a; is even or odd. Summing up, we conclude that the 
sum in question is nonnegative. 

Problem 6.2.7. Let d,,d2,...,d, be all positive divisors of a positive 
integer. For each i = 1,2,...,1 denote by a; the number of divisors of d;. 
Then 

a+az+---+a? = (a, +ag4+--++a))?. 


Solution. We have 


k 
ay +a2+-+-+a= 5 7(d) =] [0 +7(p%) +--+ 7 (pf) 
an i=1 
k 
af tag t-- tap = So r(d)> = [T+ 7) +--+ 70")) 
dln i=l 
where n = p{'...py* is the prime factorization of n. 
Since 
Den eet p Lae eee og eL) 
and 


1+7(pi)?+:+-+7 (ph)? = 13 +23 4---+(atitl)® = [14+2+---+(a+i+1)]?, 


the conclusion follows. 
For example, if n = 12 we have d; = 1, dj = 2, d3 = 3, d4 = 4, d5 = 6, 
dg = 12; ay = 1, ag = 2, ag = 2, a4 = 3, a5 = 4, ag = 6 and 


13 + 23 + 93 + 33 4 43 + 63 = 324 = (14242434446). 
Remark. The above identity shows that solving the equation 
(vj tag ++++ +a)? =ait+a3t--+23 
is positive integers is a very difficult job. If we assume that x; ¢ «x; for 


i # j, there are only a few solutions. Try to prove this last assertion. 


17.3. Sum of divisors 


Problem 6.3.5. For any n > 2, 


a(n) < nv/2r(n). 
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(1999 Belarusian Mathematical Olympiad) 


Solution. Let d,d2,...,d,(n) be the divisors of n. They can be rewritten 
in the form 
non n 
dy’ dz’ dy (ny 


By the Power Mean Inequality, 


Now 
T(n) T(n) T(n) oo 2 
1 1 1 T 
2) _ << 
| a De oe Lg 
iT 7 jak j=1 
Hence 


Problem 6.3.6. Find all the four-digit numbers so that when decomposed 
in prime factors have the sum of the prime factors equal to the sum of the 


exponents. 
Solution. 1) If the number has at least four prime divisors, then n > 


2!4.3.5-7 > 9999, a contradiction. 
2) If n has 3 prime divisors, these must be 2, 3 or 5. The numbers are 


28.3.5 = 3840, 2”- 37-5 = 5760, 2°-3°-5 = 8640 and 2’ -3-57 = 9600. 


3) If n has 2 prime divisors, at least one of them must be 2 or 3. The 


numbers 
2+. 5° = 2000, 22-54 = 5000, 2°-7 = 1792, 2”. 77 = 6272 


satisfy the solutions. 
4) If n has only one prime factor, then 5° = 3125. 
Therefore there are 9 solutions. 
Problem 6.3.7. Let m,n,k be positive integers with n > 1. Show that 


a(n) An™, 
(2001 St. Petersburg City Mathematical Olympiad) 
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Solution. Let n = pjps? ... pi". Because a(n) > n, if a(n)* = n™, then 


a(n) = pl p? ae pir where f; > e;. This implies f; > e; +1, for all 2 and 
1+e, 
Pi —Ip 
o(n > piterpites bo pitee SS  _ 
(n) 2 PI pi-1l- pe-l Pe-1 


Si py este a paps) sd Eee ep, ) 


1+e2 l+ez 
epsceeee'l = 


= a(n). 


This is a contradiction. 
Remark. Actually, we have shown that for n > 1, a(n) has a prime 


factor different from any prime factor of n!. 


17.4  Euler’s totient function 


Problem 6.4.5. For a positive integer n, let w(n) be the number of prime 
factors of n. Show that if p(n) divides n—1 and w(n) < 3, then n is prime. 


(1998 Korean Mathematical Olympiad) 


Solution. Note that for prime p, if p?|n then ply(n) but p { n— 1, 
contradiction. So we need only show that n 4 pq, n 4 pqr for primes 
p<q<r. 

First assume n = pq, so (p — 1)(q — 1)|pq — 1. Note that g > 3 implies 
that the left side is even, so the right is too and p,q are odd. But if p = 3, 
q = 5 then 

pq-1 
(p—1)(q-1) 


the left side is decreasing in each variable and always > 1 so it cannot be 


<2; 


an integer, contradiction. 
Now let n = pqr. As before p,q,r are odd; if p = 3, q= 7, and r = 11 


then 
pqr —1 


(p—1)(q-1)(r -1) 


and again the left side is decreasing and > 1; this eliminates all cases except 


ZnD 


where p = 3, g = 5. Then for r = 7 we have 


pqr —1 
Go Dig—Tig= 1) 


so the only integer value ever attainable is 2. Note that (15r—1)/8(r—1) = 2 


<3 


gives r = 15 which is not a prime and we have eliminated all cases. 
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Remarks. 1) The problem is a direct consequence of Problem 1.1.16. 

2) A long stonaling conjecture due to Lehmer asserts that if y(n)|n — 1, 
then n is a prime. This has been proved so far for w(n) < 14. The proofs 
are very long and computational and no further progress has been made 
on this conjecture. 

Problem 6.4.6. Show that the equation y(n) = T(n) has only the solu- 
tions n = 1,3,8, 10, 18, 24, 30. 

Solution. We check directly that the listed integers satisfy the equation 
and there are no others < 30 with this property. We will prove that for 
n > 31, y(n) > 7r(n). For this we consider the multiplicative function 


—1 
f(n) = aay If n is a prime, we have f(n) = —, hence f increases on 
T(n 
the set of primes. 


For a prime p, define S, = {p°|a > 1}. Because 


a-l(p— J 2 1 
Pe) 


a) > ; 
Fp") a+l1 a+27 a+2 a¢4l 


we obtain f(p°t') > f(p%), that is f increases on S,. Using the fact that 
1 

min f(p%) = f(2) = rt it follows that in order to solve the given equation 

P,o 


we need to consider the integers p* with f(p*) < 2. These are 2, 3, 4, 5, 8, 
9, 16, whose prime factors are only 2, 3, or 5 and the conclusion follows. 
Problem 6.4.7. Let n > 6 be an integer and ay, a2,...,ax be all positive 


integers less than n and relatively prime to n. If 
a2 — G, = a3 — G2 = +++ = Ap — az_1 > O, 
prove that n must be either a prime number or a power of 2. 
(324 IMO) 


Solution. It is given that the reduced system of residues modn chosen 
from the set {1,2,...,2— 1} is an arithmetic progression. We write it as 
an increasing sequence 1 = aj < dg <--:-<a,p=n-—l. 

For a prime number n the reduced system of residues is the sequence 
1<2<.---<n-—1 and it is an arithmetic progression with ratio 1. If 
n = 2! the reduced system of residues is 1 < 3 <5 <--- < 2'—1 and it 
is an arithmetic progression with ratio 2. The problem asks to prove that 
only these cases can appear. 

Let az be the second member of the progression. Because az > 1 is the 


least positive number relatively prime to n, it is a prime number, say p 
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and p > 3. Then, the ratio of the progression is ag — aj = p—1 and 
ay =n—-1=1+(k-1)(p—1). We obtain a ”key” formula: 


n—2=(k—1)(p—1). 


Remembering the choice of p, n is divisible by 3 and then n — 2 = 1 
(mod 3). Thus, by the key formula we cannot have p = 1 (mod 3). Since 
p > 3 we have p = 2 (mod 3). Then a3 = 14+ 2(p—1) = 0 (mod 3) and this 
contradicts the supposition that a3 and n are relatively prime numbers. 


17.5 Exponent of a prime and Legendre’s formula 


Problem 6.5.7. a) If p is a prime, prove that for any positive integer 


n, 


n n 1 n 
ooo) = |r| < Doge <Low per 


k>1 k>1 j=l 
1 
For the left bound note that Fea is the least nonnegative integer s 
np 
such that n < p*+!. That is Fa =0 fork > s+1. It follows that 
Pp 


and we are done. 
b) From the inequalities 


Inn 
1 {Inn ne | 1 — e,(n) 1 
Poneto rescaia = —— 
n | Inp r=) ® n p-l1 
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the desired formula follows. 
Problem 6.5.8. Show that for all nonnegative integers m,n the number 


(2m)!(2n)! 
min!(m +n)! 


is also an integer. 
(14** IMO) 


Solution. It is sufficient to prove that for any prime number p 


€p(2m) + €p(2n) > ep(m) + ep(m) + ep(m + 7). 


Again, it is sufficient to prove that for alli, 7 > 1, the following inequality 


aia el lee el ate | 


It follows from a more general result. 


Lemma. For any real numbers a,b 


[2a] + [2b] > La] + |b] + [a+]. 


Proof. Let a = |a| +2, b= |b| +y whereO<a,y<1l.IIfe+y<1we 
have |a + b| = |a| + |b] and the required inequality becomes: 


[2a] + [2b] > 2(La] + [b]). 


In this form, it is obvious. 
Let 1 <a2+y< 2. Then 2x > 1 or 2y > 1. Let 22 > 1. Then 


[2a] =2|a)+1 and [a+b] =[a] + |b) +1. 
Thus: 

[2a] + [2b] = 2[a] +1+ [20] > 2/a] +14 2[b] = [a] + |b) + [e+]. 
The other cases follow in a similar way. 


3a + 3b)!(2a)!(3b)!(2b)! 
Problem 6.5.9. Prove that a Sa ae 


ger for any positive integers a, b. 


1s an inte- 


(American Mathematical Monthly) 
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Solution. First, let us clearify something. When we write 


pelea 


n 
we write in fact ye Fa and this sum has clearly a finite number of non- 
k>1 
zero terms. Now, let us take a prime p and let us apply Legendre’s formula 


formula as well as the first observations. We find that 


ip( (Ba + 3)aya0yte20)) = (|= E*| Fa | = ! Fal 


4 P Pp P Pp 


and also 
Up((2a + 3b)!(a + 2b)!(a + b)!a!(b!)?) 
b 


“Eel el lal led 


Of course, it is enough to prove that for each k > 1 the term correspond- 


ing to k in the first sum is greater than or equal to the term corresponding 
a 
to k in the second sum. With the substitution z = —, y = —, we have to 
Pp 


prove that for any nonnegative real numbers x, y we have 


[3a+3y|+|22}+|3y)+|2y] > |2a+3y|+la+2y)4+la+y)4+ [2] +2|[y]. 


This isn’t easy, but with another useful idea the inequality will become 
easy. The idea is that 


[32 + 3y| = 3la] + 3ly] + [8{x} + 3{y}] 


and similar relations for the other terms of the inequality. After this oper- 
ation, we see that it suffices to prove the inequality only for 0 < z,y < 1. 
Because we can easily compute all terms, after splitting in some cases, so 
that to see when |2{}], [38{y}], |2{y}] are 0, 1 or 2. 

Problem 6.5.10. Prove that there exists a constant c such that for any 


positive integers a,b,n that verify a!-b!|n! we havea+b<n+clnn. 
(Paul Erdos) 


Solution. This time the second formula for e,(n) is useful. Of course, 
there is no reasonable estimation of this constant, so we should better 
see what happens if a! - b!|n!. Then e2(a) + e2(b) < e2(n!), which can be 
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translated as a—S(a)+b—S$9(b) < n—So(n) < n. So, we have found almost 
exactly what we needed: a+ b < n+ S9(a) + So(b). Now, we need another 


observation: the sum of digits of a number A when written in binary is 
at most the number of digits of A in base 2, which is 1 + |log, A] (this 
follows from the fact that 2*—! < A < 2*, where k is the number of digits 
of A in base 2). So, we have the estimations a + b < n + S2(a) + S2(b) < 
n+2+4 log, ab <n+2+ 2log,n (since we have of course a,b < n). And 


now the conclusion is immediate. 
Problem 6.5.11. Prove that the equation 


1 1 1 1 


10” a ny! no! nr! 


does not have integer solutions such that 1 <n, < ng <-+-+< ng. 
(Tuymaada Olimpiad) 


Solution. Suppose we have found a solution of the equation and let us 


consider 
P=ny!ng!...nz!. 
We have 
10"((ny +1)... (mg — Lng Fee + (mee £1)... (ne — Lng +1) = ng! 


which shows that n, divides 10”. Let us write nz, = 2” - 5¥. First of all, 


suppose that x,y are positive. Thus, 


(ny +1)... (mg — 1)ng +--+ + (ng-1 +1)... (ng — Lng +1 
is relatively prime with 10 and it follows that e2(n,) = e5(nx). This implies 
of course that || a Fal for all 7 (because we clearly have =| > 


Fa ) and so ng < 3. A verification by hand shows that there is no solution 
in this case. 


Next, suppose that y = 0. Then 
(ny +1)... (me — Lng + +++ + (nga +1)... (ne — Trg +1 


is odd and thus e2(nz,) =n < e5(n%). Again this implies e2(n~) = e5(nx) 
and we have seen that this gives no solution. So, actually « = 0. A crucial 
observation is that if nz > ne, +1, then 


(ny +1)... (ng — W)ng +--+ + (ng-1 +1)... (ng — 1)ng +1 
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is again odd and thus we find again that e2(n,) =n < e5(nx), impossible. 
So, ne = Ne-1 + 1. But then, taking into account that nz is a power of 5, 


we deduce that 


(ny +1)... (mg — Lng +--+ + (ng-1 +1)... (ng — Lng +1 


is congruent to 2 modulo 4 and thus e2(n,) =n+1 < e5(n~) +1. It follows 
that |=] <1+ |= | and thus nz < 6. Since nz is a power of 5, we find 
that ny = 5, nx-1 = and a quick research of all possibilities shows that 


there are no solutions. 
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18 
More on Divisibility 


18.1 Fermat’s Little Theorem 


Problem 7.1.11. Let 3” — 2” be a power of a prime for some positive 
integer n. Prove that n is a prime. 

Solution. Let 3” — 2” = p® for some prime p and some a > 1, and let 
q be a prime divisor of n. Assume that gq 4 n; then n = kq, where k > 1. 
Since p® = 3*4 — 2*¢ = (3*)4 — (2*)4, we observe that p® is divisible by 
3* — 2*. Hence 3* — 2* = p® for some 3 > 1. Now we have 


pe = (2* + p?)4 — oka 
= q2*-D 8 + Hd D oka p29 fue. + pV. 


Since a > @ (because p? = 3* — 2* is less than p* = 3*¢ — 2*9), it 
follows that p® is divisible by a power of p at least as great as p?+!. Then 
the above equality implies that p divides q2*-)). On the other hand, p 
is obviously odd and hence it divides g. Being a prime, g must be then 
equal to p. Therefore n = kq = kp and p® = (3?)* — (2?)* is divisible by 
3? — 3?, implying 3? — 2? = p’ for some y > 1. In particular, we infer that 
3? = 2? (mod p). Now, observing that p 4 2,3, we reach a contradiction 
with Fermat’s Little Theorem, by which 


3° =3 (mod p), 2?=2 (mod p). 


320 18. MORE ON DIVISIBILITY 


Problem 7.1.12. Let f(x1,...,%n) be a polynomial with integer coeffi- 
cients of total degree less than n. Show that the number of ordered n-tuples 
(41,---,2n) with 0 < aj < 12 such that f(a1,...,%n) = 0 (mod 13) is 
divisible by 13. 


(1998 Turkish Mathematical Olympiad) 


Solution. (All congruences in this problem are modulo 13.) We claim 


that 
12 


Soa =0 for0<k < 12. 
«2=0 
The case k = 0 is obvious, so suppose k > 0. Let g be a primitive root 
modulo 13; then the numbers g,2g,...,12g are 1,2,...,12 in some order, 


sO 
12 


12 12 
ke k k k 
Yat = Son) = oh oat 
x=0 «=0 x=0 
12 
since g* # 1, we must have oe z* = 0. This proves our claim. 


x=0 
Now let S = {(a1,...,2n)|O < x; < 12}. It suffices to show that the 
number of n-tuples (#1,...,%) € S with f(a11,...,¢%) 4 0 is divisible by 
13, since |.S'| = 13” is divisible by 13. Consider the sum 


(CP iBikecus Be 


This sum counts the number of n-tuples (a1,...,%,) € S such that 
f(a1,.--,2%n) #0, since by Fermat’s Little Theorem 


1, if f(1,...,¢n) #0 


12 — 
(F(t1,---1n)) =| 0, if f(a1,..-,¢n) =0. 


On the other hand, we can expand (f(71,...,%n))‘” in the form 
N n 
(f(e1,---,2n))? = Soe [] 27" 
j=l i=l 


for some integers N, cj, €;;. Since f is a polynomial of total degree less than 
n, we have ej; + ej2 +++++€jn < 12n for every 7, so for each j there exists 
an 7 such that e;; < 12. Thus by our claim 
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since one of the sums in the product is 0. Therefore 


so the number of (@1,...,%») such that f(@1,...,2%n) #0 (mod 13) divis- 
ible by 13 and we are done. 

Problem 7.1.13. Find all pairs (m,n) of positive integers, with m,n > 
2, such that a” —1 is divisible by m for each a € {1,2,...,n}. 


(2001 Romanian IMO Team Selection Test) 


Solution. The solution is the set of all (p,p — 1), for odd primes p. The 
fact that all of these pairs are indeed solutions follows immediately from 
Fermat’s Little Theorem. Now we show that no other solutions exist. 

Suppose that (m,n) is a solution. Let p be a prime dividing m. We first 
observe that p > n. Otherwise, we could take a = p, and then p” — 1 would 
not be divisible by p, and alone m. Then because n > 2, we have p > 3 and 
hence p is odd. 

Now we prove that p < n+ 2. Suppose on the contrary that p > n+ 2. 
If n is odd, then n+ 1 is even and less than p. Otherwise, if n is even, then 
n-+2 is even and hence less than p as well, because p is odd. In either case, 


d d 
there exists an even d such that n < d < p with 5 <n. Setting a = 2, 5 
in the given condition, we find that 


man (S) =1-1=1 (mod™m), 


so that d” — 1 = 0 (mod m) as well. Because n < d < p < m, we see 
that 1,2,...,n,d are n+ 1 distinct roots of the polynomial congruence 
x” — 1 = 0 (mod p). By Lagrange’s Theorem, however, this congruence 
can have at most n roots, a contradiction. 

Thus, we have sandwiched p between n and n+2, and the only possibility 
is that p = n+ 1. Therefore, all solutions are of the form (p*,p — 1) with 
p an odd prime. It remains to prove that k = 1. Using a =n = p—1, it 
suffices to prove that 


e+ (@—1yP 1). 
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Expanding the term (p— 1)?! modulo p?, and recalling that p is odd, 
we have 


pars (Pays, 


i=0 


= (75 )euet+ PT cur 


=l=pp=t) 
=2# (mod p’). 


It follows immediately that / cannot be greater than 1, completing the 
proof. 

Problem 7.1.14. Let p be a prime and bg an integer, 0 < bo < p. Prove 
that there exists a unique sequence of base p digits bo, bi, b2,...,bn,... with 
the following property: If the base p representation of a number x ends in 
the group of digits bnby_1...b1b9 then so does the representation of x?. 

Solution. We are looking for a sequence bo, b1, b2,...,bn,... of base p 
digits such that the numbers v7, = bo +b1p+--:-+bnp” and x? are congruent 
modulo p"*! for each n = 0,1,2,... Of course, the choice of the first term 
bo is predetermined, and given in the problem statement; let us note that 
the numbers zp = bo and xf are congruent modulo p by Fermat’s Little 
Theorem. Suppose that the base p digits b,b2,...,b, are already chosen 
in such a way that x? = 2, (mod p”*"). We shall prove that there is a 


unique digit 6,41 such that 


porte nary. 


(2 + dn4ip =2n+ bnyip"t' (mod p 


this proves the existence and the uniqueness at the same time. Since 


(2m + dngip"t')? = a? + a oe bap hE Cp 


for some integer constant C’, and since q is divisible by p, we get 


uel = ray: 


CA or bn41p Le (mod Pp 
Hence 6,4; should satisfy the congruence 
=0 (mod p”*?), (1) 


By the induction hypothesis, the number 2? — 2, is divisible by p"*?. 
This implies that its (n + 2)nd base p digit (from the right to left) is 
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indeed the only choice for bp41 such that (1) holds. The inductive proof is 


complete. 
pit 
Problem 7.1.15. Determine all integers n > 1 such that is an 
integer. 
(31% IMO) 


Solution. We will prove that the problem has only solution n = 3. First, 
observe that n is odd number. Then, we prove that 3]|n. 

Let p be the least prime divisor of n. Since n?|2”+1,2"+1=0 (mod p) 
and 2?” = 1 (mod p). By Fermat’s Little Theorem, 2?~' = 1 (mod 3). 
Then 24 = 1 (mod p), where d = gcd(p — 1,2n). By the definition of p, 
d has no prime divisor greater than 2, which shows that d = 2. It follows 
p=3. 

Let n = 3*m, where k > 1 and (3,m) = 1. Using the identity 


k-1 
7? 


oe? +1 = (2 +1)(c? —2 +1)(2?3 — 23 +1)... (a2 +1) 


we obtain the decomposition: 


gS a = (OM (o7 mom 1) (oF om 98m yy (Bee 298" aH), 
(1) 


Since 276 — 2° + 1 = 3 (mod 9) for s of the form 3/ we obtain in (1) that 
Sra _gm pig He = 93m 4 1) a (280 _ 93" im + 1) 


but 3*+! does not divides the product. Therefore, 3*|2™ + 1. Since 3 does 
not divide m and 


m m 
gm ts m _ m-1 hic, pos 3 
+isan—(T)amtg.-( 


we obtain k = 1. 

Now, we have n = 3m and 9m?|2?” + 1. We repeat, in some way, the 
starting argument. Take q the least prime divisor of m, 2° = 1 (mod q) 
and 27-! = 1 (mod q), 6 = gcd(6m,q— 1). By the definition of q we can 
have 6 = 1,2,3 or 6 and we also have 2° = 1 (mod q). Thus q can be chosen 
among prime divisors of the numbers 3, 7, 63. Since g > 3, we can have 
only g = 7. Returning to m?|23™ + 1, we obtain 49/23” + 1. But we have 
23” + 1 =2 (mod 7) and we get a contradiction. 

Thus, m= 1 andn=s3. 
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Problem 7.1.16. Let p be a prime number. Prove that there exists a 
prime number q such that for every integer n, the number n? — p is not 


divisible by q. 
(44% IMO) 


Solution. Suppose that for every prime gq, there exists an n for which 
n? =p (mod q). Assume that ¢g = kp +1. By Fermat’s Little Theorem we 
deduce that p* = n*? = nt-1 =1 (mod q), so q|p* — 1. 

pel 


It is known that any prime q such that gq| must satisfy q = 1 
(mod p). Indeed, from q|p?~!—1 it follows that q|p9°¢-7-)) —1; but qt p—1 
p 


-—1 
T= 1 (mod p—1), so gcd(p,q—1) #1. Hence gcd(p, q—1) = 


Pp 
because 


| lleoage 

p-l 

p94-k) — 1, which implies that gcd(p,k) > 1, so p|k. Consequently q = 1 
p 


. Then q|gced(p* —1, p?—1) = 


p. Now suppose q is any prime divisor of 


(mod p”). However, the number ue = pP-+4...-4+p+1 must have 


at least one prime divisor that is not congruent to 1 modulo p?. Thus we 
arrived at a contradiction. 

Remark. Taking g = 1 (mod p) is natural, because for every other q, n? 
takes all possible residues modulo p (including p too). Indeed, if p { q— 1, 
then there is an r € N satisfying pr = 1 (mod q — 1); hence for any a the 
congruence n? = a (mod gq) has the solution n = a” (mod q). 

The statement of the problem itself is a special case of the Chebotarev 
theorem. 

Problem 7.1.17. Prove that for anyn > 1 we cannot have n|2”~' +1. 


(Sierpinski) 


s 
Solution. Although very short, the proof is tricky. Let n = II pr where 
i=1 
pi <+++< ps are prime numbers. The idea is to look at ve(p; — 1). Choose 


that p; which minimizes this quantity and write pj = 1+ 2m, with m; 
odd. Then of course we have n = 1 (mod 2‘). Hence we can write n—1 = 
2™t. We have 2?" = —1 (mod p,) thus we surely have —1 = 2?" = 
g(vi-1)t = 1 (mod p;) (the last congruence being derived from Fermat’s 
theorem). Thus p; = 2, which is clearly impossible. 
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Problem 7.1.18. Prove that for any natural number n, n! is a divisor 


of 


n-1 


][ @ - 2°). 
k=0 
Solution. So, let us take a prime number p. Of course, for the argument 
to be non-trivial, we take p < n (otherwise doesn’t divide n!). First, let us 


see what happens with p = 2. We have 


and also a “8 
v2 (Te = 2) = S°u(2" -2*)>n-1 
k=0 
(since 2” — 2* is even for k > 1), so we are done with this case. Now, let us 
assume that p > 2. We have p|2?~' — 1 from Fermat’s theorem, so we also 
have p|2*(—-) — 1 for all k > 1. Now, 


n-1 n 
II (oe pF = gt [[ 1) 
k=0 k=1 


and so, from the above remarks we infer that 


v2 (ie - 2) = : v2(2* — 1) 
k=1 


k=0 
> S> w(2*®-) —1) > card{kll < k(p— 1) < n} 
1<k(p—1)<n 


Since 


granite kesiyea= = 7 


we have found that 


and since e2(n) is an integer, we must have 


e2(n) < Ea ; 


p-l 
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From these two inequalities, we conclude that 


v9 (ie — 2) > e2(n) 


k=0 


and now the problem is solved. 


18.2. Euler’s Theorem 


Problem 7.2.5. Prove that, for every positive integer n, there exists a 
polynomial with integer coefficients whose values at 1,2,...,n are different 


powers of 2. 
(1999 Hungarian Mathematical Olympiad) 


Solution. It suffices to prove the claim when n > 4, because the same 


polynomials which works for n > 4 works for n < 3. For eachi = 1,2,...,n, 


consider the product s; = le — j). Because n > 4, one of the terms 
j=l 
j#t 
i—j equals 2 and s; is even. Thus, we can write s; = 2“m, for positive 
integers q;,m,; with m,; odd. Let L be the least common multiple of all the 


qi, and let r; = L/q;. For each i, there are infinitely many powers of 2 


which are congruent to 1 modulo |m;"|. (Specifically, by Euler’s Theorem, 
2¢(lmi*l)I = 1 (mod |m* 


integers c; such that c;m;' + 1 is a power of 2. Choose such c;, and define 


) for all 7 > 0. Thus there are infinitely many 


ry 


Peso 4 [[@-+ +2" 
i=1 j=l 
a4: 


ry 


For each k, 1 < k <n, in the sum each term [[¢ —j) vanishes 


for alli 4 k. Then 
P(k)=ce| [[(&-9) | +2% = 2" (camp? +1), 
j=l 
#k 
a power of 2. Moreover, by choosing the c; appropriately, we can guarantee 
that these values are all distinct, as needed. 
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Problem 7.2.6. Let a > 1 be an odd positive integer. Find the least 
positive integer n such that 27° is a divisor of a” —1. 


(2000 Romanian IMO Team Selection Test) 


Solution. Since a is odd, (a,2") = 1, for any k > 0. Hence, by Euler’s 
Theorem, a?2") = 1 (mod 2"). Since y(2") = 2*-! and we are looking for 
the least exponent n such that a” = 1 (mod 279°) it follows that n is a 
divisor of 21999 = (220), 

If a=1 (mod 27°) it follows that n = 1. We shall omit this case. 


Consider the decomposition: 


gm-l 


eG == (a1) (e+ De? £1)le” +1)n (eR +4): 


Assume a = 1 (mod 2°) and a # 1 (mod 2%t'), where 2 < s < 1999. 
That is, a = 2°b+1, where b is an odd number. Equivalently, a has the 
binary representation 

a=1...100...1. 
—— 
sdigits 

It is easy to show that for any integer x, x? + 1 is not divisible by 4. 
Then, by the above decomposition a?” — 1 is divisible by 2°+™ and it is 
not divisible by 2°+™+1. Hence, the required number is 220°°-°, 

Assume that a = —1 (mod 2°) and a # —1 (mod 2°*'), where s > 2. 
Equivalently, a has the binary representation 


a=1...011...1. 
SJ 


s digits 


Like before, a — 1 is divisible by 2 and nondivisible by 2? and a +1is 
divisible by 2 and nondivisible by 27, V k > 1. From the above decompo- 
sition a?” — 1 is divisible by 2°+” and nondivisible by 2°+™*!. Hence, in 
this case, the required exponent is n = 2!9°°-* when s < 1999 and n = 2, 
when s > 1999. 

Problem 7.2.7. Let n = p}'...p," be the prime factorization of the 
positive integer n and let r > 2 be an integer. Prove that the following are 
equivalent: 

(a) The equation x” =a (mod n) has a solution for every a. 

(b) r1 =r2 =-:- = ry = 1 and (p;—1,r) =1 for everyi € {1,2,..., k}. 


(1995 UNESCO Mathematical Contest) 
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Solution. If (b) holds, then y(n) = (pi — 1)...(px — 1) is coprime to 
r, thus there exists s with rs = 1 (mod ¢(n)), and the unique solution 
of «” =a (mod n) is a = x*. Conversely, suppose «” = a (mod n) has a 
solution for every a; then x” = a (mod p;‘) also has a solution for every a. 
However, if r; > a and a is a number divisible by p but not by p?, then 2” 
cannot be congruent to a, since it is not divisible by p unless z is divisible 
by p, in which case it is already divisible by p?. Hence r, = 1. 

Let d = (pi—1,r) and put m = (p;—1)/d. If” =a (mod p;) anda £0, 
then 
(mod pj). 


However, if a is a primitive root of p;, then this only occurs for m = 0 
(mod p; — 1), which implies d = 1. Hence r; = 1 and (r,p; — 1) = 1, as 
desired. 


18.3. The order of an element 


Problem 7.3.6. Find all ordered triples of primes (p,q,r) such that 


pla’ +1, q|r? +1,r|p? +1. 


(2003 USA IMO Team Selection Test) 


Solution. It is quite clear that p,q,r are distinct. Indeed, if for example 
p = q, then the relation p|q" +1 is impossible. We will prove that we cannot 
have p,q,r > 2. Suppose this is the case. The first condition p|q” +1 implies 
p\q?" — 1 and so o,(q)|2r. If op(q) is odd, it follows that p|g” — 1, which 
combined with p|q” + 1 yields p = 2, which is impossible. Thus, 0,(q) is 
either 2 or 2r. Could we have o,(q) = 2r? No, since this would imply that 
2r|jp — 1 and so 0 = p? +1 (mod r) = 2 (mod r), that is r = 2, false. 
Therefore, the only possibility is 0,(q) = 2 and so p|q? — 1. We cannot have 


1 
plq — 1, because plgq” +1 and p ¥ 2. Thus, p|q + 1 and in fact pe. In 


ptl 


2 
just by looking at the largest among p,q,r. So, our assumption was wrong 


1 
the same way, we find that q| —— and r| . This is clearly impossible, 
and indeed one of the three primes must equal 2. Suppose without loss 
of generality that p = 2. Then q is odd, g|r? + 1 and r|27 + 1. Similarly, 
o,(2)|2q. If glo,(2), then glr — 1 and so g|r? + 1 — (r? — 1) = 2, which 
contradicts the already established result that q is odd. Thus, o,.(2)|2 and 
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r|3. As a matter of fact, this implies that r = 3 and q = 5, yielding the 
triple (2,5,3). It is immediate to verify that this triple satisfies all conditions 
of the problem. Moreover, all solutions are given by cyclic permutations of 
the components of this triple. 

Problem 7.3.7. Find all primes p,q such that pq|2? + 2%. 

Solution. Note that (p,q) = (2, 2), (2,3), (3,2) satisfy this property and 
let us show that there are no other such pairs. Assume, by contradiction, 
that p £ 2 and q F 2. Write p— 1 = 2'n, q— 1 = 2*m, where I, k are odd 
positive integers. Because pq|2? + 2%, using Fermat’s Little Theorem, we 
obtain 0 = 2? + 27 = 2? +2 (mod q). It follows 2?~! = —1 (mod q). If we 
denote « = 2”, then we have x2 = —1 (mod q), hence o(x) = 2'*# (since 
a?" = 1 (mod q) and 22 #1 (mod q)). It follows 2'*1 = 0,(x)|y(q) = 
q—-1=2"m, ie. 1+1<-k. 

In similar way we can prove that k+1<l and we getl<k-—1<1-2, 
a contradiction. Therefore, it is necessary to have p = 2 or q = 2. If, for 
example, g = 2, then p|2? + 27 = 2? +27, 0 = 2? +2? =242?=6 (mod p), 
and we get p € {2,3}. 

Problem 7.3.8. Prove that for any positive integer n, 3" — 2” is not 
divisible by n. 

Solution. Assume by contradiction that n|3” — 2” for some positive 
integer n. Let us denote by p the smallest prime divisor of n. Since n|3"—2”, 
it follows that p > 5. Consider a positive integer a such that 2a = 1 
(mod p). From 3” = 2” (mod p) we obtain (3a)” = 1 (mod p). Let us 
denote d = 0,(3a). It follows dlp — 1 and d|n. But d < p and d|n implies 
d = 1, because the minimality of p. We get 3a = 1 (mod p) and 2a = 1 
(mod p), ie. a=0 (mod p), contradiction with 2a = 1 (mod p). 


Problem 7.3.9. Find all positive integers m,n such that n|1 + m>” + 
m3", 


(Bulgarian IMO Team Selection Test) 


fi ae 
3” it follows n|m?3 


Solution. From n|1+m3" +m? “1, hence d = On(m) 
divides 3"*1, ie. d = 3* for some positive integer k. If k < n, then d|3” 
implies n|m°" — 1. Combining with n|1 + m°" + m?°%" it follows n = 3. 
If k > n+1, then d = 3"*1 and dly(n) implies d < n, impossible since 


3"t1 > n. Therefore n = 3 and, consequently m = 1 (mod 3). 
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Problem 7.3.10. Let a,n > 2 be positive integers such that nja"~+ —1 
and n does not divide any of the numbers a® — 1, where x < n—1 and 
az|n—1. Prove that n is a prime number. 

Solution. Denote d = 0,(a). Since nja”~! — 1 it follows d|n — 1. If 
d < n—1, then we contradict the hypotheses that n does not divide a4 — 1. 
Hence d > n — 1 and consequently d = n — 1. 

On the other hand, we have d|y(n), hence n—1|y(n). Taking into account 
that y(n) < n—1, we find y(n) = n — 1 and it follows that n must be a 
prime number. 


Problem 7.3.11. Find all prime numbers p,q for which the congruence 


3pq 


a’Pt = q@ (mod 3pq) 


holds for all integers a. 
(1996 Romanian Mathematical Olympiad) 


Solution. Without loss of generality assume p < q; the unique solution 
will be (11,17), for which one may check the congruence using the Chinese 
Remainder Theorem. We first have 23?4 = 2 (mod 3), which means p and 
q are odd. In addition, if a is a primitive root mod p, then a°??-! = 1 
(mod p) implies that p— 1 divides 3pq — 1 as well as 3pq — 1 — 3q(p—1) = 
3q — 1, and conversely that q — 1 divides 3p — 1. If p = gq, we now deduce 
p=q=83, but 4” = 1 (mod 27), so this fails. Hence p < q. 

Since p and q are odd primes, g > p+ 2, so (3p — 1)/(q — 1) < 3. Since 
this quantity is an integer, and it is clearly greater than 1, it must be 2. 
That is, 2g = 3p +1. On the other hand, p — 1 divides 3q — 1 = (9p + 1)/2 
as well as (9p + 1) — (9p — 9) = 10. Hence p = 11, g = 17. 

Remark. An integer n such that a” = a (mod n) for all integers a is 
called a Carmichael number. Very recently W.R. Alford, A. Granville, C. 
Pomerance [Annals Math., 1994, 703-722] proved that there are infinitely 
many Carmichael numbers. Using the ideas outlined in this solution of the 
above problem, one can show that n is a Carmichael number if and only 
if it is of the form pyp2...pz, with p; different prime numbers such that 
pi —1]n—1 for alli =1,2,...,k. 


18.4. Wilson’s Theorem 


Problem 7.4.5. Let p be an odd prime. Prove that 


p+l 


17-3? ...(p-2" =(1)= (mod p) 
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and 
22.42... (p—1)2=(-1)* (mod p). 
Solution. Using Wilson’s Theorem, we have (p — 1)! = —1 (mod p), 
hence 


(1-3...(p—2))(2-4...(p—1))=—-1 (mod p). 
On the other hand, 


1=-(p-1) (mod p), 3=-—(p—3) (mod p),..., 


p-2=—- = (p= 2)) (od p), 


therefore 


pl 
1-3...(p— 2) =(-1) 7 (2-4...(p—1)) (mod p) 
and the conclusion follows. 
Problem 7.4.6. Show that there do not exist nonnegative integers k and 
m such that k! + 48 = 48(k +1)™. 


(1996 Austrian-Polish Mathematics Competition) 


Solution. Suppose such k,m exist. We must have 48|k!, so k > 7 = 6; 
one checks that k = 6 does not yield a solution, so k > 7. In that case k! 
is divisible by 32 and by 9, so that (k! + 48)/48 is relatively prime to 6, as 
then is & + 1. 

If k+1 is not prime, it has a prime divisor greater than 3, but this prime 
divides k! and not k!+ 48. Hence & +1 is prime, and by Wilson’s Theorem 
k!+1 is a multiple of k + 1. Since k! + 48 is as well, we find k +1 = 47, 
and we need only check that 46!/48 + 1 is not a power of 47. We check that 
46!/48 + 1 = 29 (mod 53) (by cancelling as many terms as possible in 46! 
before multiplying), but that 47 has order 12 modulo 53 and that none of 
its powers is congruent to 29 modulo 53. 

Problem 7.4.7. For each positive integer n, find the greatest common 
divisor of n!+1 and (n+ 1)!. 


(1996 Irish Mathematical Olympiad) 


Solution. If n + 1 is composite, then each prime divisor of (n + 1)! is 
a prime less than n, which also divides n! and so does not divide n! + 1. 
Hence f(n) = 1. If n +1 is prime, the same argument shows that f(n) is 
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a power of n + 1, and in fact n + 1|n! + 1 by Wilson’s Theorem. However, 
(n+ 1)? does not divide (n+ 1)!, and thus f(n) =n+1. 

Problem 7.4.8. Let p > 3 be a prime and let o be a permutation of 
{1,2,...,p—1}. Prove that there are i # j such that plio(i) — jo(y). 


(1986 Romanian IMO Team Selection Test) 


Solution. Assume by contradiction that p does not divide io(i) — jo(j) 
for any 1,7 = 1,2,...,p—1,7 4 7. Then, the integers io(i), i = 1,2,...,p—1, 
are all not divisible by p and give distinct residues modulo p. We have 


[[Ge@) =|]i- (p—1)!=—-1 (mod p). 
On the other hand, Teew) - Tl —1)!)? = 1 (mod p), a contra- 


diction. 


19 


Diophantine Equations 


19.1 Linear Diophantine equations 


Problem 8.1.4. Solve in integers the equation 


(a? + 1)(y? +1) + 2(@ — y)(1— zy) = 4(14 ay). 


Solution. The equation is equivalent to 


gy? — Qeyt1+a2+y? — Qey 4 2(x — y)(1 — zy) = 4, 


(zy — 1)? + (@—y)? + (a — y)(1— ay) = 4. 


Hence (1 — ry + x — y)? =4 and, consequently, |(1 + x)(1 — y)| = 2. 
We have two cases: 
I. (1+2)(1-—y) =2. Then 
a)l+a2=2,1-—y=1,sor=1, y=0. 
+a@=-2,1-y=-1,sor=-—3, y=2. 


+xex=1,1-—y=2,sor=0, y=-1. 


1+ 2)(1-—y) = —2. Then 
+x=2,1l-—y=-l,sor=1, y=2. 


1 
1 
l+e2=-1,l-—y=-2,sox=-—-2, y=3. 
( 
1 
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b) l4+a=-2,1—-y=1,sor=-—3, y=0. 
c)l+a=1,l-y=-2,sor=0, y=3. 
d)l+a2=-1,1-—y=2,sov=-2, y=-1. 

Problem 8.1.5. Determine the side lengths of a right triangle if they are 


integers and the product of the legs’ lengths equals three times the perime- 
ter. 


(1999 Romanian Mathematical Olympiad) 
Solution. Let a,b,c be the lengths of triangle’s sides. We have 
a= +e, 
and 
bc = 3(a + b+ 0). 
Let P=a+b+c. Then be = 3P and 
b? +c? = (b +c) — 2be = (P—a)* —6P = P* + a? — 2aP — 6P. 
It follows that 
a? = P? + a* — 2aP — 6P, 
sO 
P=2a+6, 
that is, 
a=b+c—6. 
We have then: 
+c? =)? +c? + 2be — 12b— 12c + 36 
if and only if 
bc — 6b — 6+ 18 = 0, 
that is 
(b— 6)(c— 6) = 18. 
Analyzing the ways in which 18 can be written as a product of integers, 
we find the following solutions: 
(a, b,c) € {(25, 7, 24), (25, 24,7), (17, 8, 15), (17, 15,8), (15,9, 12), (15, 12, 9)}. 


Problem 8.1.6. Let a,b and c be positive integers, each two of them 
being relatively prime. Show that 2abc — ab — bc — ca is the largest integer 
which cannot be expressed in the form xbc+ yca+ zab where x,y and z are 


nonnegative integers. 
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(24*” IMO) 


Solution. We will solve the problem in two steps. 
First step. The number 2abc — ab — bc — ca cannot be expressed in the 


required form. Assume contrary, that: 
2abc — ab — bc — ca = xbc + yca + zab, 
where x,y,z > 0. Then, one obtains the combination 
2abe = be(a + 1) + ca(y + 1) + ab(z + 1) 


where r+1>0,y+1>0,z+1> 0. It leads to the divisibility a|bc(x+ 1). 

Since a is relatively prime to b and c,a divides x + 1 and then a < «+1. 
Using similar arguments, b < y+ 1 andc < z+1. Thus, 2abe = be(a +1) + 
ca(y + 1) + ab(z + 1) > 8abc. This is a contradiction. 

Second step. Any number N, N > 2abc — ab — bc — ca, can be expressed 
in the form N = xbc + yca + zab. 

First, observe that 2abc — ab— bc—ca+1 > 0. It follows by the following 


argument: 


1 1 1 
— (2abc—ab—be—ca+1) = 2—--= 
abc a b 


1 1 1 1 1 1 
Cc 


Going further, we have two situations. When N = 0 (mod abc), since 
N = abcq, we may consider the combination N = (ab)cq + be-0+ca-0. It 
is of required form, under notations x = y = 0 and z = cq. 

Suppose that N 40 (mod abc). Because gcd(bc, a) = 1, the congruence 


xbc=N_ (mod a) 
has a solution x9, 0 < a < a. Similarly, the congruences 
yca = N_ (mod b) 


zab=N_ (mod c) 


have solutions yo, 29, respectively, 0 < yo < b, 0 < 29 <c. 
Let A = xpbe + yoca + zoab. Then we have: 


A=abc=N (moda), A=N (modb), A=N (modc). 


Since a, b, c are pairwise respectively prime, we obtain A = N (mod abc). 
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The number A is a combination of required form. Since x) < a— 1, 
yo < b—1, and z < c—1 it follows that A < 3abc — bc — ca — ab. Using 
A=WN (mod abc), we may write N = A+ kabc. In this sum k > 0, since 
N > 2abc — bc — ca — ab. Therefore we found for N, as it was required, the 
expression 

N = (ao + ka)be + yoca + zoab 


where 9 + ka > 0, yo = 0, 2 => 0. 
Remark. One can prove that if a1,a2,...,a, € Z are positive integers 


such that gcd(a1,...,@,) = 1, then any sufficiently large n is a linear com- 
bination with nonnegative coefficients of a,,...,a,. It is not known the 
smallest such n for k > 4. This is the famous problem of Frobenius. 


19.2 Quadratic Diophantine equations 
19.2.1 Pythagorean equations 


Problem 8.2.2. Find all Pythagorean triangles whose areas are numer- 
ically equal to their perimeters. 
Solution. From (3), the side lengths of such a triangle are 


k(m?—n?), 2kmn, k(m? +n”). 
The condition in the problem is equivalent to 
k?mn(m? — n?) = 2km(m-+n), 


which reduces to 
kn(m — n) = 2. 


A simple case analysis shows that the only possible triples (k,m,n) are 
(2,2,1), (1,3,2), (1,3,1), yielding the Pythagorean triangles 6 — 8 — 10 and 
5-12-18. 

Problem 8.2.3. Prove that for every positive integer n there is a positive 


integer k such that k appears in exactly n nontrivial Pythagorean triples. 


(American Mathematical Monthly) 


Solution. We will prove by induction that 2”+! appears in exactly n 
Pythagorean triples. The base case n = 1 holds for (3, 27,5) is the only 


such triple. Assume that (rx, yx, 2%), Where ty = UZ — Vz, Ye = 2UKVE, Zh = 


uz+vz,k =1,...,n are the n triples containing 2"+'. Then (22%, 2yx, 22%), 
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k =1,...,n are n non-primitive Pythagorean triples containing 2"+? and 
(22r+2 _ 4 gn+2 92n+2 1 1) is the only such primitive triple. 

No other triple with this property exists. Indeed, if (u? —v?, 2uv, u? + v7) 
were a triple containing 2”*?, then we would have the following cases: 

i) u2+v? = 2"t?. Simplifying by the greatest possible power of 2 we 
get a + b? = 2” where a and b ate not both even. Then the left-hand side 
is congruent to 1 or 2 (mod 4), while the right-hand side is 0 (mod 4), a 
contradiction. 

ii) 2uv = 2”*?. We simplify again by the greatest power of 2 and obtain 
ab = 2°, where a > bare not both even and s > 1. It follows that a = 2° and 
b = 1, yielding the triple generated by (27% — 1, 2°*1, 278 + 1) multiplied by 
a power of 2, that is clearly among the non-primitive triples (27, 2yz, 22%). 


2_y? = 2+? Simplifying again by the greatest power of 2 we arrive 


iii) u 
at a? — b? = 2°, where a and b are not both even and t > 3. If one of a and 
b are even, then the left-hand side is odd, while the right-hand side is even, 
a contradiction. If a and b are both odd, then a— b = 2 anda+ b= 2*}, 
yielding a — 2'~? and b = 2'-? — 1. Again, we get a triple generated by 
(2°, 2(2?¢-4 — 1), 2(2?¢-4 + 1)) multiplied by a power of 2, which is clearly 


already among a non-primitive triple (27%, 2yp, 22x). 


19.2.2 Pell’s equation 


Problem 8.2.6. Let p be a prime number congruent to 3 modulo 4. 
Consider the equation 


(p+ 2)x” — (p+1)y? + pr + (p+ 2)y =1. 


Prove that this equation has infinitely many solutions in positive integers, 
and show that if (x,y) = (xo, yo) ts a solution of the equation in positive 
integers, then p|xo. 


(2001 Bulgarian Mathematical Olympiad) 


Solution. We show first that p|x. Substituting y = z + 1 and rewriting, 
we obtain 


Let g = gcd(z—2, (p+1)(z+x)+p). Then q|z, therefore q|z, and therefore 
q|p. On the other hand, g 4 1, because otherwise both factors on the right 
hand side must be perfect squares, yet (p+1)(z+2)+p = 3 (mod 4). Thus 
q = p and p|« as desired. 
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Now, write x = px, and z = pz, to obtain 


By what we showed above, the two terms on the right are coprime and 
must be perfect squares. Therefore, for some a,b we have 


a—ay =a, (p+ 1(zit+e1)+1=07, 2 =ab. 


The above equality implies 


ie. 
(p + 2)b? — (p+ 1)(a +b)? =1. 

Vice versa, given a and b satisfying the last equation, there exists a 
unique pair (x,y) satisfying the equation above, and hence a unique pair 
(x, y) satisfying the original equation. 

Thus, we reduced the original equation to a ” Pell-type” equation. To get 
some solutions, look at the odd powers of \/p + 2+,/p + I. It follows easily 
that 


(/p+2+/pt 1)" =mpV/pt+2+neV/pt+1 


for some positive integers mz,nz. Then 
(/p+2—/p+1)**! = me/p+2—mevp 41, 
and, multiplying the left and right sides gives 
(p+ 2)mj, — (p+ Ing = 1. 


Clearly, nz > mz, so setting bk = mz, Gp = Ne — Mx gives a solution for 
(a,b). Finally, it is easy to see that the sequences {m,}, {nz} are strictly 
increasing, so we obtain infinitely many solutions this way. 


Problem 8.2.7. Determine all integers a for which the equation 
x? +aryty?=1 
has infinitely many distinct integer solutions (x,y). 


(1995 Irish Mathematical Olympiad) 
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Solution. The equation has infinitely many solutions if and only if a? > 


4. Rewrite the given equation in the form 
(2a + ay)? — (a? — 4)y* = 4. 


If a? < 4, the real solutions to this equation form an ellipse and so 


only finitely integer solutions occur. If a = +2, there are infinitely many 


solutions, since the left side factors as (x + y)*. If a? > 4, then a? — 4 is 
not a perfect square and so the Pell’s equation u? — (a? — 4)v? = 1 has 
infinitely many solutions. But setting « = u — av, y = 2v gives infinitely 
many solutions of the given equation. 

Problem 8.2.8. Prove that the equation 


g® +> + 23 +43 = 1999 
has infinitely many integral solutions. 
(1999 Bulgarian Mathematical Olympiad) 


Solution. Observe that (m—n)?+(m+n)? = 2m3+6mn?. Now suppose 


cee 
De DE DED 


for integers a,b and odd integers c,d. One simple solution to the given 


we want a general solution of the form 


(x,y, 2,t) = (c-b,0+0 


equation is (x,y, z,t) = (10, 10, —1, 0), so we try setting a = 10 andc = —1. 
Then 


1 d ij. d 
PaO b Ob a a eh 
(x, y, z,t) (1 , 10 Be 5+5) 


is a solution exactly when 


1+ 3d? 


(2000 + 600?) — = 1999, ie. d? — 80b? = 1. 


The second equation is a Pell’s equation with solution (d;,b,) = (9,1). 


We can generate infinitely many more solutions by setting 
(dn41,bn41) = (9dn + 80bn, 9bn + dy) for n = 1,2,3,... 
This can be proven by induction, and it follows from a general recursion 


(Pn+15Int1) = (P1Pn + 1InD, P1In + UPn) 


for generating solutions to p? — Dq? = 1 given a nontrivial solution (p1, q1). 
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A quick check also shows that each d,, is odd. Thus because there are 
infinitely many solutions (by, d,) to the Pell’s equation (and with each d, 


_ adn 
a) 


odd), there are infinitely many integral solutions 


dn 
2° 


NleR 


(Bins Uns zaytnd = (10 bn, 10 t bn, 


to the original equation. 


19.2.3 Other quadratic equations 


Problem 8.2.11. Prove that the equation 
ety +274+3(e+ytz)+5=0 
has no solutions in rational numbers. 
(1997 Bulgarian Mathematical Olympiad) 


Solution. Let u = 2x4 3, v = 2y4+3, w = 2z +3. Then the given 
equation is equivalent to 


wt tu? =7. 
It is equivalent to ask that the equation 


x? + y? +2? = Tw? 

has no nonzero solutions in integers; assume on the contrary that (a, y, z, w) 
is a nonzero solution with |w| + |2|+ |y| + |z| minimal. Modulo 4, we have 
x? +y?+2? = 7w?, but every perfect square is congruent to 0 or 1 modulo 
4. Thus we must have x,y, z,w even, and (2/2, y/2, 2/2, w/2) is a smaller 
solution, contradiction. 

Remark. Try to prove the following theorem of Davenport and Cassels: 
forné€ Z, the equation x? + y? + 27 =n has rational solutions if and only 
if it has integer solutions. There is a beautiful elementary geometric proof. 
Try to find it! 

Problem 8.2.12. Find all integers x,y, z such that 5x? — 14y? = 112?. 


(2001 Hungarian Mathematical Olympiad) 


Solution. The only solution is (0,0,0). 
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Assume, for sake of contradiction, that there is a triple of integers 
(x,y,z) # (0,0,0) satisfying the given equation, and let (x,y,z) = 
(Xo, Yo, 20) be a nonzero solution that minimizes |z + y + z| > 0. 

Because 523 — 14y2 = 1122, we have 


225 = 425 (mod 7), 


or ©% = —2z¢ =5zé (mod 7). Therefore, we have zo = 0 (mod 7), because 
otherwise we have 
5 =(ar0z9')*? (mod 7), 


which is impossible because 5 is not a quadratic residue modulo 7. (The 
squares modulo 7 are 0, 1, 2 and 4.) 

It follows that 29 and 2p are divisible by 7, so that 14y? = 52? — 112? is 
divisible by 49. Therefore, 7|yo. Then (=, = 2) is also a solution, but 
= ge OO |zo+Yo +2o|, contradicting the minimality of (zo, yo, 20). 

Therefore, our original assumption was false, and the only integer solu- 
tion is (0,0,0). 

Problem 8.2.13. Let n be a nonnegative integer. Find the nonnegative 


integers a,b,c,d such that 


eer teed a7". 


(2001 Romanian JBMO Team Selection Test) 


Solution. For n = 0, we have 2? + 17 + 17 + 1? =7, hence (a,b,c, d) = 
(2,1,1,1) and all permutations. If n > 1, then a?+b?+c?+d? = 0 (mod 4), 


hence the numbers have the same parity. We analyze two cases. 
a) The numbers a, b,c,d are odd. We write a = 2a’ + 1, etc. We obtain: 


Aa! (a! + 1) + 4b'(b' + 1) + 4e!(c' +1) + 4d! (d’ +:1) = 4(7- 4"-1 - 1). 


The left hand side of the equality is divisible by 8, hence 7-4”—!—1 must 
be even. This happens only for n = 1. We obtain a? + b? + c? + d? = 28, 
with the solutions (3,3,3,1) and (1,1,1,5). 

b) The number a,b, c,d are even. Write a = 2a’, etc. We obtain 


ge te ba Sa 


so we proceed recursively. 
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Finally, we obtain the solutions (2”+1, 2,2”, 2”), (3-2",3-2",3-2",2”), 
(2”,2",2",5-2"), n © N, and the respective permutations. 
Problem 8.2.14. Prove that the equation 


etytetPa= 92004 
where0<a<y<a<t, has exactly two solutions in the set of integers. 
(2004 Romanian Mathematical Olympiad) 


Solution. The solutions are (0, 0, 0, 2407) and (21001, 21001 91001 91001), 


In order to prove the statement, let (a, y, z,t) be a solution. Observe that 


for odd a we have a = 4n +1, and a? gives the remainder 1 when divided 
by 8. Thus the equation has no solution with an odd component. 
We thus must have x = 221, y = 2y1, 2 = 221, t = 2t,, where 0 < x < 


= 27002 By the same argument 


yi <2 < ty are integers and xi +y7+27+t? 
Ly, = 2x2, yr = 2yo, 21 = 222, ty = 2te, where 0 < ro < yo < zo < te are 
integers and x3 + y3 + 23 + t3 = 22000, 

Recursively, 2 = 2?°a, y = 2706, x = 2200le ¢ = 22002 where 0 < 
a<b<c< dare integers and a? + b? +c? + d? = 4. This relation simply 


implies the conclusion. 


Problem 8.2.15. Let n be a positive integer. Prove that the equation 


1 1 
r+yt-—+-—=3n 
cy 


does not have solutions in positive rational numbers. 
a c : . 
Solution. Suppose z = -—, y = a satisfies the given equation, where 
(a,b) = (c,d) = 1. Clearing denominators, 


(a? + b*)ed + (c? + d?)ab = 3nabcd. 


Thus, ab|(a? + b?)cd and cd|(c? + d?)ab. Now (a,b) = 1 implies (a, a? + 
b?) = (a,b?) = 1, so ablcd; likewise, cdlab, and together these give ab = cd. 
Thus, 

a’? +b? +c? +d? = 3nab. 


Now each square on the left is congruent to either 0 or 1 modulo 3. 
Hence, either all terms are divisible by 3 or exactly one is. The first case 
is impossible by the assumption (a,b) = (c,d) = 1, and the second is 
impossible because ab = cd. 
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19.3 Nonstandard Diophantine equations 
19.3.1 Cubic equations 


Problem 8.3.5. Find all triples (x,y, z) of natural numbers such that y 


is a prime number, y and 3 do not divide z, and x? — y> = z?. 


(1999 Bulgarian Mathematical Olympiad) 


Solution. We rewrite the equation in the form 


(x — y)(a? +ry ty?) = 27. 


Any common divisor of « — y and x? + zy + y? also divides both z? and 
(x? + ey + y?) — (a + 2y)(x — y) = 3y?. Because z? and 3y? are relatively 
prime by assumption, x — y and x? + xy + y” must be relatively prime as 
well. Therefore, both x — y and x? + xy + y? are perfect squares. 

Writing a = ,/z — y, we have 

etaytya(e ty) +(e tyyty? =a* + 3a%y + 3y? 


and 
A(x? + xy + y?) = (2a? + 3y)? + 3y?. 
Writing m = 2,/a2 + ey + y? and n = 2a? + 3y, we have 


man + 3y? 


or 
(m—n)(m +n) = 3y°, 

so (m—n,m+n) = (1,3y”), (y, 3y), or (3, y?). 

In the first case, 2n = 3y? — 1 and 4a? = 2n — 6y = 3y? — 6y — 1. Hence, 
a? = 2 (mod 3), which is impossible. 

In the second case, n = y < 2a? + 3y =n, a contradiction. 

In the third case, we have 4a? = 2n — 6y = y? — 6y —3 < (y — 3)?. 
When y > 10 we have y? — 6y—3 > (y—4)?. Hence, we must actually have 


a/y2 — a 
aA ates Ea which is real only 


y = 2,3,5, or 7. In this case we have a = 
when y = 7,a=1,2% =y+a? = 8, and z = 13. This yields the unique 
solution (x, y, z) = (8,7, 13). 


Problem 8.3.6. Find all the positive integers a,b,c such that 


a® +b? +c? = 2001. 
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(2001 Junior Balkan Mathematical Olympiad) 


Solution. Assume without loss of generality that a <b <c. 

It is obvious that 13 + 10° + 10° = 2001. We prove that (1, 10,10) is the 
only solution of the equation, except for its permutations. 

We start proving a useful 

Lemma. Suppose n is an integer. The remainder of n® when divided by 
9 is 0,1 or -1. 

Indeed, if n = 3k, then 9|n? and if n = 3k+1, then n? = 27k? + 27kék 
1=M9+1. 

Since 2001 = 9- 222+ 3 = M9 +3, then a? + b? + c? = 2001 implies 
a® = M9 +1, b? = M9+4+1 and c? = M9 +1, hence a,b,c are numbers of 
the form M3 + 1. We search for a,b,c in the set {1,4,7,10,13,...}. 

If c > 13 then c? > 2197 > 2001 = a? + b? + c?, which is false. If 
c <7 then 2001 = a? + 6? +c? < 3-343 and again is false. Hence c = 10 
and consequently a? + b? = 1001. If b < ¢ = 10 then a < b < 7 and 
1001 = a? +b? < 2-73 = 2-343, a contradiction. Thus b = 10 and a = 1. 

Therefore (a,b) € {(1, 10, 10), (10, 1, 10), (10, 10, 1)}. 

Problem 8.3.7. Determine all ordered pairs (m,n) of positive integers 
such that 


n+1 


mn—-1 


is an integer. 


(35'" IMO) 


n+1 
mn — 1 
From n° + 1 = k(mn — 1), one obtains k + 1 = n(km — n?). Thus, n 


divides k + 1 and by noting km — n? = q one has k = ng — 1. Using this 


Solution. Let 


=k, k a positive integer. 


form of k we have 
n+1=(nq—1)(mn—-1) & n(mq—n) =m+¢. 
Since m+q > 0 it follows that « = mq—n > 0. Thus we have the system: 


m=m+q 
r+n=m| 


By adding these equations we obtain: 


m+mq=r+n+m+q & en+-mq-ex#-n-mM-q+2=2 6 
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The equation 


(a —1)(n—1) + (m—1)(q—-1) =2 


has only finite number of positive integer solutions. These are listed bellow: 


1)a=1, m—-1=2,q-1=1 r=1,m=3,q=2 m = 3,n=5. 
2)a=1, m-1=1, q-1=2 m=2,n=5 

3)n=1, m—1=2, q-1=1 n=1,m=3 

4)n=1, m-—1=1, q-1=2 n=1,m=2 

5)m=1, r-1=2,n-1=1 m=1,n=2 

6)m=1, e-1l=1, n-1=2 m=1,n=3. 

7)qg=1, r-1=1, n-1=2 n=3, m=5. 

8)g=1, r-1=2, n-1=1 n=2,m=5. 
9)e¢-l=n-l=m-1l=q-1=1 m=n=2., 


Thus, we have obtained the following nine pairs (m,n): (5,3), (3,5), (5,2), 
(2,5), (3,1), (1,3), (2,1), (1,2), (2,2). All pairs are solutions of the problem. 


19.3.2 High-order polynomial equations 


Problem 8.3.12. Prove that there are no positive integers x and y such 
that 
e+y+1=(x+2)?+(y—3)°. 


Solution. Notice that z° = z (mod 10), hence +y+1 = (#+2)+(y—3) 
(mod 10), impossible. 
Problem 8.3.13. Prove that the equation y? = «° — 4 has no integer 


solutions. 
(1998 Balkan Mathematical Olympiad) 
Solution. We consider the equation mod 11. Since 
(x°)? =a2'° =Oorl (mod 11) 


for all x, we have x° = —1, 0, or 1 (mod 11), so the right-hand side is either 
6, 7, or 8 modulo 11. However, all squares are 0, 1, 3, 4, 5, or 9 modulo 11, 
so the equation y? = x° — 4 has no integer solutions. 
Problem 8.3.14. Let m,n > 1 be integer numbers. Solve in positive 
integers the equation 
a ty” =2™., 
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(2003 Romanian Mathematical Olympiad) 


Solution. Let d = gcd(x,y) and x = da, y = db, where (a,b) = 1. it is 
easy to see that a and b are both odd numbers and a” + b” = 2", for some 
integer k. 

Suppose that n is even. As a? = b? =1 (mod 8), we have also a” = b" = 
1 (mod 8). As 2* = a” +b" = 2 (mod 8), we concludet = landu=v=1, 
thus « = y = d. The equation becomes 2” = 2™~! and it has an integer 
solution if and only if n is a divisor of m—1 and #x#=y= eas 


Consider the case when n is odd. From the decomposition 


a” +b” = (a+b)(a” 1_o@qn 2h + q” 35? — +22 6"), 


we easily get a+b = 2 = a" +b". In this case a = b = 1, and the proof 


goes on the line of the previous case. 
m—1 


To conclude, the given equations have solutions if and only if is 


an integer and in this case x = y = 2?. 
Problem 8.3.15. For a given positive integer m, find all pairs (n, x,y) of 
positive integers such that m,n are relatively prime and (x*+y”)™ = (xy)”, 


where n,x,y can be represented in terms of m. 

(1995 Korean Mathematical Olympiad) 

Solution. If (n, x,y) is a solution, then the AM-GM inequality yields 
(ay)" = (a? +y°)™ > (Qay)™ > (ay)”™, 

so n > m. Let p be a common prime divisor of x and y and let p*||z, p®||y. 
Then p(*+4)" || (xy)” = (x? + y?)™. Suppose b > a. Since p?*||a?, p?°||y?, we 
see that p?*||x? + y? and p?¢™||(2? +y?)™. Thus 2am = (a+b)n > 2an and 
m > n, a contradiction. Likewise, a > b produces a contradiction, so we 


must have a = b and x = y. This quickly leads to x = 2' for some integer t 
and all solutions are of the form 


for nonnegative integers t. 
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19.3.3 Exponential Diophantine equations 


Problem 8.3.19. Determine all triples (x, k,n) of positive integers such 
that 
3* -1l=2". 


(1999 Italian Mathematical Olympiad) 


Solution. All triples of the form (3" — 1, k, 1) for positive integers k, and 
(2,2,3). 

The solutions when n = 1 are obvious. Now, n cannot be even because 
then 3 could not divide 3 = (x7)? +1 (because no square is congruent to 
2 modulo 3). Also, we must have x # 1. 


n—-1 
Assume that n > 1 is odd and x > 2. Then 3° = (x +1)) (-2)', 
i=0 
n-1 ; 
implying that both x + 1 and SS (-2) are powers of 3. Because x + 1 < 
i=0 
#94133 x)' we must have 0 = °(—«)' = n (mod « + 1), so 
i=0 


that «+ 1|n. Specifically this aia that 3|n. 

Writing x’ = x3, we have 3* = a!° +1 = (2 +1)(a’* — 2’ +1). As before 
x’ +1 must equal some power of 3, say 3’. Then 3* = (3 — 1)? +1 = 3%4 — 
37414 3¢+1 | which is strictly between 3°*—! and 3% for t > 1. Therefore we 
must have t = 1, 2’ = 2, and k = 2, giving the solution (x, k,n) = (2, 2,3). 

Problem 8.3.20. Find all pairs of nonnegative integers x and y which 
satisfy the equation 

Pea 
where p is a given odd prime. 


(1995 Czech-Slovak Match) 


Solution. If (x, y) is a solution, then 
pe=yPt1l=(yt yr h—--+y?—yt)) 


and so y+ 1 = p” for some n. If n = 0, then x = y = 0 and p may be 
arbitrary. Otherwise, 


p” = (p" —1)P +1 
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= pP — pg? + (Plo (p Maen?) 20 pl, 


Since p is a prime, all of the binomial coefficients are divisible by p. Hence 
all terms are divisible by p"*1, and all but the last by p"*+?. Therefore the 
highest power of p dividing the right side is p"t? and so zx = n+1. We also 


= pr —p. pron 4 (B) pn?) 4... ( P em 
p-—2 


For p = 3 this reads 0 = 3°” — 3 - 32”, which only occurs for n = 1, 


have 


yielding « = y = 2. For p > 5, the coefficient ( sf ,) is not divisible by 


p*, so every term but the last on the right side is divisible by p?"*+?, while 
the last term is not. Since the terms sum to 0, this is impossible. 
Hence the only solutions are x = y = 0 for all p and « = y = 2 for p=3. 


Problem 8.3.21. Let x,y,z be integers with z > 1. Show that 


(+1)? + (e+ 2 +--+ (w+ 99) Ay’. 


(1998 Hungarian Mathematical Olympiad) 


Solution. We prove the statement by contradiction. Suppose, on the 
contrary, that there are integers x,y, z such that z > 1, and 


(w +1)? + (e©4+2)? +--+ + (a+ 99)? =y’. 


We notice that 


y® =(@+1)? + (@+ 2)? +--+ (@ +99) 
= 9907 + 2(1+2+---+99)a + (1? +2? +---+997) 
2-99-100  99- 100-199 
= 9927 + ——=—2 + ———— 


= 33(32? + 300z + 50 - 199), 


which implies that 3|y. Since z > 2, 3?|y*, but 3? does not divide 33(3x? + 
3002 + 50-199), contradiction. So our assumption in fact must be false and 
the original statement in the problem is correct. 
Problem 8.3.22. Determine all solutions (x,y,z) of positive integers 
such that 
(m+ 1)9t1 41 = (2 +2)?*1, 
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(1999 Taiwanese Mathematical Olympiad) 
Solution. Let a=a2+1,b=y+1,c=2+4+1. Then a,b,c > 2 and 
a’ +1=(a+1)° 


((a+1)-1)?+1=(a4+1)°. 


Taking the equations mod (a + 1) yields (—1)’ + 1 = 0, so b is odd. 
Taking the second equation mod (a+ 1)? after applying the binomial 
expansion yields 


(Te 11 1)°-?+(-1)?+1=0 (mod (@+1)?) 


so (a+1)|b and a is even. On the other hand, taking the first equation mod 
a” after applying the binomial expansion yields 


l= ({)e +1 (mod a’), 


so c is divisible by a and is even as well. Write a = 2a; and c = 2c;. Then 


ay =a? = (at 1)°-1= ((at 1)* —1)((a +1)" +1). 


It follows that ged((a+ 1)" —1,(a+ 1)" +1) =2. Therefore, using the 
fact that 2a, is a divisor of (a + 1)“ — 1, we may conclude that 


(a+1)" —1= 2a? 


(a+ 1) 4+1=2?1, 


We must have 2°-! > 2a? = a, =1. Then these equations give c; = 1 
and b = 3. Therefore the only solution is (a, y,z) = (1,2, 1). 
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20 


Some special problems in number 
theory 


20.1 Quadratic residues. Legendre’s symbol 


Problem 9.1.7. Let f,g: Z* — Z* functions with the properties: 

i) g is surjective; 

ii) 2f7(n) = n? + g?(n) for all positive integers n. 

If, moreover, |f(n) — n| < 2004./n for all n, prove that f has infinitely 


many fixed points. 
(2005 Moldavian IMO Team Selection Test) 


Solution. Let p,, be the sequence of prime numbers of the form 8k + 3 
(the fact that there are infinitely many such numbers is a trivial conse- 
quence of Dirichlet’s theorem, but we invite the reader to find an elemen- 
tary proof). It is obvious that for all n we have 


Using the condition i) we can find x, such that g(x») = pp for all n. It 


follows that 2f?(r,) = x2 + p?, which can be rewritten as 2f*(rp)) = x? 


(mod p,). Because {— ] = —1, the last congruence shows that pp|rp 


Pn 
and p,|f(xn). Thus there exist sequences of positive integers ay, b, such 
that 2, = Anpn, f({n) = npn for all n. Clearly, ii) implies the relation 
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2b? = a? +1. Finally, using the property |f(n) — n| < 2004./n we infer 
that 


2004 F(tn) _4|_| bn | ; 
that is 
,/a2 +1 
lim pA ianls = 72. 
noo An 


The last relation immediately implies that lim a, = 1. Therefore, start- 
n— oo 
ing from a certain rank, we have a, = 1 = b, that is f(pn) = pn. The 
conclusion now follows. 


Problem 9.1.8. Suppose that the positive integer a is not a perfect 
a 
square. Then (<) = —1 for infinitely many primes p. 
Pp 
Solution. One may assume that a is square-free. Let us write a = 
2°q1g2---Qn, Where q; are different odd primes and e € {0,1}. Let us as- 
sume first that n > 1 and consider some odd distinct primes r,,...,7% each 
of them different from qi,...,@n. We will show that there exists a prime p, 
a 
different from r1,...,7r~, such that (2) = —1. Let s be a non quadratic 
Pp 
residue modulo qn. 
Using the Chinese Remainder Theorem, we can find a positive integer b 
such that 


b= (mod rj), 1<i<k 
b=1 (mod 8), 
b=q,1<i<n-Il1 

b=s (mod qn) 


Now, write b = p,...pm with p; odd primes, not necessarily distinct. 


Using the quadratic reciprocity law, it follows immediately that 


IT (5) =Tcn9> = cn =1 


WG aa) a aame 


for alli € {1,2,...,n}. Hence 


H(£)=|11(2)} Mi1(2) 
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“H(S)-()-(@-- 


Thus, there exists i € {1,2,...,m} such that “) = —1. Because b = 1 
Pi 
(mod r;), 1 <i < k we also have p; € {1,2,...}\{71,..-, 7%} and the claim 
is proved. 
The only remaining case is a = 2. But this one is very simple, since it 


suffices to use Dirichlet’s theorem to find infinitely many primes p such 


2 
—1 
that ? is odd. 
Problem 9.1.9. Suppose that a1, a2,...,@2004 are nonnegative integers 


such that a} + ay +-+-+ ago94 is a perfect square for all positive integers 


n. What is the minimal number of such integers that must equal 0? 
(2004 Mathlinks Contest) 


Solution. Suppose that a1, ag,...,@, are positive integers such that a?+ 
ay +---+ a} is a perfect square for all n. We will show that k is a perfect 


square. In order to prove this, we will use the above result and show that 


k 
(=) = 1 for all sufficiently large prime p. This is not a difficult task. 


Pp 
Indeed, consider a prime p, greater than any prime divisor of a,a2... Gx. 


‘4 -.-+ a2" = k (mod p), 
he ae is a perfect square, it follows that 


Using Fermat’s little theorem, a?~' + a%7 


‘ ea ai 
and since aj + a} 


k 
(<) = 1. Thus & is a perfect square. And now the problem becomes 
Pp 

trivial, since we must find the greatest perfect square smaller than 2004. 


A quick computation shows that this is 442 = 1936 and so the desired 
minimal number is 68. 
Problem 9.1.10. Find all positive integers n such that 2” — 1|3” — 1. 


(American Mathematical Monthly) 


Solution. We will prove that n = 1 is the only solution to the problem. 
Suppose that n > 1 is a solution. Then 2” — 1 cannot be a multiple of 
3, hence n is odd. Therefore, 2” = 8 (mod 12). Because any odd prime 
different from 3 is of one of the forms 12k +1, 12k +5 and since 2” — 
1 =7 (mod 12), it follows that 2” — 1 has at least a prime divisor of the 


form 12k + 5, call it p. Obviously, we must have (2) = 1 and using the 
Pp 


quadratic reciprocity law, we finally obtain (5) — (abe as On the other 
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2 = 
hand (=) = 3 = —(+1). Consequently, —(+1) = (-1)= = +1, 
which is the desired contradiction. Therefore the only solution is n = 1. 
Problem 9.1.11. Find the smallest prime factor of ie eee 
Solution. Let p be this prime number. Because p|12?"° — 1, we find that 
Op(12)|21°. We find that 0,(12) = 2'® and so 2'°|p—1. Therefore p > 1+21°. 


916 


But it is well-known that +1 is a prime (and if you do not believe, you 


can check; it is not that difficult). So, we might try to see if this number 
divides 12?” +1. Let g = 216 + 1. Then 


(9? pao ate ES ae med di 


3 
It remains to see whether (2) = —1. The answer is positive (use the 
q 


quadratic reciprocity law), so indeed 3 +4120 (mod 2) and 2!° + 1 is 
the smallest prime factor of the number 12?” + 1. 
20.2 Special numbers 


20.2.1 Fermat’s numbers 


Problem 9.2.4. Find all positive integers n such that 2”—1 is a multiple 
2” —1 
of 3 and 


is a divisor of 4m? +1 for some integer m. 
(1999 Korean Mathematical Olympiad) 


Solution. The answer is all n = 2° where k = 1,2,... 

First observe that 2 = —1 (mod 3). Hence 3/2” — 1 if and only if n is 
even. 

Suppose, by way of contradiction, that | > 3 is a positive odd divisor of 
n. Then 2! — 1 is not divisible by 3 but it is a divisor of 2” — 1, so it is a 
divisor of 4m? + 1 as well. On the other hand, 2! — 1 has a prime divisor 
p of the form 4r + 3. Then (2m)? = —1 (mod 4r + 3), but we have that a 
square cannot be congruent to —1 modulo a prime of the form 4r + 3 (see 
also Problem 1 in Section 7.1). 

Therefore, n is indeed of the form 2* for k > 1. For such n, we have 


2” — 1 
3 


a (2?" 1)(2?” 12?” 1)...(2"* 4: 1). 


The factors on the right side are all relatively prime since they are Fermat 
numbers. Therefore by the Chinese Remainder Theorem, there is a positive 
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integer c simultaneously satisfying 


c=2"" (mod 2?" +1) for alli =1,2,...,k-1 


2” — 1 
and c = 0 (mod 2). Putting ¢ = 2m, 4m? + 1 is a multiple of 3 88 


desired. 
Problem 9.2.5. Prove that the greatest prime factor of fn, n > 2, is 
greater than 2”*?(n +1). 


(2005 Chinese IMO Team Selection Test) 


Solution. From Problem 9.2.3 we can write 


s 


fn = [Jat 2r?ry®, (1) 


i=l 
where pj = 1+2"*?r; are distinct primes and k; > 1. Taking relation (1) 
modulo 4”*? it follows 


0= So kir; (mod 2"**), 
t=1 
hence 7 
S- kyr; > grt. 
t=1 


From (1) it is clear that 


fs = @ a Aaa ae a 


hence Sa 
lg(1+ 2° ) 
iio he Hose 
ute F885 1 4 2n42) 
It follows 
e Ig(1 + 22") 
42 a ee 
2s (es ) Doh (een) garam 


IA 


Assume that (:nax ) n. Applying the last inequality we get 


l<i<s 


ont? < ,le(L+ 2") _ | let +2") 
~ Ig(1 + 27+?) (n + 2)lg2’ 


2 7 
_— - 2+? < log,(1+ 2? ), 
hence 22"°* < 14 2?" a contradiction. Therefore max 1; >n+1, and 
Swiss 


> gnte 1): 
max, pi > (n +1) 
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20.2.2. Mersenne’s numbers 


Problem 9.2.7. Let P* denote all the odd primes less than 10000, and 
suppose p € P*. For each subset S = {p 1, p2,..., pr} of P*, with k > 2 and 
not including p, there exists a g € P* \ S such that 


(q+ 1)|(p1 + 1)(p2 + 1)... (Pe + 1). 
Find all such possible values of p. 
(1999 Taiwanese Mathematical Olympiad) 


Solution. Direct calculation shows that the set T’ of Mersenne primes 
less that 10000 is 


{ M2, Ms, Ms, Mz, Mi3} = {3, 7,31, 127, 8191}. 


2'! 1 is not prime, it equals 23-89. We claim this is the set of all possible 
values of p. 

If some prime p is not in T, then look at the set S = 7. Then there must 
be some prime gq ¢ S less than 10000 such that 


(q+ 1)|(Ma + 1)(Ms + 1)(Ms + 1)(Mz + 1)(Mis + 1) = 2°. 


Thus, g + 1 is a power of 2 and q is a Mersenne prime less than 10000, 
and therefore q € T = S, a contradiction. 

On the other hand, suppose p is in JT’. Suppose we have a set S = 
{pi,p2,---,Pr} C P* not including p, with k > 2 and py < pg <-:- < 
Pr. Suppose, by way of contradiction, that for all gq € P* such that 
(¢+1)\(pi +1)... (pe +1), we have q € S. Then 


Al(p1 +1)(p2 +1) > Mae S 


8| Mo+ 1)(po + 1) => M3 es 


32| Mo+ 1)(Mz + 1) => Mses 


128 (Mo + 1)(Ms + 1) => MreS 


8192|(Mz3 t 1)(Ms t 1)(M, t 1) => Mi3€S. 


Then p, a Mersenne prime under 10000, must be in S, a contradiction. 
Therefore there is some prime gq < 10000 not in S with g+1|(pit1)...(pe+ 
1), as desired. This completes the proof. 


20.3. SEQUENCES OF INTEGERS 357 


20.2.3 Perfect numbers 


Problem 9.2.9. Prove that ifn is an even perfect number, then 8n+ 1 


is a perfect square. 
m(m + 1) 


Solution. From Problem 1, we have n = 5 


for some positive 
integer m, hence 


8n+1=4m(m4+1)+1= (2m +1). 


Problem 9.2.10. Show that if k is an odd positive integer, then 2*—1 Mj, 
can be written as the sum of the cubes of the first 2*= odd positive integers. 
In particular, any perfect number has this property. 

Solution. Standard summation formulas verify that 


n 


S 5 (2i — 1)? = n?(2n? — 1). 
i=1 
With n = 2*3, the right-hand side becomes 2*~!(2*—1), that is 2-1 My, 


and we are done. 


20.3 Sequences of integers 


20.3.1 Fibonacci and Lucas sequences 


Problem 9.3.5. Determine the maximum value of m? + n?, where m 


and n are integers satisfying 1 < m,n < 1981 and (n? — mn — m?)? = 1. 
(224 IMO) 


Solution. Let S be the set of pairs (n,m) of positive integers satisfying 

the equation 
(x? —ay—y")? =1. (1) 

Ifn =m, then n = m = 1. Hence (1,1) € S. It is clear that (1,0) and 
(0,1) are also solutions to the equation (1). 

We will consider solutions (n,m) with distinct components. Using Fer- 
mat’s method of infinite descent we obtain the following important result 
on the set S. 

Lemma. Jf (n,m) is a positive solution to the equation (1) andn £m, 
thenn >m>n—m and (m,n —m) is also a solution to (1). 


Proof. From n? — nm — m? = £1, we obtain 


n(n—m)=m?+1>0. 
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Thus, n > m. Also from n? — nm — m? = +1, we obtain 


2 2 


=m+mn—n? = F1. 


m* —m(n—m) — (n-—m) 


Apply first part to solution (m,n —m) and obtain m > n—m. 

From the Lemma we deduce that any pair (n,m) € S' gives rise to a 
pair (m,n —m) € M, which gives rise to a pair (a+ b,a) € M. In this 
way by descending method (n,m) — (m,n —m) or by ascending method 
(a,b) > (a+b, a), we obtain new solutions of the equation. The ascending 
and descending methods are reverse to one another. 

By applying the descending method to a pair (n,m) € S we can have only 
finitely many steps, because n —m < m. Hence, in a finite number of steps 
we obtain a pair with n = m, that is the pair (1,1). Thus, all solutions 
(n,m) € S are obtained from the pair (1,0) by applying the ascending 
method: 

(1,0) > (1,1) > (2,1) > (8,2) > 6,3) 


The components of all such pairs are Fibonacci numbers F;,. In this way 
the ascending transformation is exactly the following: 


(faslni) ee (Braise tta ls 


Thus, to obtain the solution (n,m) with maximum value of n? + m? we 
consider the members of the Fibonacci sequence, not exceeding 1981: 


0,1,1,2,3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597. 


So, the required maximum is 987? + 1597?. 
Remark. Fibonacci numbers F;, have the property: 


Fe.) — F,Fn4i — F2 = +1, for all n> 0. 


To prove it for n = 0 or n = 1 is equivalent to see that (1,0) € S and 
that (1,1) € S. Further, we can use induction. The relation 


Feo, -FiFny—-F=+1 
implies 


Fe — Fa4i Faye — Fea. = (Pati t+ fr)? - n+ (Frai t+ Fr) — Fey 


= -(Feyy — Fy Fr+i — F) = Fi. 
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Problem 9.3.6. Prove that for any integer n > 4, F,+1 is not a prime. 
Solution. We have the identity 


Fa —1= Fy-2Fn—1F nti Fate (1) 


Assume that F;, +1 is a prime for some positive integer n > 4. Using 
(1), it follows that F,, + 1 divides at least one of the integers F,-2, Fn-1, 
Fr4i, Fn42. Since F, +1 is greater than F,-2 and Fy,_1, it follows that 
Fy, +1 divides Fy41 or Fy4o. But Fh4, < 2F, and Fy4o < 4Fy, hence 
F,, +1 cannot divides F;,4; or Fy+2, and the desired conclusion follows. 


Problem 9.3.7. Let k be an integer greater than 1, ap = 4, ay = ag = 
(k? — 2)? and 


An+1 = AnAn—1 — 2(@n + Gn—1) — Qn—-2 + 8 for n > 2. 


Prove that 2+ ./an is a perfect square for all n. 

Solution. The Fibonacci numbers are involved here again but it is much 
harder to guess how they are related to the solution. 

Let A, u be the roots of the equation t?—kt+1 = 0. Notice that A+p = k, 
Ap = 1. Amending the Fibonacci sequence by setting Fy = 0, we claim that 


An = (AZ? + 2)? for n =0,1,2,... 


This is readily checked for n = 0,1, 2. Assume it holds for all k < n. Note 
that the given recurrence can be written as 


An4+1 — 2 = (dn — 2)(Gn—1 — 2) — (an—2 — 2), 


and that az = (A2"* + p?"*)? is equivalent to aj, —2 = A\*** + p4¥*. Using 


the induction hypothesis for k = n — 2,n —1,n, we obtain 


Gn = (A4Fo Ae pn) (\AFn-1 ai prfn-1) = (AtFn-2 ze pres) 
zen \M(En + Fn—-1) ihe pPnt Fn—1) a d4Fn-1t Fra) AF nt 
egitim a) yAPnot = (xotea Agee) 
= AF n41 i prFnti she (Ap)4Fn-1 (\4Fn-2 ae prfn-2) _ (AtFn-2 +4 (oe: 

Since Ay = 1, it follows that 


Ging = 2+ AMPats 4 APs — ()?Fatr 4 2Foss)? 


and the induction is complete. 
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Now 
2+ fan =2+d?F= $jeh" = (Am + pFn)?, 


Since 
(AamTE Ep "V(A +p) = A + ™) + AWA? + ™), 


we have 
\™ fy _ 0 aes + pt) = (a4 + pm), 


leading to an easy proof by induction that A” + py’ is an integer for all 


nonnegative integers m. The solution is complete. 


20.3.2. Problems involving linear recursive relations 


Problem 9.3.12. Let a,b be integers greater than 1. The sequence x1, 


Z,... ts defined by the initial conditions x» = 0, x; = 1 and the recursion 
LIn = ALIn—-1 — Ten—2,  Ten41 = bXan — Lon-1 


for n > 1. Prove that for any natural numbers m and n, the product 


IntmEn4+m—-1---Ln41 18 divisible by LmLm_1- 
(2001 St. Petersburg City Mathematical Olympiad) 


Solution. We will show that 2,,|v%m, and then show that 
gcd(Lm,Lm—1) = 1. 

First, consider our sequence modulo x, for some m. Each x41 is 
uniquely determined by x,%,xz~—1 and the parity of k. Express each x; as 
a function fi(a,b). We have x; = fi(a,b)a1 (mod 2). Suppose x, = 0 
(mod 2) for some 7. Since each term is a linear combination of two pre- 


ceding ones, 
itr = fila, b)a,-41 (mod x,,) if m is even, (1) 


itr = filb,a)tr41 (mod a) if m is odd. (2) 


Now we need to prove the following statement. 

Lemma. The function f;(a,b) is symmetric for any odd i. 

Proof. We will prove also that f;(a,b) is symmetric function multiplied 
by a. Now, we are to prove that fo,—1(a, b) is symmetric and fox-2(a, b) = 
ag2r—2(a, b), where gox—2 is symmetric too, for any positive integer k. Pro- 
ceed by induction on k. For k = 1 we have fi(a,b) = 1 and go(a,b) = 0. 
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Suppose that fo,—1(a, b) is symmetric and fox—2(a, b) = agox—2(a, b) where 
92k—2(a, b) is symmetric too. Then we can write 
fox (a,b) = top = AL2~-1 — Lo~-2 

= a(X2x~-1 — g(a, b)) 

= a(fox—1(a, 6) — gor-2(a, d)) 
and 

fori (@, 6) = Gop41 = abxo~—1 — b&2K-2 — LoK-1 
= abrop—1 — abq — LoK-1 


(ab ae 1) for-1(a, b) = abgor—2(a, b). 


It shows that fox, and go, are symmetric too and completes the step 


I 


of induction. 


Now we are to prove that 2|U%m. Proceed by induction on k. For k = 1 
this statement is true. Let %m|Xm. Then from (1) and (2) putting r = km 
and 7 = m, we obtain the following. If km is even, then 


fafa = Ihlah te =eatine =O“ tnd a): 
For km odd m is odd too and fim(a,b) = fm(b, a). Hence, we have 
Lm(b+1) = fm(b, a) Cems = fm(@, 0) fkm41 = LmLem41 =O (mod zm). 


So, for each nonnegative integers k,m 2m|Cem- 

Since the product %n41%n+42---Lntm has m terms, one of their indices 
is divisible by m and another’s index is divisible by m — 1. Thus both 
Lm and Zp _ 1 divide the product. If we can show that 2, is relatively 
prime to Zp—-1, we would be done. We will prove this by induction. For 
the base case, Zo is relatively prime to 2,. Now, ton = aXan—1 — Lan—2- 
Any prime factor common to %gn and x2,_1 must also divide x2n_2, but 
because 2n—2 is relatively prime to x21, there is no such prime factor. 
A similar argument holds for v2;41 because ton41 = b&an — Lon—1. Thus 
Crt =il|GntiGates<Cnam): 

Problem 9.3.13. Let m be a positive integer. Define the sequence 


2 
{an}n>0 by ao = 0, a1 = Mm and Anyi =m 


an — Gn—1 for n > 1. Prove 
that an ordered pair (a,b) of nonnegative integers, with a < b, is a solution 
of the equation 

a2 ae b2 5 


ab+1 
if and only if (a,b) = (an, @n41) for some n> 0. 
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(1998 Canadian Mathematical Olympiad) 


Solution. The ”if’ direction of the claim is easily proven by induction 
on n; we prove the "only if” direction by contradiction. Suppose, on the 
contrary, that there exist pairs satisfying the equation but not of the de- 
scribed form; let (a,b) be such a pair with minimal sum a+ b. We claim 
that (c,a) = (m?a—b, a) is another such a pair but with smaller sum c+ a, 
which leads to a contradiction. 

(a) a= 0. Then (a,b) = (0,m) = (ao, a1), a contradiction. 

(b) a= m. Then (a,b) = (m,m*) = (a1, a2), a contradiction. 

(c) a= 1. Then 6 > 1 = 1 and (6+ 1)|(b? + 1); but (6 + 1)|(b? — 1), 
thus (b + 1)|[(b? + 1) — (b? — 1)] = 2. We have b = 1, thus m = 1 and 
(a,b) = (1,1) = (a1, a2), a contradiction. 

(d) 2<a<™m. Rewrite (a* + b?)/(ab+ 1) =m? as 


b? —m?ab +a? —m? =0, 
we know that t = b is a root of the quadratic equation 
t? — mat + a? — m? =0. (1) 


Thus m4a?+4m?—4a? the discriminant of the equation must be a perfect 
square. But 
(m?a +1)? = m4a? + 2m?2a +1 
> mia? + 4m? — 4a? > (m?a)? 
for 2 <a<™m. So the discriminant cannot be a perfect square, a contra- 
diction. 
(e) a > m. Again t = 6 is a root of (1). It is easy to check that t = 


2 


m?a— b = also satisfies the equation. We have bc = a? — m? > 0; since 


b>0,c>0. Since a > 0 andc> 0, ac+1> 0, we have 
+a? , 
ca+1 i‘ 


Since c > 0, b > a and bc = a? — m? < a?, we have c < a. Thus (c, a) is 
a valid pair. Also, it cannot be of the form (ay, @n+41) or else 


(a,b) = (@n41, mM an+1 — An) = (Qn41; An+42)- 


But then, c+a<a+a<b+a, as desired. 
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From the above, we see that our assumption is false. Therefore every pair 
satisfying the original equation must be of the described form. 
Problem 9.3.14. Let b,c be positive integers, and define the sequence 


@1,Q2,... bya, =b, ag =c, and 
an+2 = |Ban41 i 2a,,| 


forn>1. Find all such (b,c) for which the sequence a), d2,... has only a 


finite number of composite terms. 
(2002 Bulgarian Mathematical Olympiad) 


Solution. The only solutions are (p, p) for p not composite, (2p, p) for p 
not composite, and (7,4). 

The sequence aj, a2,... cannot be strictly decreasing because each ay is a 
positive integer, so there exists a smallest k > 1 such that az41 > ax. Define 


a new sequence bj, be,... by bn = GnzK—1, $0 bg > b1, On4e = |3bn41 — 2by| 
for n > 1, and bj, b2,... has only a finite number of composite terms. Now, 
if bn+1 2 bn, 


bn+2 a |30n41 - 2b | naa 3bn41 = 2b = Bn41 ap 2(On441 = Bn) 2 bn+1, 


so by induction bp+42 = 3bn41 — 2b, for n> 1. 
Using the general theory of linear recurrence relations (a simple induction 
proof also suffices), we have 


bn =A-27 '4+8B 


for n > 1, where A = bo — b1, B = 2b; — bg. Suppose (for contradiction) 
that A 4 0. Then 6, is an increasing sequence, and, since it contains only 
finitely many composite terms, b, = p for some prime p > 2 and some 
n = 1. However, then b,+1(p—1) is divisible by p and thus composite for 
1 > 1, because 


bnsi(p—1) = A+ 27-1. 2D) + B=A-2-145=0 (mod p) 


by Fermat’s Little Theorem. This is a contradiction, so A = 0 and by, = 6; 
for n > 1. Therefore b; is not composite; let b} = p, where p = 1 or p is 
prime. 


We now return to the sequence a1, a2,..., and consider different possible 


values of k. If k = 1, we have a, by bo a2 = p, sob =c= p for 
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p not composite are the only solutions. If k > 1, consider that az_1 > ax 
by the choice of k, but ag41 = |3ax~ — 2a,—-1|, and ag41 = bo = bi = ag, 
SO Gp41 = 2ap—1 — 3ax, and thus ag_; = 2p. For k = 2, this means that 
b = 2p, c = p for p not composite are the only solutions. If k > 2, the same 


approach yields 
3dp_-1 + az 7 


a” an, RY 


so p = 2. For k = 3, this gives the solution b = 7, c = 4, and because 
3°-7+4, ; . 
— is not an integer, there are no solutions for k > 3. 


Remark. The reader may try to prove the following more gene- 
ral statement: Let f € Z[X1,...,Xz] be a polynomial and F(n) = 
f(n, 2", 3",...,(k-1)"), n> 1. If lim F(n) = oo, then the set of primes 


dividing terms of sequence (F(n))n>1 18 infinite. 


20.3.3. Nonstandard sequences of integers 


Problem 9.3.21. Let {a,,} be a sequence of integers such that forn > 1 
(n — 1)any1 = (n+ Lay — 2(n — 1). 

If 2000 divides ajgg9, find the smallest n > 2 such that 2000 divides ay. 

(1999 Bulgarian Mathematical Olympiad) 


Solution. First, we note that the sequence a, = 2n — 2 works. Then 


writing b, = a, — (2n — 2) gives the recursion 
(n= 1)dp4i = (n+ 1)bp. 


For n > 2, observe that 


k 
n-1 
k+1 k=3 n(n — 1) 
bn = be |] = 5 
k=2 k 
k=1 


Thus when n > 2, the solution to the original equation of the form 


an = 2(n—1) + MAD, 


for some constant c. Plugging in n = 2 shows that c = a2 — 2 is an integer. 
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Now, because 2000|a1999 we have 


1999 - 1998 
2(1999 - 1) + ce =0 
implies —4 + 1001c = 0, hence c = 4 (mod 2000). 


Then 2000|a,, exactly when 


2(n—1)+2n(n—1)=0 (mod 2000) © 
(n—1)(n+1)=0 (mod 1000). 
(n — 1)(n + 1) is divisible by 8 exactly when n is odd, and it is divisible 
by 125 exactly when either n — 1 or n +1 is divisible by 125. The smallest 
n > 2 satisfying these requirements is n = 249. 
Problem 9.3.22. The sequence (an)n>0 is defined by ag = 1, a, = 3 
and 
Gn41+9An if n_ is even, 
an+2 = ; : 
9antit5a, if n_ is odd. 
Prove that 
2000 


(a) S- az is divisible by 20, 
k=1995 
(b) dan41 ts not a perfect square for every n =0,1,2,... 


(1995 Vietnamese Mathematical Olympiad) 


Solution. (a) We will first prove the sum is divisible by 4, then by 5. Note 
that Qn42 = Gn41 +a, (mod 4) whether n is odd or even. The sequence 
modulo 4 thus proceeds 1, 3, 0, 3, 3, 2, 1, 3,...in a cycle of 6, so the sum 
of squares of any six consecutive terms in congruent to 1? + 3? + 0? +3? + 
3? + 2? =0 (mod 4). 

Now let us work modulo 5, in which case an42 = An41 + 4a, if n is even 
and dn+i2 = 4an41 if n is odd. Hence the sequence modulo 5 proceeds 1, 3, 
2,3, 1, 4, 38, 2, 4, 1, 2, 3,...in a cycle of 8 beginning with a2. This means 


Q2go5 ++? beg) = ast: +ae = 3° +17 +-47437427+47=0 (mod 5). 


(b) Notice that dan41 = 5a2n-1 (mod 9). Since a; = 3, by induction 
@on41 = 3 (mod 9) for all n. However, no perfect square is congruent to 3 
modulo 9, since any square divisible by 3 is also divisible by 9. Hence aon+44 
is not a square. 

Problem 9.3.23. Prove that for any natural number a, > 1, there exists 
an increasing sequence of natural numbers a,,a2,... such that at + a3 + 
+ +a? is divisible by ay tag +---+ax for allk > 1. 
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(1995 Russian Mathematical Olympiad) 


Solution. We will prove in fact that any finite sequence a1,...,a, with 
the property can be extended by a suitable az41. Let 5s, = a, +---+a,z and 
tp =aj+---+aZ. Then we are seeking a;41 such that ay41+ 5,074, +tk. 
This is clearly equivalent to ax41 + sx |8% + ty. Why not, then, choose 
dk+1 = st — 5, +t,? Certainly this is greater than az, and ensures that the 
desired property is satisfied. 


Problem 9.3.24. The sequence ag, @1,d2,... satisfies 


Am+n + dm—n = 3 (am + aon) 
for all nonnegative integers m and n withm > n. Ifa, =1, determine an. 
(1995 Russian Mathematical Olympiad) 


Solution. The relations dam + dam = 2(dam + a0) = 4(am + Gm) imply 
2m = 4am, as well as ag = 0. Thus we compute ag = 4, a4 = 16. Also, 
a, + a3 = (a2 + a4)/2 = 10 so a3 = 9. At this point we guess that a; = 7? 
for alli > 1. 

We prove our guess by induction on 7. Suppose that aj = j? for j < i. 
Then the given equation with m =i-—1, 7 = 1 gives 

a= 3 (a2i-2 + az) — aj—2 
= 2aj_1 + 2a) — aj_2 


= 2 —21+1)+2-(#-414+4 =7?. 


Problem 9.3.25. The sequence of real numbers a,,a2,43,... satisfies 


the initial conditions a, = 2, a2 = 500, a3 = 2000 as well as the relation 


An+2 7 An+1 _ An+1 


An+1 T Aan-1 An-1 


for n = 2,3,4,... Prove that all the terms of this sequence are positive 


integers and that 2?°°° divides the number azoo0- 
(1999 Slovenian Mathematical Olympiad) 


Solution. From the recursive relation it follows that an poan—1 = ae 41 
for n = 2,3,... No term of our sequence can equal 0, and hence it is 


possible to write 
An+2 -_ An+1 


An+14n Anan-1 
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for n = 2,3,... It follows by induction that the value of the expression 
Ant+1 
Anan-1 
a 
is constant, namely equal to = 2. Thus an42 = 2a4nan+41 and all terms 
aga, 


of the sequence are positive integers. 
; a 
From this new relation, we also know that — 


1 : 
is an even integer for 
an 
all positive integers n. Write 


42000 41999 a2 
——....— a. 
1999 21998 ay 


42000 = 


In this product each of the 1999 fractions is divisible by 2, and a; = 2 is 
even as well. Thus a2o90 is indeed divisible by 229°. 

Problem 9.3.26. Let k be a fixed positive integer. We define the sequence 
@1,Q2,... bya, =k +1 and the recursion an41 = a2 — kan +k forn>1. 
Prove that dm and ap, are relatively prime for distinct positive integers m 
and n. 

Solution. We claim that 


n-1 
an=|[a+k, n>0, 
i=0 


assuming that ag = 1. Since aj41 — k = a,(a; — k), we have 


which is what we wanted. 

Therefore, we have that a, = k (mod a;) for i < n. Hence, if there 
exist integers d > 1, x,y > 1 such that dja, and dja,, d divides k. We 
now show that for 7 > 0, a; = 1 (mod k) by induction on i. For the base 
case, a} = k +1 = 1 (mod k). Now assume that a; = 1 (mod k). Then, 
di41 = a? — ka; +k =a? =1 (mod k). Thus, because all common divisors 
d of az and a, must be divisors of k, we have az = 1 (mod d) and a, = 1 
(mod d). Therefore, no such divisors exist and a, is relatively prime to a; 
for all 1,7 > 0, as desired. 

Problem 9.3.27. Suppose the sequence of nonnegative integers ay, 


a2,.--, G1997 satisfies 


aj+aj Saj4j Saj+aj+1 
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for all i,9 > 1 withi+ 7 < 1997. Show that there exists a real number x 
such that a, = |na| for all 1 <n < 1997. 


(1997 USA Mathematical Olympiad) 


Solution. Any x that lies in all of the half-open intervals 


i= or n=1,2,...,1997 
nr n 


will have the desired property. Let 


L= max 
1<n<1997 


a a : 
—=—- and U= min = 
n 0) 1<n<1997 on q 


We shall prove that 


or, equivalently, 
Mn < 2(Am + 1) (*) 


for all m,n ranging from 1 to 1997. Then L < U, since L > U implies 
that (*) is violated when n = p and m = q. Any point x in [L,U) has the 
desired property. 

We prove (*) for all m,n ranging from 1 to 1997 by strong induction. The 
base case m = n = 1 is trivial. The induction step splits into three cases. If 
m =n, then (*) certainly holds. If m > n, then the induction hypothesis 
gives (m—n)an < 2(dm—nt1), and adding n(am—nt+an) < nam yields (*). 
If m <n, then the induction hypothesis yields man—m < (n—™m)(adm +1), 
and adding may, < m(adm + Gn—m + 1) gives (+). 

Problem 9.3.28. The sequence {a,} is given by the following relation: 
An —1 

2. 

2an 


if an = 1, 
An+1 = 


, n<l. 
ee if a 


Given that ap is a positive integer, an # 2 for each n = 1,2,...,2001, 
and a2002 = 2. Find ao. 


(2002 St. Petersburg City Mathematical Olympiad) 


Solution. Answer: a9 = 3 - 229°? — 1. 
We will first show that this value actually satisfies the condition ag992 = 2 


and a; # 2 for any 7 < 2002. Applying the first rule, an41 = times 


An — 
2002 
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will show that agoo2 is in fact 2 and a, is actually greater than 2 for all 
i < 2002. 

Lemma. For n < 2000, if a, is not an integer, dn = Pn/dn, where pyr 
and qn are positive odd integers, (p,q) =1 andq>1. 

Proof. We proceed by using induction. Case case: n = 2000. a2oo0 is 
either 5/7 or 1/5. Suppose an41 = p/g. Then: 

Case 1. dn = 2p/q+1. Then an = (2p + q)/q. Suppose d|(2p + g) and 
d\q. Then d|(2p + q — q) or d|2p. Since q is odd, d must also be odd. So 
(d,2) = 1 and therefore d|p. Because d|p, d|q, and (p,q) = 1, d must equal 
1. Therefore (2p+-q, ¢) = 1 and since 2p+ ga and q are both odd as well, ay, 
satisfies the conditions stated in the lemma, thus completing the inductive 
step. 


Case 2. an = ay (2 + 2) fs Again suppose d divides both the 
qd 


aq) 2q+p 
numerator p and denominator 2p+q. Then d|(2p+q-—~p) or d|2q. But since 


p is odd, d is odd, and so d|q. Because (p,q) = 1, d is equal to 1 and so 
(p,2q +p) = 1. Since p and 2q + p are odd and are relatively prime, ay, 
satisfies the conditions and completes the proof. 

We must now only consider the case where a2o91 = 1/2. In this case, a2o00 
is either 2 or 5/7. If it is 2, the conditions of the problem are violated. The 
lemma says that from the 5/7, we will never see an integer value for any 
previous term. 

Problem 9.3.29. Let 1, = x2 = 43 = 1 and &n43 = Fn + Ln41Fn+42 
for all positive integers n. Prove that for any positive integer m there is an 
integer k > 0 such that m divides xx. 

Solution. Observe that setting x) = 0 the condition is satisfied for 
n=0. 

We prove that there is integer k < m° such that x; divides m. Let r; be 
the remainder of x; when divided by m for t = 0,1,...,m° + 2. Consider 
the triples (ro, 71,12), (71, 72,13)5+++5 (Tm35Tm341;1m3+2)- Since r; can take 
m values, it follows by the Pigeonhole Principle that at least two triples 
are equal. Let p be the smallest number such that triple (rp, rp41,7p+2) is 
equal to another triple (rq, 7941, 7q+2); P< q < m°. We claim that p = 0. 

Assume by way of contradiction that p > 1. Using the hypothesis we 
have 


Tpt+2 =Tp-1+Tpfp+1 (mod m) 


and 


Tqt2 =Tq-1 +Tqhqt1 (mod m). 
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Since Tp = Tq, Tpt1 = Tq+1 and Tp42 = Tq+42, it follows that rp_1 = 
Tq—1 80 (Tp—-1, Tp, Tp41) = (Tq-1,1%q:Tq+1), Which is a contradiction with 
the minimality of p. Hence p = 0, so rg = ro = 0, and therefore x, = 0 
(mod m). 

Problem 9.3.30. Find all infinite bounded sequences aj, a2,... of posi- 
tive integers such that for all n > 2, 


An-1 + Gn—2 


a. ee . 
” gcd(@n—1; An—2) 


(1999 Russian Mathematical Olympiad) 


Solution. The only such sequence is 2,2,2,... which clearly satisfies the 
given condition. 

Let gn = gcd(an,@n41). Then gn41 divides both an41 and an+2, so it 
divides gndn+2 — An—1 = Ay as well. Thus g,+41 divides both a, and an+1, 
and it divides their greatest common divisor gn. 

Therefore, the g; form a nonincreasing sequence of positive integers and 
eventually equal some positive constant g. At this point, the a; satisfy the 
recursion 


gan = An-1 + Gn—2- 


If g = 1, then ay, = an_1 + An_-2 > Gpn_ 1 So the sequence is increasing 


and unbounded. 
If g > 3, then 
An—1 + An—2 An—1 + An—2 


ar ek a a = max{dn—1sGn—2}. 


Similarly, an41 < max{dn—1, an} < max{a,_2, 4,1}, so that 
max{@n, An4i1} < max{dn_—2,Gn_1}. 


Therefore the maximum values of successive pairs of terms form an infi- 
nite decreasing sequence of positive integers, a contradiction. 
Thus g = 2 and eventually we have 2a, = a@n—1 + Gn—2 OF Gn — Gn—1 = 
~ 5 (an-1 —@n—2). This implies that a;—a;_1 converges to 0 and that the a; 
An—1 + An— : 
are eventually constant as well. From 2a, = hn? this constant 


gcd(an—1, Gn—2) 
must be 2. 
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Now if adn = @n41 = 2 for n > 1, then gcd(dn—1, dn) = gcd(an—1, 2) 
either equals 1 or 2. Now 
An—1 + Gn 
gcd(an—1,2)’ 


implying either that a,-1 = 0, which is impossible, or that a,_1 = 2. 


2 = An41 = 


Therefore all the a; equal 2, as claimed. 

Problem 9.3.31. Let aj,a2,... be a sequence of positive integers sat- 
isfying the condition 0 < dn41 — Gn < 2001 for all integers n > 1. Prove 
that there exist an infinite number of ordered pairs (p,q) of distinct positive 


integers such that ap is a divisor of ag. 
(2001 Vietnamese Mathematical Olympiad) 


Solution. Obviously, if (a,)n is such a sequence, so is (@n4%)n for all k. 
Thus it suffices to find p < q such that a,|ag. Observe that from any 2001 
consecutive natural numbers, at least one is a term of the sequence. Now, 
consider the table: 


ajt+1 a, +2 te a, + 2001 
ajt+l1l+e2 ay t+2+21 sud a, + 2001+ x1 
ajtl+aj,+a¢2 ay t2+aj4+% ... a +2001 +2, + 29 

where 
2001 2001 2001 

«= [[@ +9), x2 = |[(a+it+-), v3 = [[ (a +21+22 +34) 
i=l i=1 i=1 


and so on. Observe then that if x,y are on the same column, then |y or 
y|x. Now, look at the first 2002 lines. We find in this 2002 x 2001 matrix 
at least 2002 terms of the sequence (at least one on each line), thus there 
are two terms of the sequence on the same column and one will divide the 
other. 

Problem 9.3.32. Define the sequence {tn}n>0 by to =0 and 


grt 4 
En—-1 + =a if n=3"'(3k+4+1), 
tn = 
arti 4g 
ee ——, if n= 3" (Bk +2), 


where k and r are nonnegative integers. Prove that every integer appears 


exactly once in this sequence. 


372 20. SOME SPECIAL PROBLEMS IN NUMBER THEORY 


(1999 Iranian Mathematical Olympiad) 


Solution. We prove by induction on t > 1 that 
(i) { ee 36-3: 3h 5 3-1 
1 U0,U1,---,U3t-af = 5) 5 2 peg 2 . 


3'-1 


(ii) G3t_y = — 

These claims imply the desired result, and they are easily verified for 
¢t = 1. Now supposing they are true for t, we show they are true for ¢t + 1. 

For any positive integer m, write m = 3"(3k+s) for nonnegative integers 
r,k,s, with s € {1,2}, and define r,, =r and 8, = s. 

Then for m < 3°, observe that 

Pm =Tm+3t =Tm42-3¢ ANd 8m = 8m43t = Tm42-3¢, 
so that 
Tm — Um—-1 = L3t4m — V3t+m—-1 = V2-3t+m — V2-3t+m-—-1- 
Setting m = 1,2,...,k < 3‘ and adding the resulting equations, we have 


Tk = Uzt+k — U3t 


Tk = ©2.3t+k — V2.3. 


Now, setting n = 3° in the recursion and using (ii) from the induction 


hypothesis, we have x3: = 3’, and 


; pn) SB), Obed 
U3t,...,%2.3t_af = 5) pees 5) 5 


3'+1 
2.3t-1 = 5) . 


Then setting n = 2-3! in the recursion we have x2.3: = —3, givin 
g giving 


gt] — 3 3°41 
{x2.3t,...,@3tti_o} = er Tee ie 5) 


3itt— 1 
a 
Combining this with (i) and (ii) from the induction hypothesis proves 


T2.3t+1_1 = — 


the claims for t+ 1. This completes the proof. 
Second solution. For n; € {—1,0,1}, let the number 


[NmNm—1--- No] 


20.3. SEQUENCES OF INTEGERS 373 


m 

in base 3 equal > n;- 3°. It is simple to prove by induction on k that the 
i=0 

base 3 numbers with at most k digits equal 


3*-1 3*-3 3* —1 
9 % 9 : ial 9 9 


which implies that every integer has a unique representation in base 3. 


Now we prove by induction on n that if n = a@m@m-_—1...@o in base 3, 
then 2; = [bmbm—1.-..bo] in base 3, where b; = —1 if a; = 2 and b; = a; 
for all other cases. 

For the base case, %9 = 0 = [0]. Now assume the claim is true for n — 1. 
If n = GmGm—1---@r4+1100...0, then 

SY 


Tr 


sd 

De ge 
= bbe aia Poe aa) +e ea] 
—— 


r r+l 
= [bnbm—1-.-b;100...0]. 
—— 


r 


If instead n = GmAm_—1...a;200...0, then 
SS 


r 


+( 4) 
Ci See —_———_ 
: 2 
Paar Pena TO ees ee econ ee ee Ee 
Tr r+l1 


= [bmbm—-1...b; — 100...0). 
Tr 
In either case, the claim is true for n, completing the induction. 
To finish the proof, note that every integer appears exactly once in base 


3. Thus each integer appears exactly once in {@,}n>0, as desired. 


Problem 9.3.33. Suppose that a,,a2,... 1s a sequence of natural num- 
bers such that for all natural numbers m and n, gcd(dm,4n) = Aged(m,n)- 
Prove that there exists a sequence bj, b2,... of natural numbers such that 
An = [[% for all integers n > 1. 

d|n 


(2001 Iranian Mathematical Olympiad) 
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Solution. For each n, let rad(n) denote the largest square-free divisor 
of n (i.e. the product of all distinct prime factors of n). We let b, equal to 
the ratio of the following two numbers: 


e E,,, the product of all a,/qg such that d is square-free, divides n, and 
has an even number of prime factors. 


e On, the product of all a,/qg such that d is square-free, divides n, and 
has an odd number of prime factors. 
Lemma 1. II bg = An. 
dian 


Proof. Fix n, and observe that II by equals 
d|n 


Ie. 
d\n 
Tor 


d|n 


(*) 


In the numerator of (*), each Eq is the product of am such that mld. 
Also, d|n, implying that the numerator is the product of various a, such 
that m|n. For fixed m that divides n, how many times does a,, appears in 
the numerator II Ea of (*)? 

d|n 

If am tees Eq and d|n, then let t = d/m. By the definition of Ea, 
we know that (i) t is square-free and (ii) t has an even number of prime 
factors. Because d|n and t = d/m, we further know that (iii) t divides n/m. 

Conversely, suppose that t is any positive integer satisfying (i), (ii), and 
(iii), and write d = tm. By (iii), d is a divisor of n. Also, t is square-free 
by (i), is a divisor of d, and has an even number of prime factors by (ii). 
Thus, am appears in Eg. 


2 
... factors t satisfying (i), (ii), and (iii), implying that a,, appears in the 


G)+G)+ 


times. Similarly, a,, appears in the denominator of (*) exactly 


(1) +6) + 


l l 
Suppose that n/m has / distinct prime factors. Then it has (5) + ( ) + 


numerator of («) exactly 
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times. If m < n, then | > 1 and these expressions are equal, so that the 
Qm’s in the numerator and denominator of (*) cancel each other out. If 
m =n, then 1 = 0, so that a, appears in the numerator once and in the 
denominator zero times. Therefore, 


as desired. 


Lemma 2. For any integer a that divides some term in aj, a2,..., there 


exists an integer d such that 


alan = din. 


Proof. Of all the integers n such that ala,, let d be the smallest. 

If alan, then algcd(aa,an) = Agea(dn)- By the minimal definition of d, 
gcd(d,n) > d. But gcd(d,n)|n as well, implying that gcd(d,n) = d. Hence, 
d|n. 

If dln, then gcd(aq,an) = Agca(dn) = Ga. Thus, aq|an. Because alag, it 


follows that ala, as well. 


Lemma 3. For each positive integer n, by = E,/On is an integer. 

Proof. Fix n. Call an integer d a top divisor (resp. a bottom divisor) if 
d\n, n/d is square-free, and n/d has an even (resp. odd) number of prime 
factors. By definition, Eq is the product of ag over all top divisors d, and 
Og is the product of ag over all bottom divisors d. 

Fix any prime p. We show that p divides E,, at least as many times as 
it divides O,,. To do this, it suffices to show the following for any positive 
integer k: 

(1) The number of top divisors d with a, /q divisible by p® is greater than 
or equal to the number of bottom divisors d with a,,/q divisible by pe. 

Let k be any positive integer. If p* divides none of a1, a2,..., then (1) 
holds trivially. Otherwise, by the previous lemma, there exists an integer 
dy such that 

p*|am <> do|m. 


Hence, to show (1) it suffices to show: 
(2) The number of top divisors d such that do|(n/d), is greater than or 
equal to the number of bottom divisors d such that do|(n/d). 
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If do { n, then (2) holds because dp does not divide n/d for any divisor d 
of n, including top or bottom divisors. 

Otherwise, do|n. For which top and bottom divisors d does do divide 
n/d? Precisely those for which d divides n/do. If n/dp has | > 1 distinct 
prime factors, then there are as many top divisors with this property as 
there are bottom divisors, namely 


(Qe) Qe 


If instead dp = n and | = 0, then the top divisor 1 is the only value d 
with d|(n/do). In either case, there are at least as many top divisors d with 
d|(n/do) as there are bottom divisors with the same property. Therefore, 
(2) holds. This completes the proof. 

Therefore, ay, = II ba, and b, = E,,/O,, is an integer for each n. 

d\n 
Alternative Siti (Gabriel Dospinescu) Let us define b; = a; and 


a 
by = ——— for n > 1. Of course, if dln, then ag|an and so lemag|an and 
lem aq d|n 
d|n dZén 
d#én 
bn € Z. 
Now comes the hard part, proving that II ba = Gn, which is the same as 
dln 
II bg = lemag. (1) 
din din 
dn dén 


We will prove (1) by strong induction. For n = 1 it is clear 
Now, for all djn, d 4 n, by inductive hypothesis we have 


ad = [[e«! II ba, 


d’|d d\n 
d#én 


th ba i Itiple of 1 . It remains to prove that ba| ! , 
wt a is a multip cae remain prov II | cota 
n n 
pees dén dvs dén 
The essential observation is: 
Lemma. If gcd(by, by) > 1, then ulv or vlu. 
Proof. We may assume that u < v. Assume that wu does not divide v. 
Then 
au au 
by = ——- 
ie Gd Aged(u,v) 
d#u 
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(since gcd(u, v) 4 u) and also 


But then 


gcd(bu, by)|ged ae 


Aged(u,v) Ggced(u,v) 


Gy ) _ ged(au, dv) 


Qgcd(u,v) 
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Now, let p be a prime number and let i; < ig <--+ < ix such that i,|n, 


iq # n for all g and b;, has the exponent of p equal to eg > 1 and any ba 


with dln, d#n, d¥ i, for all q is not a multiple of p. From the lemma we 


find 7,|é2|...|i,. But then from the inductive hypothesis we have 
ai, = II ba 
dlix 


is a multiple of b;, bj, ...bs,, thus ae aa has the exponent of p greater than 
n 


d#én 
or equal to the exponent of p in II ba. This ends the solution. 


d\n 
dén 
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21 


Problems Involving Binomial 
Coefficients 


21.1 Binomial coefficients 
Problem 10.1.7. Show that the sequence 
(eats) a Gas, 
2002/’ \2002/’ \ 2002/7" 
considered modulo 2002, is periodic. 
(2002 Baltic Mathematical Competition) 


Solution. We will show that the sequence, taken modulo 2002, has pe- 
riod m = 2002 - 2002!. Indeed, 


ea _ (@+m)(e-1+m)...(e— 2001 +m) 


2002 2002! 
. We Po — 2001) kin 
- 2002! 
x(a —1)...(a — 2001) 
2002! yan 


xv 
= ae (mod 2002). 


Problem 10.1.8. Prove that 
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for any prime number p. 


Solution. A short solution uses the popular Vandermonde identity 


(Co eee 


Set m=n=k=p to get 


Cole alt ately 6) 


The first and the last term on the right-hand side equal 1. Since p is a 


prime, it divides each binomial coefficient : for 1 <k< p-—1. So each 


2 
of the remaining terms is divisible by p?, and hence ( ”) is congruent to 


2 modulo p?, as required. 

Problem 10.1.9. Let k,m,n be positive integers such that m+k+1 is 
a prime number greater than n +1. Let us denote Cs = s(s +1). Show that 
the product 


(Cm+1 = Cr) (Cm+2 = Ck) tee (Cm+n se Ck) 
is divisible by CyC2...Ch. 
(1st? IMO) 


Solution. We use the identity: 
Cp — Cy = v(p +1) - aa +1) =(P-a)(p+at+)), 
which is valid for all positive integers p and qg. Then one has: 
Cm+i — Cy =(m—k+i)(m+k+i+1), Vi=1,2,...,n. 


For the given products we obtain respectively, the formulas 


n 


(Cim41—Ck)-.-(Cm4n — Cr) = [[(m—& +4) [ (m+ ke +142) 


t=1 i=1 
CiCg...Ch = n(n + 1)! 


Their quotient is the product of two rational fractions: 


ices Tereiad 
= n! a (n+ 1)! 
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It is known that the product of any consecutive integers is divisible by 
n! and their quotient is zero or a binomial coefficient, possible multiplied 


by —1. In our case we have 
seen . m—-k+n 
alee) 


For the second fraction, a factor is missing to the numerator. We support 
our argument by using that m+-+1 is a prime number greater than n+ 1: 


n 


[[™+er414+4 


i=0 


1 
(n+1)! 


1 1 
m+k+1 (n+1)! 


~ 1 Mpetn+1 
— m+k+i1 n+l 
m+k+n+1 


The binomial coefficient ( re ) is an integer number which is 
n 


divisible by m+k +1, then our number is integer. 


[[mserti+a= 
t=1 


Problem 10.1.10. Let n, k be arbitrary positive integers. Show that there 


exists positive integers a, > a2 > a3 > a4 > a5 > k such that 
ay a2 a3 a4 a5 

n= F 
3 3 3 3 3 


(2000 Romanian IMO Team Selection Test) 


Solution. For fixed k, choose m > k such that n + - is an odd 


number. This is possible after considering the parity of n. If n is an odd 
number, take m = 0 (mod 4) and if n is an even number take m = 3 
(mod 4). 


m : 
Since n + 3 is an odd number, we express it under the form 


m 
m+ =2a+1. 


Then use the identity: 


met )-05)-9008) 
= Q-C-C9CI)-O) 
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Notice that for large m we may insure that 


(3) 


a= Om 


2 


yielding the desired representation. 


Problem 10.1.11. Prove that if n and m are integers, and m is odd, 


then 
1 (3m k 
ee 6a eae) 


k=0 


is an integer. 
(2004 Romanian IMO Team Selection Test) 


2Qri 


Solution. Let w = es . Then 


D3 Ga (3n — 1)¥ 


= (14+ 78n-—1)" + (1 + wn — 17" + (140? 38n-—1™. (1) 


The right side of the above equality is the sum of the 3m-th power of the 
roots £1, £2, £3 of the polynomial 


(X — 1)? — (8n— 1) = X®— 3X? 43K —3n. 
Let Sk an + ak + ak. Then §9 = §, = $82= 3 and 
Sk43 = 38K42 — 38¢41 + 8NSp. (2) 


It follows by induction that each s, is an integer divisible by 3ls]+1_ A 
repeated application of (2) yields 


Sk47 = 638nSp+2 — O(n? — 3n — 3)sp41 + 27n(2n4 1)sp. 


Since s3 = 9n, it follows inductively that s6,+3 is divisible by 32*+?n for 
all nonnegative integers k, and the conclusion follows by (1). 
Problem 10.1.12. Show that for any positive integer n the number 


is not divisible by 5. 


21.1. BINOMIAL COEFFICIENTS 383 


(16% IMO) 
Solution. Let us consider the binomial formula: 
2n4+1 
2 1 i 
(1+ 2v3"t = (1428241 = ( 7 an 
i=0 4 
Sf A Va. ee ALY 3 
= on 27.22 = an + bnvV8 
EH Gir) tt am tba 


where 


In a similar way, 


(1 32)" a, = b,V/8. 


After multiplying these two equalities we obtain —7?”*! = a? — 8b?. If 
by = 0 (mod 5) the above equality gives a? = —2 (mod 5) = 3 (mod 5). 
Since 3 is not a perfect square modulo 5, we obtain a contradiction. 

Problem 10.1.13. Prove that for a positive integer k there is an integer 


n > 2 such that e jk ( = , are all divisible by k if and only if k ts 
n— 
a prime. 
Solution. If k is a prime we take n = k and the property holds (see 


property 7)). There are k’s for which & wiadiey ( - :) are not all divisible 
ies 
by k, for any n > 2. Indeed, for k = 4, 


(") bot ( . ) =2"_2=-2 (mod 4) for alln > 2. 
1 n-1 

We prove that the set of positive integers & for which the claim holds is 
exactly the set of primes. 

Suppose now that k is not a prime. Then consider two cases: 

(a) k = p", where p is a prime and r > 1. We find a value of i for which 
the statement does not hold. 

Suppose, on the contrary, that there is a positive integer n such that for 


all<i<n-l, (") is divisible by p”. Clearly, n is divisible by p", and 
i 
we write n = p*3 for some 3 with gcd(G,p) = 1. Take i = p*!. Then 
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ie = Bp. If ged(j,p) = 1, then both the above 


If 7 = 0, then 
numerator and the denominator are coprime with p. In all other cases, we 
write 7 = dp? for some 6 coprime with p and y < a — 2. Thus, 

Bp* —4 _. Bo™ = 6p? pt Bp*-*—= 6) 


Now, since a—y—1 > 1, we have 6p%—7— 6 and p*—7—!— 6 coprime with 
p. In this case, the power of p in the above numerator and the denominator 
is y, and the power of p in the above product of fractions, which is an 
integer, is 1. This contradicts the assumption that p"|n. 

(b) k is divisible by at least two distinct primes p,q. Assume by contra- 
diction that there is a positive integer n as required. Then n is divisible 
by pq and we can write n = p*3 where gcd(p, 3) = 1 and @ > 1 (since q¢ 
divides 3). Take i = p*. Then 


ral : 
(") eal Bp* — j 
2 cee se 


When j = 0, i) = ( is coprime with p. In all other cases, both 


pe—Jj ty 
the numerator and the denominator of Bpt = 3 are either coprime with 


p or are divisible by the same power of p, and therefore the product of 
those fractions is not divisible by p. But p divides k, and hence (*) is not 
a 


divisible by k, contrary to our assumption. 
Therefore the only positive integers & for which the claim holds are the 


primes. 


21.2. Lucas’ and Kummer’s Theorems 


Problem 10.2.4. Let p be an odd prime. Find all positive integers n 


such that i ; i pisey . are all divisible by p. 
1 2 n—1 


Solution. Express n in base p: n = n9 + np t+--+-+nNmp™, where 0 < 
No, 11,---;Nm <p—landn,» < 0. We also write k = ko +kypt+---+kmp™, 
where 0 < ko, ki,...,km < p—1, where k,, can be zero. From Lucas’ 


(:) =11(f;) (van 


Theorem we have 
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For n = p™, the property clearly holds. Assume by way of contradiction 
that n 4 p™. If n», > 1, then letting k = p™ < n, we have 


n 
({,) =m: 1...1 =mmZ#0 (mod p), 


m—1times 


a contradiction. 
Problem 10.2.5. Let p be a prime. Prove that p does not divide any of 


(") ee ( i ; if and only if n = sp* —1 for some positive integer k 
n—- 
and some integer s withl<s<p-—1. 


Solution. If n is of the form sp* — 1, then its representation in base p is 


n=(s—1(p—1)...@—)). 
For] <i<n-1,t=it9 +tpt+---+imp™, where 0 < in < p—1, 
h=1,...,m—1land0<i,, < s—1. Because p is a prime, it follows that p 


—1 —1 
does not divide either é . ) or e ). Applying Lucas’ Theorem, we 
th tm 


obtain that p does not divide er for allz=1,...,n—1. 
a 


Conversely, if n cannot be written in the form sp* — 1, then ny<p-1 
for some 0 < 7 < m—1, where 79N7...M%m is the representation of n in 
base p. For 


i=(p-l) 0...0 


j—l1times 


in base p, applying again Lucas’ Theorem, we have 


(") =0 (mod p). 


i 
Problem 10.2.6. Prove or disprove the following claim: For any integer 
k > 2, there exists an integer n > 2 such that the binomial coefficient 
i 


is divisible by k for anyl<i<n-1. 
(1999 Hungarian-Israel Mathematical Competition) 


Solution. The statement is false. To prove this, take k = 4 and assume 
by contradiction that there exists a positive integer n > 1 for which & 
a 
is divisible by 4 for every 1 <2 <n-—1. Then 
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a contradiction. 

Remark. As we have already seen in Problem 10.1.13, the set of all such 
integers k is precisely the set of primes. Here we give an argument based 
on Kummer’s Theorem. 

Now, suppose the claim holds for some k > 1 with the number n. If 
some prime p divides k, the claim must also hold for p with the number n. 
Thus n must equal a prime power p™ where m > 1. Then k = p” for some 
r > 1 as well, because if two primes p and q divided & then n would equal 
a perfect power of both p and q, which is impossible. 


n 
Choose i = p”~'. Kummer’s Theorem states that p*| ( ‘) if and only if 
i 


t is less than or equal to the number of carries in the addition (n — 7) +2 
in base p. There is only such carry, between the p™~! and p™ places: 


TO 107.48.090 
Bes PM OO ace S00 
1 0 0 Orme 60 


Thus, we must have r < 1 and k must be prime, as claimed. 


m—1 


(Alternatively, for n = p™ and i = p we have 


aI ; 
(‘\-T 24 
et m—-1 _ 4° 
a j=0 Pp J 


When 7 = 0 then a a = p. Otherwise, 0 < j < p™! so that if p’ < 
J pm -j J 


p™—" is the highest power of p dividing 7, then it is also the highest power 
We 
of p dividing both p™ — j and p™~! — j. Therefore —— contributes 


one factor of p to & when j = 0 and zero factors of p when 7 > 0. Thus 
i 


p* does not divide binomi, and hence again r < 1.) 
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Miscellaneous Problems 


Problem 11.6. Let a,b be positive integers. By integer division of a? +b? 
toa+b we obtain the quotient q and the remainder r. Find all pairs (a, b) 
such that q? +r = 1977. 


(19*" IMO) 


Solution. There are finitely many possibilities to obtain 1977 = q? + r. 
Since 1977 is not a perfect square, 0 <r < a+b. Also, gq < [V1977] = 44. 
From a? + 6? = q(a +b) +7, we obtain: 


a? + b? a? +b? 
a+b 


Suppose gq < 43. Then r = 1977 — q? > 1977 — 43? = 128 and 43 > q > 
ao. 1 > 63, contradiction. 
We obtained g = 44 and r = 1977 — 44? = 41. To finish, we have to solve 


in integer numbers the equation 
a* +b? = 44(a+b)4 41. 
Write it under the form: 


(a — 22)? + (b — 22)” = 1009. 
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It is not difficult to have all pairs of perfect squares having their sum 
1009. There exists only the representation 1009 = 28? + 157. Then the 
solutions are a = 50, b = 37 or a = 37, b= 50. 

Problem 11.7. Let m,n be positive integers. Show that 25” — 7™ is 
divisible by 3 and find the least positive integer of the form |25" —7™—3™|, 


when m,n run over the set of non-negative integers. 
(2004 Romanian Mathematical Regional Contest) 


Solution. Because 25 = 1 (mod 3) and 7 = 1 (mod 3), it follows that 
25” —7™ =0 (mod 3). 

For the second part of the problem, we first remark that if m is odd, 
then any number a = 25” — 7” — 3™ is divisible by 15. This follows from 
the first part together with 


77 +3" =2™ 4 (-2)" =0 (mod 5). 


Moreover, for m =n = 1 one obtains 25 —7—3= 15. 
Assume now that m is even, say m = 2k. Then 


TB ge (3) 4B"): aed 10) 


=2-9" (mod 10)=+2 (mod 10)=2or8 (mod 10). 


So, the last digit of the number 25” — 7” — 3” is either 3 or 7. Because 
the number 25” — 7™ — 3” is divisible by 3, the required number cannot 
be 7. The situation |25” — 7” — 3™| = 3 also cannot occur, because 25” — 
7” —3™ =1 (mod 8). 

Problem 11.8. Given an integer d, let 


S ={m? + dn?|m,n€ Z}. 


Let p,q € S be such that p is a prime andr = 2 is an integer. Prove 
Pp 


thatr eS. 
(1999 Hungary-Israel Mathematical Competition) 


Solution. Note that 


(x? + dy?)(u? + dv?) = (wu + dyv)? + d(avu = yu)”. 


Write q = a? + db? and p = 2? + dy? for integers a,b, 2, y. Reversing 
the above construction yields the desired result. Indeed, solving for u and 
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v after setting a = xu + dyv, b= xv — yu and a = ru — dyv, b= av+ yu 


gives 

ax — dby ay + bx 
Uh ’ 

Pp Pp 
ax + dby ay — bx 
u = ——,,,_ ve. = ——_. 

Pp Pp 

Note that 


(ay + bx) (ay — ba) = (a? + db?)y? — (a? + dy?)b? =0 (mod p). 


Hence p divides one of ay+ bx, ay— bx so that one of v1, v2 is an integer. 
Without loss of generality, assume that v; is an integer. Because r = uf + 
dv? is an integer and uy is rational, wu; is an integer as well and r € S, as 
desired. 

Problem 11.9. Prove that every positive rational number can be repre- 
sented in the form 

a> ie p3 


where a,b,c,d are positive integers. 
(1999 IMO Shortlist) 


Solution. We firstly claim if m,n are positive integers such that the ra- 
tional number r = — belongs to the interval (1,2) then r can be represented 
in the form : 

a? + p3 
3&+d3° 

This can be realized by taking a? — ab+ b? = a? —ad+d?,ie.b+d=a 
anda+b = 3m,a+d = 2a—b = 38n, that isa = m+n, b= 2m—n, 
d=2n-—™m. 


We will prove now the required conclusion. If s > 0 is a rational number 
3 


take positive integers p,q such that q < Pos < 2. There exists positive 


3 3 3 3 3 

F Pp av +b (aq)* + (bq) 
b h that —s = ———. wh a NEB, 

integers a, b,d suc at ry 4’ whence s fap) (bp)? 


Problem 11.10. Two positive integers are written on the board. The 


following operation is repeated: if a < b are the numbers on the board, then 
a is erased and ab/(b—a) is written in its place. At some point the numbers 


on the board are equal. Prove that again they are positive integers. 


(1998 Russian Mathematical Olympiad) 
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Solution. Call the original numbers « and y and let L = lcem(z, y). For 
each number n on the board consider the quotient L/n; during each oper- 
ation, the quotients L/b and L/a become L/b and L/a— L/b. This is the 
Euclidean algorithm, so the two equal quotients would be gcd(L/b, L/a) 
and the two equal numbers on the board are L/gcd(L/x,L/y). But 
gcd(L/x,L/y) = 1, because otherwise « and y would both divide 
L/gcd(L/x,L/y) and L would not be a least common multiple. So, the 
two equal numbers equal L = lcm(z, y), an integer. 

Second solution. Again, let x and y be the original numbers and sup- 
pose both numbers eventually equal N. We prove by induction, on the 
number of steps k before we obtain (N,N), that all previous numbers di- 
vide N. Specifically, «|N, so N must be an integer. 

The claim is clear for k = 0. Now assume that k steps before we obtain 
(N, N), the numbers on the board are (c, d) = (N/p, N/q) for some integers 
p <q. Then reversing the operation, the number erased in the (k + 1)st 
step must be cd/(c+d) = N/(p+q) or cd/(c— d) = N/(q—>p), completing 
the inductive step. 

Problem 11.11. Let f(x) + a9 + aiz +--+ +am2x™, with m > 2 and 
dm # 0, be a polynomial with integer coefficients. Let n be a positive integer, 
and suppose that: 

i) A2,43,..-,Qm are divisible by all the prime factors of n; 

ti) ay and n are relatively prime. 

Prove that for any positive integer k, there exists a positive integer c such 
that f(c) is divisible by n*. 


(2001 Romanian IMO Team Selection Test) 


Solution. Consider any integers ¢1,c2 such that cy # cz (mod n*). Ob- 
serve that if n*|st for some integers s,t where t is relatively prime to n, 
then n*|s. In particular, n* { (ec: — c2)t if t is relatively prime to n. 

Note that 


f(ci) — f(e2) = (er — c2)ar + Dale —) 


a-1 


=(c, — co) | a+ S- a, > (cle) 


i=2 j=0 


t 
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For any prime p dividing n, p divides az2,...,@m but not a,. Hence, p 
does not divide the second factor t in the expression above. This implies 
that t is relatively prime to n, so n* does not divide the product (c; —c2)t = 
fer) — flea). 

Therefore, f(0), f(1),..., f(n* — 1) are distinct modulo n*, and one of 
them, say f(c), must be congruent to 0 modulo n*. That is, n*|f(c), as 
desired. 

Problem 11.12. Let x,a,b be positive integers such that 2*+® = a°b. 


Prove thata =a andb=2x". 
(1998 Iranian Mathematical Olympiad) 


Solution. If z = 1, then a= b= 1 and we are done. So we may assume 


n 

x > 1. Write x = [[": where the p; are the distinct prime factors of x. 
i=1 

Since a and b divide x*+°, we have a = [[™ and b = [[>* for some 

nonnegative integers a;, Jj. 

First suppose that some (; is zero, that is, p; does not divide b. Then the 
given equation implies that 7;(a + b) = a,b, so that (a; — y;)b = ay;. Now 
p;* divides a but is coprime to }, so pi’ divides a; — y% also. But pi > a; 
for a; > 0, contradiction. We conclude that @; > 0. 

Now from the fact that 


yi(a + b) = GB; + ba; 


and the fact that p® does not divide (3; (again for size reasons), we deduce 
that p%' also does not divide a, that is, a; < (; for all i and so a divides 
b. Moreover, the equation above implies that a divides @;, so we may write 
b=c* with c > 2 a positive integer. 

Write «/a = p/q in lowest terms (so gcd(p,q) = 1). Then the original 
equation becomes x“p’ = bq’. Now p? must divide b, which can only occur 
if p= 1. That is, x divides a. 

If « £ a, then there exists 7 with a; > y; + 1, so 


yi(a +b) = B +ajb > (yi +1)b 


and so ya > b. On the other hand, a is divisible by p}’, so in particular 


a > 7. Thus a? > b = c*, or Ve < a/*; however, a!/* < /2 for a > 5, so 
this can only hold for c = 2 and a = 3, in which case b = 8 is not divisible 


by a, contrary to our earlier observation. 
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Thus x = a, and from the original equation we get b = x”, as desired. 
Problem 11.13. Let m,n be integers with 1 <m <n. In their decimal 
representations, the last three digits of 1978™ are equal, respectively, to the 


last three digits of 1978". Find m and n such that m+n is minimal. 
(20 IMO) 


Solution. Since 1978” and 1978™ agree in their last three digits, we 
have 


1978” — 1978” = 1978"(1978"-™ — 1) =0 (mod 102). 


From the decomposition 10? = 2° - 53 and since 1978"—-™ — 1 is odd we 
obtain 2? |1078™, From 1978 = 2- 989, it follows m > 3. 


Let us write m+n = (n—m) + 2m. Our strategy is to minimize m+n 


by taking m = 3 and seek the smallest value of n — m such that 
1978"-™ =1 (mod 5°). 


Since (1978, 5) = 1, the problem is to find the order h of the residue-class 
1978 (mod 125). It is known that the order h of an inversible residue-class 


modulo m is a divisor of y(m), where ¢ is the Euler function. In our case, 
(125) = 57(5 — 1) = 100. 


Hence, h|100. From 1978” = 1 (mod 125) we also have 1978" = 1 
(mod 5). But 1978” = 3” (mod 5). Since the order of the residue-class 3 
(mod 5) is 4, it follows 4|h. Using the congruence 1978 = —22 (mod 125) 


we obtain: 
1978" = (90)? S9* 117 S24" .1917 


= (4. (—4))? = (-1)? = 256=61 (mod 125). 


So we rule out the case h = 4. Because h|100, the next possibilities are 
h = 20 or h = 100. By a standard computation we have: 


197879 = 6° = 2°.3° = 32.(—7) =—224=26 (mod 125)41 (mod 125). 


Hence we necessarily have: h = m—n = 100 and n+m = 106. 


Glossary 


Arithmetic function 
A function defined on the positive integers and which is complex valued. 


Arithmetic-Geometric Means Inequality 
If n is a positive integer and aj, a2,...,@,, are nonnegative real numbers, 
then 


n 


1 
fe y a; > (aya2+++an)'/”, 
n 


i=1 
with equality if and only if a, = ag =--- = ay. This inequality is a special 


case of the power mean inequality. 


Base b representation 
Let b be an integer greater than 1. For any integer n > 1 there is a unique 
system (k, ao, @1,...,@,) of integers such that 0 < a; < b—1,7 =0,1,...,4, 
ay, # 0 and 

n = apb® + ap_108-1 +++ +ayb+ ao. 


Beatty’s Theorem 


Let a and @ be two positive irrational real numbers such that 
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The sets {|a],|2a],|3a],...}, {G], 2G], |3G],...} form a partition of 
the set of positive integers. 


Bernoulli’s Inequality 
For « > —landa>1, 
(l+2)° >1+aza, 


with equality when x = 0. 


Bezout’s Identity 
For positive integers m and n, there exist integers x and y such that ma + 
by = gcd(m, n). 


Binomial Coefficient 


() <a 


the coefficient of z* in the expansion of (a + 1)”. 


Binomial Theorem 


The expansion 


(a+ = Mea (  \ otal (1 Vane abseil n aah ae n 
a Np 1 PND z ees W aed n}? 


Canonical factorization 


Any integer n > 1 can be written uniquely in the form 


— n@1 Oke 
N=Ppy---Pp-, 


where pj,...,px are distinct primes and a1,...,a% are positive integers. 


Carmichael’s integers 


The composite integers n satisfying a” = a (mod n) for any integer a. 


Complete set of residue classes modulo n 
A set S' of integers such that for each 0 < i < n—1 there is an element 
s€S with i=s (mod n). 


Congruence relation 
Let a,b, and m be integers, with m 4 0. We say that a and b are congruent 


modulo m if mla — 6. We denote this by a = b (mod m). The relation 
on the set Z of integers is called the congruence relation. 
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Convolution product 
The arithmetic function defined by 


(f*9)(n) = Fg (4). 
d|n 


where f and g are two arithmetic functions. 


Division Algorithm 
For any positive integers a and b there exists a unique pair (q,r) of non- 
negative integers such that b= aq+r andr <a. 


Euclidean Algorithm 
Repeated application of the Division Algorithm: 


ma=ngatnrn, l<rn<n, 


n=Tigetr2, 1<re<ri, 


Te-2 =Tk-19k +R, 1S 7TE <Tp-1, 


Tk-1 =TROk+1 +PR41, Tkt1 =O 


This chain of equalities is finite because n > 71 > Trg >--: > Tp. 


Euler’s Theorem 


Let a and m be relatively prime positive integers. Then 


a?) =1 (mod m). 


Euler’s totient function 
The function y defined by y(m) = the number of all positive integers n 
less than m that are relatively prime to m. 


Factorial base expansion 


Every positive integer k has a unique expansion 


oA eh eee Rt le: 


where each f; is an integer, 0 < f; <i and fm > 0. 


Fermat’s Little Theorem (F.L.T.) 


396 GLOSSARY 
Let a be a positive integer and let p be a prime. Then 


a? =a (mod p). 


Fermat’s numbers 
The integers f, = 2?” +1,n>0. 


Fibonacci sequence 
The sequence defined by Fo = 1, F, = 1 and Fy41 = Fy, + Fy_-1 for every 
positive integer n. 


Floor function 
For a real number x there is a unique integer n such that n <a <n+l1. 
We say that n is the greatest integer less than or equal to x or the floor of 


x and we denote n = [x]. 


Fractional part 
The difference x — |a| is called the fractional part of « and is denoted by 


{x}. 


Fundamental Theorem of Arithmetic 
Any integer n greater than 1 has a unique representation (up to a permu- 
tation) as a product of primes. 


Hermite’s Identity 


For any real number x and for any positive integer n, 


|x] + [+= | + += eee | = [na]. 


Legendre’s formula 


For any prime p and any positive integer n, 


Legendre’s function 
Let p be a prime. For any positive integer n, let e,(n) be the exponent of 


p in the prime factorization of n!. 


GLOSSARY 397 


Legedre’s symbol 
Let p be an odd prime and let a be a positive integer not divisible by p. 
The Legendre’s symbol of a with respect to p is defined by 


a\ jl if a is a quadratic residue mod p 
—1 otherwise 

Linear Diophantine equation 

An equation of the form 

121 + +++ + AnFn = 6, 


where a1, G2,...,@n,b are fixed integers. 


Linear recurrence of order k 


A sequence £0,%1,..-,22,... of complex numbers defined by 
Ln = A1Xn_-1 + G2QXn_g+++++aKn-k, NZ[K 


where a1, @2,...,@, are given complex numbers and 2 = ao, 41 = Q1,..., 
Lp—1 = Ap—1 are also given. 


Lucas’ sequence 
The sequence defined by Lop = 2, Ly = 1, En4, = Ln + Ln— 1 for every 


positive integer n. 


Mersenne’s numbers 
The integers M, = 2” -1,n>1. 


Mobius function 
The arithmetic function y defined by 


i if w=1, 
p(n) =< 0 if p?|n for some prime p > 1, 
(-1)* if n=p,...pp, where pi,...,px are distinct primes 


Mobius inversion formula 


Let f be an arithmetic function and let F be its summation function. Then 


f(n) = > w@P (5) 
d|n 
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Multiplicative function 
An arithmetic function f 4 0 with the property that for any relative prime 
positive integers m and n, 


f(mn) = f(m)f(n). 


Number of divisors 


For a positive integer n denote by r(n) the number of its divisors. It is 


T(n) = S- 1 
d|n 


clear that 


Order modulo m 
We say that a has order d modulo m, denoted by 0,,(a) = d, if d is the 
smallest positive integer such that at = 1 (mod m). 


Pell’s equation 
The quadratic equation u2 — Dv? = 1, where D is a positive integer that 


is not a perfect square. 


Perfect number 
An integer n > 2 with the property that the sum of its divisors is equal to 
2n. 


Prime Number Theorem 
The relation 


lim 
nc 


logn 


where a(n) denotes the number of primes < n. 


Prime Number Theorem for arithmetic progressions 


Let nh) be the number of primes in the arithmetic progression a,a+r,a+ 


2r,a+ 3r,..., less than n, where a and r are relatively prime. Then 
lim ral) = : 
n—- Co y(r) 
logn 


This was conjectured by Legendre and Dirichlet and proved by de la 
Vallée Poussin. 
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Pythagorean equation 


The Diophantine equation x? + y? = 2z?. 


Pythagorean triple 


2 


A triple of the form (m? — n?,2mn,m? +n), where m and n are positive 


integers. 


Quadratic residue mod m 

Let a and m be positive integers such that gcd(a,m) = 1. We say that a 
is a quadratic residue mod m if the convergence 7? = a (mod m) has a 
solution. 


Quadratic Reciprocity Law of Gauss 
If p and q are distinct odd primes, then 


Sum of divisors 
For a positive integer n denote by a(n) the sum of its positive divisors 
including 1 and n itself. It is clear that 


a(n) = Sod 


d|n 


Summation function 


For an arithmetic function f the function F' defined by 


F(n)=S7F@) 


d|n 


Wilson’s Theorem 


For any prime p, (p — 1)! = —1 (mod p). 
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